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PREFACE 


Since the introduction of quantum mechanics the theory of metals 
has developed rapidly. The first stage of the development led to an 
understanding of many of the electric and magnetic properties 
common to all metals. In more recent investigations attempts have 
been made to explain the differences between individual metals and 
alloys in terms of the properties of their constituent atones. It is 
our principal aim in this book to givHe an account of the properties of 
individual metals and alloys, and in particular to show how their 
crystal structure, magnetic susceptibility, and electrical and optical 
properties are related to one another and to their more chemical 
properties. For this reason we have given no description of the 
phenomenon of supraconductivity, since it has not yet proved 
possibly to relate its occurrence to any of the other properties of the 
supraconducting materials. We have also omitted any discussion of 
the properties of surfaces (thermionic emission, adsorption of gas 
atoms, work function, etc.), since these phenomena bear only a small 
relation to the subject-matter of the rest of the book. 

We should like to express our thanks to Dr. W. Heitler and to 
Mr. K. Fuchs, who have read the book in manuscript and have helped 
us in the correction of the proofs, and to Dr. H. H. Potter, Dr. R. 
Peierls, and Dr. E. J. Williams, who have advised us on various points. 

N. F. M. 

H. J. 

BRISTOL. May 1936 
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INTRODUCTION 


Metals are distinguished from other solids primarily by their high 
electrical and thermal conductivities. Since the discovery of the 
electron in 1897 by J. J. Thomsonf and by Wiechert,J it has been 
recognized that the electric current in metals is carried by electrons. 
Before the introduction of quantum mechanics several attempts 
were made to give a quantitative theory of conduction, some of the 
most important being due to Riecke,|| Drude,ff J. J. Thomson, 
and Lorentz.il 11 In these theories a certain number of electrons 
were supposed to become detached from their atoms and to be free 
to move through the solid metal. Perhaps the greatest success of 
the theory was the explanation of the fact, discovered empirically 
by Wiedemann and Franz, that the ratio of the thermal to the 
electrical conductivity is approximately the same for all metals. 
The theory, however, led to inconsistent estimates of the number 
of electrons which are actually free in a metal. On the one hand, 
the optical properties of metals could be accounted for quali- 
tativelyfff on the assumption that the number of electrons is 
comparable with the number of atoms; on the other hand, accord¬ 
ing to the equipartition theorem, each electron ought to have 
thermal energy and should thus make a contribution \k to 
the heat capacity. Except at high temperatures, however, the 
heat capacity of most metals does not rise appreciably above the 
value given by the law of Dulong and Petit, which is reached also 
for insulators and which can be accounted for by the vibration of 
the atoms. It follows, therefore, either that the number of electrons 
is very much less than the optical measurements suggest, or that 
the heat capacity per electron is much less than 

No satisfactory explanation of these divergent results could be 
obtained until the introduction of quantum mechanics. Then, 

t PhiL Mag, 44 (1897), 298. 

t Verh, d, Phys, Qes, zu Konigsherg i. Pr. (1897). 

i| Ann, d, Phys, u, Chem, 66 (1898), 1199; Ann, d, Physik, 2 (1900), 836. 

tt Ann, d, Physik, 1 (1900), 666. 

it Int, Phys, Congress, Paris, Report, 3 (1900), 138. 

|j|j Proc, Amsterdam Acad, 7 (1905), 684. 

ttt Lorentz, Proc, Amsterdam Acad, 6 (1903), 666; Bohr, Studier over Metallernes 
Elektrontheori, Copenhagen, 1911; Lindemann, Phil, Mag. 24 (1915), 127; Livens, 
ibid. 30 (1916), 434; H. A. Wilson, ibid, 20 (1910), 836; Schuster, ibid. 7 (1904), 151. 
Of. also Chapter III of this book. 
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however, Sommerfeldf applied the newly formulated Fermi-Dirac 
statistics^ to the electrons in metals and was able to show that the 
heat capacity per electron ought to be very much less than its value 
according to the equipartition theorem. Following Sommerfeld, 
other research workers built up a quantum theory of electrical con¬ 
ductivity, of which an account is given in Chapter VII of this book. 
This theory has been able to account qualitatively for the dependence 
of resistance on temperature, pressure, and constitution of many 
metals and alloys, and in fact leaves only the major phenomenon of 
supraconductivity unexplained in principle. 

Quantum mechanics has also enabled great progress to l)e made 
in the understanding of the magnetic properties of metals. Pauli’s|| 
treatment of the weak paramagnetism of metals was the first apjdica- 
tion of the new theories in this field, and Heisenberg’s work on feiTo- 
magnetismff gave a quantum-mechanical background to the pheno¬ 
menological theory previously developed by Weiss. These theories 
are discussed in Chapter VI of this book. 

Possibly even more fundamental than the problems of electrical 
conductivity and magnetism is that of metallic cohesion. For polar 
crystals of the alkali-halide type, a quantitative theory based on 
electrostatics has been given by BornJ J and his co-workers; for many 
insulating crystals, such as diamond, the forces holding the molecules 
together are similar to the homopolar bonds familiar in chemistry: 
solid rare gases and certain molecular lattices seem to be held together 
by the van der Waals forces between the constituent atoms or mole¬ 
cules. None of these modes of description has proved suitable for 
metals; many attempts have been made to explain the structures of 
metallic alloys in terms of the homopolar bond, but without very 
much success. 

The first successful application of quantum mechanics to the pro¬ 
blem of metallic cohesion was made by Wigner and Seitz, |l|i and is dis¬ 
cussed in Chapter IV of this book. Their calculations show that a 
typical metal may be regarded as an array of positive ions embedded 
in a cloud of negative electrons, and that the cohesive force is mainly 
the electrostatic attraction between the electrons and the ions, 
t Zeita.J. Phys. 47 (1928), 1. 

t Fermi, Zeits,/, Phys. 36 (1926), 902; Dirac, Proc. Boy. Soc. A, 112 (1926), 661. 

II Zeits.f, Phys. 41 (1926), 81. ft Ibid* 49 (1928), 619. 

tt Cf., for example. Bom, AianUkeorie des featen Zmlattdes, Leipzig (1923). 

(ill Phys. Rev. 43 (1933), 804. 



INTRODUCTION xiii 

According io quantum mechanics these electrons are moving rapidly 
through the metal, even at the absolute zero of temperature, and 
therefore any purely electrostatic theory of metallic cohesion is 
impossible. Calculations based on quantum mechanics, however, 
enable the heat of sublimation, compressibility, and elastic con¬ 
stants to be estimated for certain metals, and also (cf. Chap. V) the 
crystal structure of some metals and alloys to be accounted for. 

Any theoretical account of the properties of metals must be based 
on a theory of the behaviour of electrons in a crystal lattice. Chapters 
II and III are devoted to the development of such a theory. The 
optical properties of metals, discussed also in Chapter III, give per¬ 
haps the most direct experimental evidence in favour of the preceding 
theoretical conclusions. Chapter I deals with those thermal proper¬ 
ties of metals which can be discussed without knowing the nature of 
the interatomic forces. 

In this book we make no mention of that property of metals which 
is of the greatest technical importance, namely that of strength. It 
has not yet been possible to apply the methods of atomic physics to 
this problem, though recent work by G. I. Taylorf inspires the hope 
that it may soon be possible to do so. No apology is needed, however, 
for the appearance of a book at this stage, because a theory of metallic 
cohesion is certainly a necessary preliminary to an attack on the 
problem of strength. 

t Proc. Roy. Soc. A, 145 (1934), 362. 
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THERMAL PROPERTIES OF THE CRYSTAL LATTICE 

1. The specific heat at low temperatures 

1.1. Theories of Einstein and Debye. In a solid at any temperature 
the mass centres or nuclei of the atoms are not at rest but vibrate 
about mean positions. In insulators the specific heat of the solid is, 
in general,! due entirely to these vibrations; in metals a part of the 
specific heat is due to the motion of free electrons, but this part is 
usually! very small and will be neglected in this section. In order 
to calculate the specific heat and many other properties of solids, 
we must know the frequencies with which the atoms of the solid 
vibrate. 

A solid built of N similar atoms bound together by elastic forces 
has 3A degrees of freedom and can therefore vibrate in inde¬ 
pendent normal modes,|| each with its characteristic frequency. 
According to classical statistics, the mean energy of each normal 
mode will beff kT, so that the total thermal energy of the solid 
is ^NkT. Thus, if N is the number of atoms in a gramme atom 
(6*062 X 10^®), the heat capacity per gramme atom (atomic heat) is 

Cf, = ZNk == 5*96... calories per degree, 

which is the same for all substances (law of Dulong and Petit). When 
experimental determinations of the specific heat at sufficiently high 
temperatures are corrected to apply to constant volume, the corrected 
values for most substances have almost this value. We shall refer, 
to this quantity as the 'classical’ value of the atomic heat. 

According to the quantum theory, the mean energy of a normal 
mode of the crystal with characteristic frequency v is 

£(,) = ( 1 ) 

The term \hv represents the ‘zero-point energy’, or the energy which 
a vibrator will have at the absolute zero of temperatures It is easily 

t Except when an excited electronic state of the atom Ik's near to the gi’ound 
state, as in salts of the rare earths. 

t Cf. Chap VI, § 2. A large part of the specific heat of a ferromagnetic near the 
Curie point is due to electrons in incomplete shells. 

jl More accurately in 3V —6, since the solid as a whole has 5 degrees of freedom, 
tt CJf* Jeans, Dynamical Theory of Oases, 4th ed., p. 394, Cambridge (1925). 

36»fi.l7 « - 



2 THERMAL PROPERTIES OF THE CRYSTAL LATTICE Chap. I, § 1 
seen that (1) tends to the classical value kT at high temperatures: 

The entropy per normal mode is 


T 



0 


The free energy is 

F{v) = E-TS 

= ( 2 ) 

which, for kT > hv, tends to 

E{v) - kT\og{hvlkT), (3) 

In order, therefore, to calculate the internal energy and the 
specific heat, we must know the number of normal modes of the 
crystal with frequency between the values v and Let this 

number be/(v)dr; since the total number of normal modes is SiV', the 
function / must satisfy 

J f{v) dv = 3N, (4) 

the integration being over all frequencies of the crystal. The internal 
energy U is then given by 

U=^ jfiv)E{v)d^. (5) 

The calculation of the internal energy and hence of the specific heat 
thus involves the problem of finding the vibration spectrum f{v) of 
the crystal. 

The simplest possible assumption about the spectrum is that of 
Einstein,t that all vibrations have the same frequency vq. This is 
equivalent to the assumption that all atoms vibrate independently. 
The internal energy U is then ZNE{vq), and the heat capacity 

c. = ^ = («) 

where H{x) — aj®e®(c®—1)-* (7) 


t Ann. d. Physik, 22 (1907), 180 and 800 ; 34 (1911), 170. 



Chap, I, §1 THE SPECIFIC HEAT AT LOW TEMPERATURES 3 
and hvQ = The temperature 0^; will be termed the Einstein 

characteristic temperature, Einstein’s formula for the specific heat 
is in fair agreement with experiment for T but the agreement 

is poor for low temperatures. On account of its simplicity, however, 
it is often useful for the discussion of other phenomena, e.g. thermal 
expansion (cf. § 4). 

The calculation of/(v) for any real crystal is at present an unsolved 
problem. In order to obtain the specific heat at very low tempera¬ 
tures, however, it is only necessary to know f(v) for small values of v, 
since the mean energy E(v) of the vibrations of frequency v becomes 
small when hvJkT is large. If v is so small that the corresponding 
wave-length A is large compared with the interatomic distance, then 
it may be shownf quite generally that for a solid of volume V 

f{v) dv = BVv^ dv, (8) 

where B is a constant. B may be calculated in terms of the elastic 
constants of the solid ; for an isotropic solid, 

where c^, are the velocities of longitudinal and transverse sound 
waves in the solid; these are given in terms of the compressibility 
X and Poisson’s ratio a by 

where p is the density. For a non-isotropic solid the velocities of 
sound will be different in different directions; B is then given byj 



where dto denotes an element of solid angle and Cj, Cg, Cg are the veloci¬ 
ties of the two transverse waves and of the longitudinal wave in 
the corresponding direction. A method of evaluating this integral 
numerically has been given by Hopf and Lechner,|l and an approxi¬ 
mate analytical formula by Blackman.ft 

t Bora and von KAraxan, Phys, Zeita, 13 (1912), 297; 14 (1913), 16. 

J Ibid. Cf. also the report by Schrodinger, Handb, d. Phys, 10 (1926), 308. 

II Verh. d. deiUa. phy$, Oea, 16 (1914), 643. 

tt Proc, Boy, Soc, A, 149 (1935), 126. 



4 THERMAL PROPERTIES OF THE CRYSTAL LATTICE Chap. I, § 1 

Using formula (8) for f(v), we have for the internal energy 

00 

BV J dv = 6-495... BVh 

0 



and hence for the heat capacity of a volume V 
Cy ~ BVk{kTjhY, 


( 11 ) 


The result expressed in formula (11), that at low temperatures is 
proportional to was first obtained by Debyef and almost simul¬ 
taneously by Born and von Karman. J 

The formula (8) is a good approximation only at very low frequen¬ 
cies; various attempts have been made to find a form valid over 
the whole frequency range. Of these the first was that of Debye,|| 
who set f{y)^BVv^ (v<v,,) 

= 0 (.. > v„) 

(cf. Fig. 1), where vjj is defined by equation (4), which gives 

\BVvl - (13) 

The internal energy is then 


BV J v^E(v) dv. 

0 

Introducing the Debye characteristic temperature Qj^, defined by 

kSu = hvjT), •(I'l) 

a short calculation gives for the heat capacity of a solid containing 

where 

0 

Cj, is shown as a function of T/0j> in Fig. 99. 

For low temperatures 1), (15) reduces to the form (11); 

on substituting for V from (13) this gives 

233-82... Nk(TIQj;)K (16) 

It is to be empliasized that this approximate formula is mt dependent 
on the particular distribution function used by Debye, because at low 
temperatures only sound waves of long wave-length are excited, and 


N atoms 


- 3Nk\ 


t Ann. d. Fhysik, 39 (1912), 789. 


t loc. eit. 


li loc. eit. 



Chap. I. §1 THE SPECIFIC HEAT AT LOW TEMPERATURES 5 
for these the effect of the atomic structure of the material is unim¬ 
portant and formulae (8) and (16) are accurate. 

From formulae (9), (13), and (14) we have for 0;, 


0 


D 


hjivilQ 

*(■^9 




(17) 


(17.1) 


where Q.q = V/N = atomic volume. Formula (17) may be written 

„ _ 3-6x10-3 

where /(„) = 2(|i±^j'+j^j’, 

and where A is the atomic weight, p the density, x ^^e compressi- 
bility, and a Poisson’s ratio. For a non-isotropic substance we have 
from (10), (13), and (14) 




h (Qq r r du 


dio\ 1 


(17,2 


Comparison with experiment. Nearly all specific heat measurements' 
at low temperatures have been compared with the Debye formula 
(15).t 

It is found that the law for the specific heat at low temperatures 
is usually in good agreement with experinient in the low-temperature 
region. 

If one fits a Debye curve to the experimental specific heat curve in 
the region T ~ the value of © 2 > obtained is in quite good agree¬ 
ment with that obtained from the low-temperature measurements, 
as the following tableJ shows: 


Table I 

Debye © 2 , (degrees) 


Element 

Jn the region of 
the r® law 

In the region 
where T ^ 0/) 

Au 

162 

180 

Sn 

127 

160 

Mo 

379 

379 

Cu 

321 

315 

A1 

385 

398 

Diamond 

2,230 

1,840 


t For the results see the full account given by Eucken, Handh. d. exp. Phys. 8/1 
(1929), p. 239 et seq.; also Fowler, Statistical Mechanics^ 1st ed., p. 82; Schrddinger, 
Handh. d. Phys. 10 (1926), p. 304; and Bom, ibid., 24/2 (1933), p. 623. 

} Part of the table given by Eucken, loc. eit. 245. 





6 THERMAL PROPERTIES OF THE CRYSTAL LATTICE Chap. I, § 1 
This suggests that the Debye distribution function (12) is a fair 
approximation to the true form. 

These values of ©j, are usually in fair agreement with the results 
obtained by substituting in formula (17) the elastic constants y, a ot 
the poly crystalline metal in bulk.f Since, however, even cubic metal 
crystals are anisotropic, J this fact must be mainly accidental. 

The only calculations of ©^ from the elastic constants of single 
metal cubic crystals are those of R5hl|| for Ag and Au, Fuchsff for 
Cu, and Honnefelderfor W. The values prove to be in fair agree¬ 
ment with those obtained from the elastic constants of the metal in 
bulk, as the following table shows: 



Cu 

^9 

Au 

W 

from elastic constants of crystal 

342 

212 

158 

384 

from elastic constants of polycrystalline material 

325 

215 

161 

372 

from measurement of specific heat at low temperatures 

316-23 

215 

170 

310 


For non-cubic metals Gnineisen and Goens|||| have calculated Qjy 
for Zn and Cd and Griineisen and Hoyerflf for Hg. Griineisen and 
Goens have comjjared their results with the observed specific heats, the 
agreement being poor. The explanation, according to Blackman, is 
that the observed values of the specific heat were not in the true 
region.Jtt 

It is usual to express experimental specific heats at low tempera¬ 
tures by ©j 5 , T curves; ©^^ is calculated by equation (15), from the 
observed specific heat at each temperature. ©^ is then independent 
of T if is given exactly by the Debye formula. Some ©^j), T curves 
are shown in Figs. 2, 3, and 4. 

1.2. Extensions of the theory. The Debye distribution function (12) 
represents, of course, a very crude approximation to the true form, 
and various attempts have been made to find a better approximation. 
Born and von Karman||l||| found the true distribution function for 
a linear lattice; they proved that, for a chain of N atoms distant 
a from each other, the frequencies are given by 

v = (18) 

TTd IM 

where v is the velocity of sound for wave-lengths large compared with o. 

t Cf. Euoken, loe. oit. 242. t Cf. Chap. IV, § 4. 

II Ann. d. Phyaik, 16 (1933), 887. 

tt Unpublished; the experimental values were those of Goens, ZeiU. f. Jnatrumtn- 
tenkunde, 52 (1932), 167. Zeita.f. phys. Chem. B, 21 (1933), 63. 

III! Zeita.f. Phy». 26 (1924), 250. ttt ^»»»- d. Physik, 22 (1936), 663. 

See p. 40. |||||| Loc. cit. 
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The maximum frequency is 

vlna, 

which is smaller by 2/7r == 0-637... 

than the maximum frequency given by Debye’s theory. 

Recently the frequency spectrum for real crystals has been investi¬ 
gated by Blackman.f According to Blackman, for simple crystals 
containing one type of atom only, the distribution function differs 
from that assumed by Debye in the following * 

ways: / 

(1) Debye’s maximum frequency vjy is in / ' | 

general greater than the true maximum fre- fM // j 

quency Vq of the lattice. / j 

(2) The true distribution function f(v) in- A // ! 

creases more rapidly with v than that assumed I \ / J * 

by Debye. j j 

(3) The distribution function /(v) shows 
two or more maxima. 

The two functions are illustrated in Fig. 1. trmiro^a’lXiTccoXng 
These results are derived from a study of the Debye (dotted lino) and 
two-dimensional lattice, but are probably true 

also in three dimensions, though it is possible that other weak 
maxima occur. 

Blackman gives the following formulae for the relative frequencies 
at which these two strong maxima occur: 


Fig. 1. Frequency spot*- 
tniiii of a solid according 
to Debye (dotted lino) and 
Blackman (full line). 


27rW 


27r\ilf 


where M is the mass of the atom of which the lattice is built up, and 
a and y are determined by the elastic constants of the crystal.' If the 
elastic constants of a cubic lattice in Voigt’s notation^ are Cjg, 
<^ 44 . then „ 


4(Cu-Ci2-< 


These formulae depend, however, on the Cauchy relations,|1 which 
are not applicable to metals. 

We shall now consider the difference between the specific heat 
calculated with the function f(y) illustrated in Fig. 1 and with the 


t Proc. Roff. Sor. A, 159 (1037), 416; iVoc. Camb. Phil. Soc. 23 (1937), 93. 
t Cf. Geckelor, HuTidb. tJ. Phi/s. 6 (1928), 407. 1| Cf. Chap. IV. § 4.1. 
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Debye function. We shall use the ©/>, T diagram (p. 6) to express 
both the calculated and experimental specific heats. Thus, for 
example, if the observed specific heats exactly fitted the Debye 
formula, the corresponding ©j,, T diagram would consist of a straight 
line, denoting a value of ©j, constant for all temperatures. We shall 
consider a few special types of vibration spectrum and show the 
corresponding ©j^, T diagrams. First we consider the simplest of all 
spectra, namely that consisting of a single line at frequency v. This 

gives the Einstein formula (6) for the 
specific heat. If we take an example in 
which ©^. = hvjk — 200°, the correspond¬ 
ing curve is shown in Fig. 2. 

From this we can conclude that if there 
is a tendency for the vibrations to heap 
up about one particular frequency the 
©jr^, T curve will fall off with increasing 
temperature. For moderate or high tem¬ 
peratures the Einstein function approxi¬ 
mates fairly well to the Debye form and 
gives, therefore, a fair representation of 
the specific heats in this region. The reason 
for this is clearly the strong maximum in f(v) assumed by Debye and 
shown in Fig. 1. In the moderate temperature region we may take 
©jg; to be proportional to the mean frequency, so that 

= v^dv^lQj,. 

Secondly, we consider a spectrum composed of two lines of fre¬ 
quencies and Vg of equal intensities. The specific heat will then 
be given by the formula 

where //(0/T) denotes the Einstein specific heat function (7) with 
characteristic frequency v equal to kQjh. This form, which was 
suggested some years ago by Nernst and Lindemann,f who assumed 
that == an added interest in view of Blackman's dis¬ 

covery that a spectrum consisting of two lines is a fair approximation 

t Preiis$. Akad. Wise. Berlin, Sitz, Ber. 22 (1911), 494. 



Fig. 2. Sj), T curve for an 
Einstein function with 
= 200 ^ 
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to the true vibration spectrum (Fig. 1). Fig. 3 shows how varies 
with T, {a) when {b) when Vj > and (c) when = li'g- 



Fig. 3. T curves. (a) 0^ = 60®, 0^ = 200", 

(6) 01 120“, 02 = 200 ’, (c) 01 = 100", 03 == 200". 

The dottod lino shows a possible form for a real crystal. 

In the case (c) the value of Qd is remarkably constant over a wide 
range of temperature, as the following table shows: 


0 ^ = *02 = 100 ° 


Temp, °iC, 

Atomic heat (7„ 1 

<-)/. 

15 

01708 

209 

20 

0-5218 

190 

30 

J 441 

190 

40 

2-321 

193 

50 

3-062 

196 

60 

3-651 

196 

200 

5-658 

204 


These results show that either a rising or a falling 0^^, 2' curve, both 
of which types are met with experimentally (cf. Fig. 4), may be 
interpreted quite well in terms of a particular form of the vibration 
spectrum, and that an almost constant value need not necessarily 
imply that the true part of the specific-heat curve is reached. 

We consider next the specific heat at very low temperatures. We 
have already seen that, at sufficiently low temperatures, the Debye 
form should be exact. Thus, for a few degrees above the absolute 
zero of temperature, should be constant. Moreover, the value 
should be exactly equal to that calculated from the elastic constants 
at low temperatures from formulae (17), (17.1), and (17.2), According 
to Blackman, as T increases from zero, 0j> will initially decrease. The 
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reason for this is that, for small v,f{v) is always greater than formula 
(12) implies; i.e. if we write 

f{v) - av^+bv^+..., 

b will be positive. Thus we see that the form of T curve shown 
by the dotted line in Fig. 3 is possible. This result has interesting 
consequences, since it implies that if experiment shows a Qj) curve 
which falls as the temperature decreases down to low temperatures, 
say 20° abs., and then appears to become constant, this constant 



Fic. 4. Experiinontal 0j5, T curves for various metals.f The dotted line.s show 
the values with the theoretical electronic specific heat (Chap. VI, formula (17)) 
subtracted from the observed specific heat. For Cu the value calculated from the 
observed elastic constants of single crystals by formula (17.2) is shown, and for Li, Na, 
K the values calculated from the theoretical elastic constants (Chap. IV, § 3). 

value is not the ultimate constant value predicted by the Debye 
theory, but represents only a minimum in the T curve. Before 
the ultimate couvstant value is reached, therefore, 0^^ must rise as 
the temperature falls. 

In Fig. 4 we show the observed T curves for Li, Na, K, Cu, Ag, 
Pb, and Bi. We show also for certain metals the limiting 0^ values as 
T™>0, calculated from the elastic constants at low temperatures; those 
for Cu are taken from the measurements of Goens (cf. Chap. IV), 

t The experimental results are due to: Simon and Swain, Zeits.f. phys. Chem. B, 
28 (1935), 189 (Li>; Simon and Zeidler, ibid. A, 123 (1926) 383 (Na, K); Nernst, 
Ann. d. Physik, 36 (1911), 395 (Ag, high temperatures); Keesom and Kok, Physica, 
1 (1934), 770 (Ag, low temperatures); Keesom and vah den Ende, Proc, Amsterdam 
Acad. 33 (1930), 243, and 34 (1931), 210 (Pb and Bi). 
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and those for the alkalis are obtained by theoretical methods.l The 
dotted lines show the values deduced from the observed specific heats 
with the theoretical contribution from the electrons subtracted from 
them. They therefore represent the heat capacity of the lattice alone. 

As SimonJ has emphasized, the 0^; values for Li and Na are less 
constant than those for Cu, Ag, and most other regular metals. We 
must deduce that for the alkalis the divergence between the true 
vibration spectrum and the Debye form is particularly great. || In 
Chapter IV we shall see that the alkalis are more anisotropic in their 
elastic properties than is copper, and to this fact their peculiar 0^, T 
curves must doubtless be ascribed (cf. Fuchs, Proc. Roy. Soc. A, 157 
(1936), 444). 

2. Specific heats at high temperatures 

The atomic heats (heat capacity per gramme atom) at constant 
volume and constant pressure are connected by the equation 

= (If) 

where T is the absolute temperature, V the atomic volume,ff a the 
thermal expansion coefficient, and x compressibility. The follow¬ 
ing table gives values of and ( 7 ,, at various temperatures centi¬ 
grade (in cals, per degree): 

Table II 



1 




! 

C. 


1 

0, 

Pdtt 


i 5-74 

5-60 

500® 

6-97 

6-59 

1,500® ! 

' 8*17 

7-23 

Ptilll 

20® 

i 61 

5-95 

600“ 

1 6-8 

6-4 

1,600° 1 

7-45 

6-65 

Agllll 

20® I 

1 60 

5*75 

500“ I 

6 7 

60 

900° 1 

7*3 

61 

Aullll 

20® ! 

1 615 

5-8 

500“ 

6*7 

60 

1,000° 1 

7-4 

61 


We give also a tablefff of (t^—Cy)/Cy, according to equation (19), 
at 20° C.: 


W 

Cu 

Pb 

Pt 

A<7 

Fe{a) 

Au 

Na 


Ni 

Zn , Cd 

^’’-^’’xlOO fo -6 
U*; I 1 

2-8 j 

6-7 

1 

..i 

4-0 1 

1*6 

i 

3-8 

__.,J 

7*9 

_J 

10-0 

2 1 

1 

\ 

5-25 6 0 ; 


The increase in above the classical value 

3i2 == 5*955 cal./degree (20) 

t Fucha, Proc, Roy. Soc, A, 153 (1936), 622." 
t Ergehfiisse d. exakt, Naturwias. 9 (1930), 256. 

II A recent X-ray investigation of the amplitudes of the atomic vibrations in 
lithium supports this hypothesis (Pankow, Helv. Phys. Act. 9 (1936), 87). 

tt i e. volume per gramme atom. LandoU-Bdmsteiri's TaheHeUf II b (1931). 

llil Handh. d. MetallphyM, 1 (1936), 246. 

ttt Eucken, Handh, d, %xp. Phyn. 8/1 (1929), 211. 
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at high temperatures may be due to one of two causes. According to 
Born and Brodyf the anharmonic terms in the lattice vibrations will 
cause a deviation from the value (20) at high temperatures; they 
consider a system of oscillators with jxitential energy of the form 

^{x) ~ ( 21 ) 


and find the heat capacity per oscillator to bef 




( 22 ) 


Hie second term may be positive or negative. 

The authors (juoted considered the excess specific heat shown in 
Table II for Pt to be due to this cause. On the other hand, more 
modern research has shown (cf. Ohaj). VI) that in metals at high 
temperatures the free electrons will make to the atomic heat a small 
contribution proportional to T. 

By extrapolating the results obtained by Keesom at low tempera¬ 
tures (cf. Chap. VI, § 2), one finds that for silver at 900° C. the con¬ 
tribution from the electrons will be 0*12 cal./gm. atom. For the 
transition metals it may be larger, as we shall see in Chap. VI, § 5.2. 
We believe that in most metals the rise of above the classical 
value is due to the (dectrons, rather than to the effect investigated 
by Born and Brody. 


3. Numerical values of the characteristic temperature 

We have seen that the Debye may be obtained from the 
specific-heat curve at low temperatures, from the specific-heat curve 
in the neighbourhood of 0/^, and from the elastic constants from 
formulae (17), (17.1), and (17.2). The considerations of § 1.2 show 
that exact agreement between the values obtained in different 
temperature ranges is not to be expected. On the other hand, 
approximate values of the atomic frequencies are of importance in 
the theory of conductivity and elsewhere. We give, therefore, 
methods of estimating the mean atomic frequency v and hence 
0 hvjk) when thermal data do not exist. 

According to Einstein,l| there must be a simple relation between 

t ZeitH. f, Phys, 6 (1921), 132. Cf. also tho article by Born and Gdppert-Mayer, 
WmdfK (/. Phys. 24/2 (1933), 679. 

J A recent thooivtical pa{>or by Oainkohler (Ann. d. Phyaik^ 24 (1935), 1) reaches 
the conclusion that should first increase and tlien decrease. 

, (I Ann. d. Phymk, 34 (1911), 170. See also Muller-Pouillet, Lehrbuch d. llth 

ed., 3/1 (1925), 382. 
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the compressibility of a solid and the characteristic frequencies of 
the atoms, since the same forces are responsible for both. Einstein 
ill this way obtained the formula 

_ 13-25x10-0 


This formula is clearly analogous with (17). The numerical factor is 
of course only approximate. 

According to Lindemannf there exists a relation between the 
melting-point Tj^j (in degrees absolute) and the characteristic tempera¬ 
ture. Tlie relation may be written 

where V is the atomic volume, A the atomic weight, and C a constant 
which is roughly the same for all metals. To show the agreement 
with experiment, we deduce C from formula (24) for a number of 
metals: 


Metal 

Li 

Na 

K 

Cu 

^9 

Ati 

1 Ca 

Tjn (degrees K.) 

459 

370 

335 

1,356 

1,233 

1,336 

1,083 

Bjd (oVjserved) 

400 

160 

100 

315 

215 

170 

230 

c 

115 

115 

116 

134 

140 

142 

1 131 


In using the formula (24) to determine for any metal, we shall 
obtain C from the element in the periodic table chemically most 
similar to it, for which is known from thermal data. 

Lindemann’s formula has not at present received a theoretical 
explanation. 

According to Griineisenl the electrical resistance of a metal divided 
by the temperature is very nearly proportional to except at very 
low temperatures. Measurements of the resistance may therefore be 
used to determine 0^ in the temperature range T ~ The con¬ 
nexion between resistance and specific heat is discussed further in 
Chapter VII. 

Values may also be obtained from the observed elastic constants 
of single crystals, as explained in § 1.2. 

We give below a table of values of 0^, derived by the methods 
enumerated above. The Einstein temperature in each case is |0^, as 
explained on p. 8. 

t Phys. ZeiUt. 11 (1910), 609. t Handb, d. Phys. 13 (1928), 1. 
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Table III 

Characteristic temperatures of the metallic elements 


Element 

1 ® 

Method 

— 

Reference 

Li 

'328-430t 

S. H. 

(3) 


363 

E. C. 


Be 

1,000 

S. H. 


C (dia- 

2,340 

S. H. 


mond) 




Ne (solid) 

63 

S. H. 


Na 

140-160t 

S. H. 

(1) 


202 

E. C. 


Mg 

290 

S. H. 


A1 

390 

S.H. 



394 

E. C. 


A (solid) 

85 

S. H, 


K 

loot 

S.H. 



163 

E. C. 


Ca 

230 

S. H, 


Ti 

342 

E. C. 



396 

M. P. F. 


V 1 

300 

E. C. 



413 

M. P. F. 


Cr 

485 

S. H. 


Mn 

368 

M. P. F. 


Fe 

420 

S. H. 


Co 

385 

S. H. 


Ni 

375 

S. H. 


Cu 

315 

S.H. 



333 

E. C. 



342 

E. 


Zn 

200-300 

S. H. 

(4) 


213 

M. P. F. 



305 

E. 


Ga 

125 

M. P. F. 


Ge 

290t 

S. H. 

(3) 

As 

224 

M. P. F. 


Se 

135 

M. P. F. 


Rb 

58 

M. P. F.|i 


Sr 

171 

E. C. 


Nb 

301 

M. P. F. 




1 

1 

1 ^ 


1 

1 "s 

cu 

S 


eg 




1 ^ 


S3 

0 

1 


Zr 

288 

E.C. 


Mo 

380 

S.H. 


Ku 

426 

E. C. 


Rh 

; 370 

E.C. 



315 

M. P. F. 


Pd 

275 

S.H. 

(5) 


270 

E. C. 


Ag 

215 

S. H. 



212 

E. 


Cd 

172 

S.H. 


In 

106 

M. P. F. 


Sn 

260 

S. H. 


Sb 

140 

S.H. 


Te 

120 

M. P. F. 


Cs 

42 

M. P. F.il 


Ba 

113 

M. P. F.tt 


La 

152 

M. P. F. 


Ht 

213n 

S.H. 

(2) 

Ta 

245 1 

S.H. 


W 1 

310 1 

S.H. 


1 

384 ! 

E. 


Re 1 

310 1 

E. C. 


Os 

256 

M. P. F. 


Ir 

285 

S.H. 


Pt 

225 

S.H. 



240 

E.C. 


Au 

170 

S.H. 



175 

E. C. 


Hg 

96 

S.H. 



37 

E.C. 



68*e 

E. 


Tl 

100 

S. H. 


Pb 

88 

S.H. 


Bi 

100 

S. H. 

(4) 


62 

E.C. 



110 

C. 


Th 

168 

E.C. 



t Cf. Fig. 4. 

J From measurements above 90° K. At lower temperatures the specific heat is 
anomalous. 

II C = 116, as for Na and K. 
tt C = 131, as for Ca. 

The specific heat of Hf is anomalous, cf. ref. (2). 
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4. The equation of statef 

The ‘equation of state’ of a solid, liquid, or gas is an equation 
connecting together the pressure, volume, and temperature. From 
this equation may be deduced the compressibility, i.e. the change of 
volume produced by unit change of pressure, and the thermal expan¬ 
sion coefficient, i.e. the change of volume produced by a given change 
of temperature, usually measured at zero (or negligible) pressure. 

A theory of the equation of state may be based either on the 
Einstein model of a solid, or on the more exact theories of Debye, 
Born and von Karman, and Blackman (cf. § 1.2). On account of its 
simplicity we shall use first the Einstein model,J generalizing our 
results in a later section; we make, therefore, the following assump¬ 
tions: 

(1) Each atom, if at rest in its position of equilibrium, has a defi¬ 
nite (negative) energy — Ae is thus the work required to separate 
a solid of N atoms into its constituent atoms. 

(2) Each atom can vibrate about its mean position with a definite? 
frequency v, which is the same for all atoms. (The specific heat of a 
solid is calculated on this assumption in § 1; the assumption leads to 
serious error only at very low temperatures.) 

t Herzfold, Kinetische Theorie der Wdrmc, p. 241, Braunschweig (1925). Born and 
Goppert-Mayer, Handb. d. Phys. 24/2 (1933), 677. 

J The results of this section are therefore not applicable for T 


NOTES TO TABLE III 

S. H. denotes values deduced from measurements of specific heats at low tempera¬ 
tures. Unless otherwise stated, the values are taken from the summaries 
by Simon, Landolt-Bornstein's Tabelle/n, II b (1931), 1232, and by Borelius, 
Handb. d. Metallphysik, 1 (1935), 252. 

K. C. denotes values deduced from the electrical conductivity. The values are 
taken from the summary by Meissner, Handb. d. exp. Physik, tl/2 (1935), 
50. 

M. P. F. denotes values calculated from Lindemann’s melting-point fonnula (24), 
with C ~ 137 imless otherwise stated. 

C. denotes values calculated from the compressibility by formula (23). 

E. denotes values calculated fn)m the observed elastic constants of single 
crystals, taken from Griineisen and Hoyer, Ann. d. Physik, 22 (1935), 663. 

BEFERENCES TO TABLE III 

(1) Simon and Zeidler, Zeits.f. phys. Chem. A, 123 (1926), 383. 

(2) Critescuand Simon, ibid. 25 (1934), 273. 

(3) Simon and Swain, ibid. 28 (1935), 189. 

(4) Keesom and van den Ende, Comm. Leiden, 203 d (1930); 219 b (1932). 

(5) Simon and Pickard, unpublished. 
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(3) Both € and v are functions of the volume V of the solid. If 
the solid is compressed, the atoms are packed more closely together. 
The forces acting on the atoms will therefore be greater than in the 
uncompressed state, and the atomic frequency v will be increased. 
The energy e of an atom, on the other hand, will be a minimum 
when the volume has the value Vq assumed by the solid at the absolute 
zero of temperature and pressure, as shown in Fig. 5. 



Fig. 5. Atomic froquoncy v and atomic energy e plotted as fuiic-tions 
of the volume V. 


The compressibility absolute zero of temperature may be 

calculated as follows: The pressure p required to compress the solid 
from its original volume 1^ to a new volume V is given by 


P 


Fol 

Xo* 


The work required to compress the solid is therefore 

XoJ Vo 2 

K K 




(25) 


The work per atom, on the other hand, is equal to c—cq, where e is 
the energy of an atom when the solid has a volume V. But c may 
be expanded by Taylor’s theorem, 


€o+(F- 


Fo)fe) +UV-Vo)i 

Wlv^r. V 


dh\ 


r. 


+ .... ( 26 ) 
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and the second term in the series vanishes (cf. Fig. 5). If iV' is the 
number of atoms in the volume Vq, we have therefore for the total 
work required to compress the solid 

Equating the right-hand side of this equation to (25), we have 



If we denote by v the volume per atom, we have 



4.1. Thermal expansion. The curve in Fig. 5 shows the potential 
energy of an atom in a solid, plotted against the total volume V of 
the solid. In other words, the ordinate is equal to the total energy 
of an atom at rest. At the absolute zero of temperature, therefore, 
when the atoms are at rest,*}* the actual volume of the solid will be 
that for which c is a minimum, as we have seen. At any other 
temperature T, when the atoms are not at rest, the volume of the 
solid is greater, because of its thermal expansion. To calculate the 
thermal expansion, the most direct course is to use the thermo¬ 
dynamical theorem that, for a substance in equilibrium at zero 
pressure and constant temperature, the free energy 

F = U-TS 


is a minimum, where U is the internal energy and 8 the entropy. 
For our solid, consisting of N oscillators with frequency v, the free 

^ = ,.s) 

and, since this is a minimum, we have 


0 = 



(29) 


From equation (29) we may at once obtain the thermal-expansion 
coefficient, as will be shown below. In view of its importance, 
however, we shall first obtain equation (29) without quoting formula 


t Neglecting the quantum-mechanical zero-point energy, 
t Cf. equation (3). The formula is only valid if hv < kT. 

Tk 


3595.17 
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(28) for the free energy. We hope that this course will give a greater 
insight into the mechanism of the phenomenon. The argument is 
simplified if we take account of the fact that the vibrational motion 
is quantized. 

Let us then consider any atom of the solid, and let us suppose 
tliat it has n quanta of vibrational energy, so that its energy is nhv. 
If n is the mean value of n for all atoms, then, for kT ^ hv, 


nhv ^kT. (30) 

For any particular atom, however, n may have any integral value. 
Now the internal energy per atom of the solid at zero pressure is 

U — €-{-hhvy 

and the change of U due to any small change dV in the volume is 
dU — d€-\-nhdv-\-hvdn. 

The last term, hvdh, representing the change in the numbers of atoms 
in the respective quantum states, is equal to the heat dQ flowing 
into the solid; hence 

d€-\-nhdv = dU — dQ. 


Now dU—dQ represents the external work done, which vanishes for a 
solid in equilibrium. Thus the solid is in equilibrium when the energy 
€-\-nhv is a minimum for displacements in which n, the number of 
atoms in any quantum state, is kept constant. We have therefore 


^ + = 0 , 

dV^ dV 


(31) 


and, substituting for h from (30), we obtain (29). 

It wiH be realized that the assumption that the vibrations are 
aantized need not be used in deriving formula (30), and was only 
introduced in order that the process of thermal expansion might be 
more easily visualized. 

To obtain the thermal-expansion coefficient, we expand dejdV by 
Taylor’s theorem; if the total expansion V~Vq is small compared with 
Vq, we have, with sufficient accuracy. 


de 



+ (F-Fo) 



The first term vanishes, as is shown in Fig. 5. The second terra, by 
(27), is equal to (F—To)/-^loXo» where N is equal to the number of 
atoms in the solid, and is the compressibility at zero temperature. 
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We have therefore from (29) 


V-Vq 

VoXo 


-3NkT 


d(logv) 

dV 


(32) 


But SNkT is the thermal energy of the solid; hence we obtain for 
the thermal-expansion coefficient a, differentiating with respect to 
T and multiplying by Xo. 


_ 1 dV _ d(logy) 

~VodT~ dF ’ 


(33) 


where (if V refers to one gramme) is the specific heat. Rearranging, 
we obtain 

/VI/. #M If icr 1/ I 

(34) 


ccV, 


d(logv) 


XoC„ d(logF)’ 


where Vq is equal to the volume of one gramme of the solid, i.e. to the 
reciprocal of the density, cx denotes the thermal-expansion coefficient 
and Xo fhe compressibility at zero temperature. The quantity (34) 
will be denoted by y. 

Theoretical predictions of the value of the quantity d(log v)ld(log F), 
and hence of a, can only be made on the basis of a detailed calcula¬ 
tion of the vibration spectrum, which has not yet been carried out.f 
We shall therefore calculate rf(logv)/d(log F) from the experimental 
values of a, xo> The following are a few typical values; a more 
complete table is given in Appendix II. 


Al Ni Ag Au 

— 2-06 1-70 2-60 2-93. 

d(logF) 

Thus, in gold, a change in the volume of 3 per cent., which would 
produce a change in the interatomic distance of only 1 per cent., 
would nevertheless change the atomic frequency by nearly 9 per cent. 

Low temperatures,% Formulae (33) and (34) have been obtained 
subject to the assumption that T is large compared with the charac¬ 
teristic temperature. We shall now show that, with certain assump¬ 
tions, these formulae are valid at all temperatures. 

We can no longer assume that the vibrations of the solid can be 
represented approximately by a single frequency v. We suppose that 
the normal modes of the solid may be divided up into of 


t Cf.§l.l. 

j Batnowsky, Ann, d, Physik^ 38 (1912), 637; Vcrh, d, deuts, Phys, Qea, 15 (1913), 
75; Ormstein, Proc, Amsterdam Acad, 14 (1912), 983, 
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frequency iVg of frequency i/g, and so on. The mean energy per 
normal mode of frequency is 

and the free energy 

F, - *!riog(l _ ^-hv^kT^ 

which clearly tends to ^Tlog(Ai/^./iT) at high temperatures (cf. 
equations (2) and (3)). To this we must add the energy*]' Ne of the 
crystal at the absolute zero of temperature; the free energy for the 
whole crystal is thus 

F — Ne-\-kT JVi*log(l—(36) 


Since in equilibrium at zero pressure JF is a minimum, we have, 
differentiating (36) with respect to the volume and substituting 

from (35), ,, de 1 ^ d(log v,) 


0 = A' 


rfF ' F 


GriineisenJ has assumed that d(logyJ/d(logF) is the same for all 
frequencies of the solid. In that case, since 2 ^he total 

internal energy U of the solid, we have, using (37), 

0 = rf(logv) 

Vxo ^Vd(logVy 

which is the same expression as (32). Differentiating with respect 
to T, we obtain as before equation (33) or (34). It follows that the 
quantity y (= ocTq/xo^v) indepeTident of temperature even at low 
temperatures; and hence that the thermal-expansion coefficient is 
proportional to the specific heat. The agreement between this predic¬ 
tion and experiment has been shown by Gruneisen|| for various 
solids over a wide range of temperature. 

4.2. Variation of compressibility with temperature. We have already 
obtained formulae for the compressibility at T ~ 0 and for the volume 
at temperature T and zero pressure. We require still the general 
equation of state, i.e. the volume of the solid at any temperature and 
pressure, from which the compressibility at any temperatme may 
be obtained. The equation of state may be obtained at once from 


t Includiag the zero-point energy. 

t Handb. d. Phjs. 10 (1926), 43; Ann. d. Physik, 20 (1908), 211. 
|j Loc. cit. Cf. also Adenstedt, Ann. d. Physik 26 (1936), 69. 
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the thermodynamic equation 



where p is the pressure and F the free energy at constant volume 
{U~TS). Assuming as before that d(logr)/dr is the same for all 
normal modes of the solid, we obtain from (36) the Mie-Griineisenf 
equation of state . ,,, , 

(38) 


dV 


dV 


valid at all temperatures, where U is the internal energy. Hence for 
the (compressibility Xr tenij)eratnrc T we have, if T > 0, 


1 

Xt 



X(. 


d2(logv) 

W ■ 


(39) 


It follows that ^ (40) 

or, making use of formula (33) for the thermal-expansion coefficient, 


Xdf y ' dV^ 


(41) 


We see, since the right-hand side is positive (cf. Fig. 5), that the 
compressibility increases with increasing temperatures. 

GriineisenJ has measured by an indirect method the compressi- 
bihties of Al, Ag, Cu, Fe, and Pt between —-190° and 165°; he finds 
that X increases faster at high than at low temperatures, as formulae 
(40) and (41) suggest. The following table gives the measured com- 
pressibiKties.il 

;^X 10^2 i^c g,s. units) 


Temp, °G. 

-273 

-190 

17 

131 

165 

Cu 

(0-710) 

0-718 

0-773 

0-815 

0-828 

Pt 

(0-371) 

0-374 

0-392 

0-401 

0-404 

Fe 

(0-600) 

0-606 

0-633 

0-664 

0-675 


Bridgman has measured the compressibilities of most metals at 
30° and 75°, but for the harder metals the differences are too small 
to be reliable. For certain of the softer metals the results are given 
on p. 22. 


t Mie, Ann. d. Phyaik, 11 (1903), 657; Griineisen, Ann. d. Phyaik, 26 (1908), 393. 
i Ann. d. Phyaik, 33 (1910), 1239, 39 (1912), 284; Verh. d. deuU. phye. Oea. 13 
(1911), 491; HanOb. d. Phya. 10 (1926), 37. 

II Bridgman’s values at room temperature differ by about 10 per cent. 
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Element 

Li 

Na 

Ca 

Al 

Pb 

dT 

0*71 

1-2 

0-60 

0-55 

0-56 

X. 10^* (c.g.8. units) at 20” C. 

8*8 

15-8 

r)-6 

1-37 

2-30 


Weiii« y (ledlice from (41) Uial forsodium,for insta-iice, — 
has the value 7, for aluminium 18. 


4.3. Relation between the thermal-expansion coefficient and the change 
of compressibility with pressure. According to Einstein’s formula 
(23), the characteristic frequency v of a, solid varies in the following 

V oc 


where p is the density and y the compressibility. If we take logarithms 
and differentiate both sides with respect to the volume, we obtain 

_ d(logv) ^ 1 d(logy) 1 
d(log F) 2 d(log V) 6* 

The left-hand side is the quantity y, depending on the thermal- 
expansion coefficient, tabulated in Appendix II. For the quantity 
on the right, if we write the relation between V and p in the form 


=^Ap~Bp\ (42) 

we obtain 

We thus have y == (43) 

The quantities B, A have been tabulated for a number of metals 
by Bridgman.f For the more compressible metals equation (43) is in 
fair agreement with his values, as the following table shows: 


Table IV 


Element 

V 


Li 

1*17 

M 

Na 

1-25 

10 

K 

1-34 

O'H, 

Cs 

1-29 

0-84 

Pb 

2-73 

2-9 

Al 

2*17 

2*6 

Ca 

,, 

L3 

Sr 

.. 

0*9, 

Ba 

•• 

M 


t The Phyaku of High Preaaurea, p. 160 et seq. (1931). The measuremenis are for 
room temperature. 
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On the other hand, for most of the hard metals (Cu, Ni, Pt), the 
values of measured by Bridgman are 10 to 100 times larger 
than y. We conclude that the change of compressibility with volume 
for these metals at the pressures used is determined by some factor 
such as the microcrystalline structure of the metal, rather than by 
the interatomic forces.f 

5. Binding energy of the metallic elements 

By the binding energy is meant the work required to separate one 
gramme atom of the crystalline substance into its constituent atoms; 
in other words, for monatomic substances, the sublimation energy at 
the absolute zero of temperature. Table V shows the binding energy 
of certain elements. The table is taken from an article by Grimm and 
Wolf.J The values are obtained from latent heats of melting and 
vaporization, corrected to apply to the absolute zero of temperature. 

Table V 

Binding energies of the metallic elements, in kilo-calories per gramme 
atom. {One kilo-cMorie per gramme atom is eqwal to 0 0434 electron 
volts per atom.) 


Li 

46 

Cu 

76 

Pb 

51 

B 

80 

Zn 

32*5 

Bi 

48-5 

Na 

30 

Rb 

25 

c 

150 

Mg 

41 

Sr 

39 

Si 

81 

A1 

60 

Ag 

64-5 

Sn 

76 

K 

26-5 

Cd 

28 



Ca 

39 

Cs 

24 

Sb 

49 

Cr 

83 

Ba 

39 

Ne 

0 ^ 5 ” 

Mn 

63 

Pt 

122 

Ar 

1-5 

Fe 

108 

Au 

83 

Kr 

2-4 

Co 

105 

Hg 

18-5 

X 

3'4 

Ni 

101 

T1 

44 

Rn 

40 


From the experimental data discussed in this chapter and its 
theoretical interpretation, we may draw curves showing the total 
energy of a metal for various atomic volumes. The curves have been 
obtained in the following way: Denoting by W the total energy of the 
metal, we write 

t Griineisen, Handb. d. Phys. 10 (1926), 38, has pointed out that Bridgman’s 
pressure coefficients of compressibility are surprisingly high, in agreement with the 
conclusions of this section. 

t Handb. d. Phys. 24/2 (1934), 1073. 
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Hq is the total binding energy (Table V). Tq is the volume of the 
crystal for zero pressure and temperature. Writing the compressi¬ 
bility in the form (42) we have, in ergs, 



Fig. 6 . Binding energy W in kilo-cal./gm. atom as a function of atomic volume 
(volume of one gramme atom). 

or, for hard metals where B is not known directly, from (43), 

where y is given in Appendix II. 

Fig. 6 shows the binding energy of various metals plotted in this 
way. . 

6. Alloys: the phase diagram 

In Chapter V of this book we shall give a discussion of the factors 
which determine the crystal structure of an alloy of given composi¬ 
tion. In this section we shall derive the thermodynamical equations 
which determine the boundaries of a given phase. 

Fig. 7 shows part of a typical phase diagram; for certain composi¬ 
tions and temperatures the alloy consists of a phase a, characterized 
by definite crystal structure and lattice parameters. The phase jS 
will have, in general, different structure and parameters. For com¬ 
positions and temj^eratures marked a+jS, the alloy consists of a 
mixture of small crystals of a and )5. 
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It is typical of most metallic alloys that the atoms are distributed 
at random over the lattice points of the structure. This is the case, 
for instance, for Ag-Au for all compositions. For other alloys, e g. 
Cu-Au for certain compositions, a superstructure forms at low enough 
temperatures, in some cases only after annealing. In other cases, 
e.g. MgoSn, the alloy forms only for a fairly definite composition 
and a superstructure always exists. Such alloys are more properly 
called compounds. 

The question of the superstructure is considered in the next section. 
In this section we assume that the temperature is too high for any 
superstructure to form. 

In the following general considerations we need not, in the first 
place, specify the nature of the two 
phases, which are to be regarded as in 
thermal equihbrium. In the first phase, 
a, let there be atoms of type A and 
Ag atoms of type B\ in the second 
phase, j8, let the numbers be and 
A^ respectively. The free energy of the 
alloy in the first phase is a function of 
A^ and of the absolute tempera¬ 
ture T and of the volume T^. We may write it F^(N^, T, and 
the free energy in the second phase T, T^). 

Let us consider the two phases at their respective boundaries at 
a given temperature, say at P and Q in Fig. 7, at which compositions 
they are in equilibrium with one another. According to the second 
law of thermodynamics, we know that in equilibrium the total 
free energy ^^ 4-^2 iRRst be a minimum with respect to any internal 
change of the whole system. For example, if a certain number of 
atoms of type A are transferred from the first to the second phase, 
the total free energy must increase. The conditions of equilibrium 
for constant temperature and volume may therefore be expressed: 



Atomic composition 
Fia. 7. Phase-equilibrium dia 
gram of two solid phases. 


dF^ _ e-Pi _ 0 _ ^^2 = 0 

dNU ’ dN^ dN's • 


(44) 


In practice we are concerned with equilibrium at constant tempera¬ 
ture and pressure. The appropriate conditions for equilibrium would 
then be given by equations simil^tr to (44) but in which the thermo¬ 
dynamic potential I replaces the free energy F, The relation between 

3595.17 


■R*. 
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F and I is the following: 

i = F-\-j>V, 

where p denotes the pressure and F the volume. For alloys we are 
principally interested in the liquid and solid phases, so that the 
change in volume in a phase change is relatively small; thus, when 
p is the atmospheric pressure, the change in pF is completely 
negligible compared with other changes in F. 

Let Cl be the concentration of atoms B in the first phase, and Cg 
the concentration of atoms B in the second phase, defined by: 



A c—> B 

Fig. 8. Free energy of two solid phases as 
a function of the atomic composition c. 



Since in a particular phase at 
a given concentration both the 
energy and the entropy are pro¬ 
portional to the total number of 
atoms in the phase, we may define 
for each phase a free energy per 
atom, /, which is a function of 
the concentration and of T and 


F only. Thus for example: 


J\ = (iV:,+iV^)A(Ci,T,F). 


The conditions of equilibrium (44) may therefore be written in the 


form: 




(46) 


This form of the equations is particularly convenient as the 
starting-point for the interpretation of a phase-equilibrium diagram. 
Let us suppose that the free energies of two phases a and jS are known 
as functions of the concentrations of atoms of type B, Fig. 8 shows 
two curves intended to represent and /g as functions of c at a 
particular temperature T, Equations (46) show that the a phase at 
the concentration P in the figure is in thermal equilibrium at 
temperature T with the j8 phase at the concentration Q, To the left 
of P the pure a phase is stable, to the right of Q the pure j3 phase. 
At any point between P and Q the stable state consists of a mixture 
of the two phases, a at concentration P and ^ at concentration Q, 
For suppose the phase ol to exist at concentration 0\ then, by break¬ 
ing it up into oe at P and jS at Q, the free energy is diminished to the 
value corresponding to H, If the construction is repeated for 
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different temperatures, we find the concentrations of the phase 
boundaries P and Q as functions of T. This gives us part of the 
usual phase-equilibrium diagram, as for example in Fig. 7. 

If denotes the heat capacity per atom at constant volume and 
JS(c) the energy at the absolute zero,f the free energy per atom of a 



Fig. 9. Free enei^gy of a number of phases, showing tlie ranges in 
which the pure phase can exist. 


phase at concentration c and temperatme T may be written: 

T T 

f(c, T) = ir{clogc+(l-c)log(l-c)}+^(c)+ J c^dT-T J c.dTIT. 

0 0 

The first bracketed term in this expression, which may be called the 
disorder term, arises in the following way. The weight of a macro¬ 
scopic state is increased in a phase containing two kinds of atoms by 
the possibility of permuting the atoms of different sorts. In this way 

the entropy jier atom is increased by a term which 

by Stirling’s formula reduces to —A;{clogc-f-(l—c)log(l--c)}. This 
formula assumes a completely random distribution of the atoms, 
and will not be valid if this does not exist at all temperatures. 

Since the disorder term is independent of the structure, the charac¬ 
teristics of various phase diagrams must depend on J&(c), the energy 
at T == 0* We give in Chap. V, § 3.1, reasons for believing that, at 
certain values of c, E{c) will always rise rapidly. Such a rapid rise 
of E{c) would account for the existence of alloys with a narrow range 
of composition, as Fig. 9 shows. 

t Th© zero taken for the energy is arbitrary; we may take, for instance, the energy 
of free atoms, or the energy of the pure metals. 
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7. Alloys: thermal equilibrium of the superstructure 

We have seen that a pure phase of an alloy is characterized by a 
definite lattice structure. In general the different atoms of which 
the alloy is composed are distributed at random amongst the lattice 
points of the structure. When the composition can be expressed by 
some simple formula, for example AB ox or when the atomic 
percentages are in the neighbourhood of these values, it is possible 
in certain cases for the atoms to take an ordered arrangement within 
the lattice, somewhat in the same way as the Na and Cl ions are 
arranged in order with respect to each other in the crystalline salt. 

The hypothesis that under certain circumstances the atoms of 
an alloy segregate into regular positions was first put forward by 
Tammannf in 1919. By X-ray analysis the process was proved to 
occur for the solid solution Au-Cu by Johansson and Linde J in 1925. 

When order is established, for example in AuCu, new lines occur 
in the X-ray reflection spectrum which are characteristic of the 
lattice formed by the Au atoms alone or by the Cu atoms alone. In 
the state of complete order the phase is said to have developed a 
superlattice, and the new lines in the X-ray reflection spectrum are 
referred to as superlattice lines. 

The development of order within a phase at fixed composition 
affects the physical properties of the alloy. A very striking change 
occurs in the electrical resistance as the order in the lattice changes. 
The resistance of a metal is due to the scattering of the electron 
waves by the irregularities of the lattice. These may be irregularities 
produced by heat motion or by the disorder of the atomic arrange¬ 
ment in j'he lattice.|| Thus the resistance of an ordered alloy is less 
than that of a disordered alloy. 

Fig. 10 shows a graph of the resistance of AuCug due to Borelius, 
Johansson, and Linde.ff 

These results suggest that above a critical temperature T^. there 
is no order, whilst, as the temperature falls below order is gradually 
developed. The critical temperature is to be regarded as analogous 
to the Curie point of a ferromagnetic. At the critical temperature 
order disappears, just as at the Curie point ferromagnetism disappears. 

Attempts to calculate the dependence of order on the temperature 

t Zeita.J. an, Chem. 107 (1919), 1. 

t Ann. (i. Physik, 78 (1925), 439. For a recent discussion of this alloy by these 
authors, cf. Ann. d. Fhysik, 5 (1936), 1. 

11 Cf. Chap. VII, § 13. tt ^nn. cl. Physik, 86 (1928), 291. tt Cf. Chap. VI, § 7. 
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have been made by Borelius,f Johansson and Linde,{ Gorsky,|| and 
Dehlinger and Graf.|| The subject has been considered afresh 
from the theoretical standpoint by Bragg and Williams,and by 
Williamsilll; recently a more rigorous theory has been developed bjr 
Bethe.f tt We shall show in this section, following Bragg and Williams, 
and Be the, how to calculate the degree of order appropriate to 
thermal equilibrium at temperature T. It is important to remember 
that, in an alloy in thermal equilibrium, the atoms are not in general 



position CiigAu. 

rigidly fixed to given lattice points but are continually changing 
places. Of course at low temperatures the rate of exchange becomes 
very slow; at room temperature, for instance, for many alloys the 
rate of exchange is so slow that they cannot be regarded as being in 
thermal equilibrium. 

7.1. Long-distance order. We shall in the first place restrict our 
considerations to the case of an alloy whose composition may be 
represented by a formula AB. An example is provided by /3-brass 
(CuZn). We suppose that in this alloy there are altogether N atoms. 

t Ann. d. Pliysik, 20 (1934), 57. J Loc. cit. 

II ZeitD.f. Phys. 50 (1928), 64. 

tt Ibid. 64 (i930), 3.59; 68 (1931), 535; 74 (1932), 267; 79 (1932), 550; 83 (1933), 
832. 

tt Proc. Roy. Soc. A, 145 (1934), 699; 151 (1935), 540. 

nil Ibid. 152 (1935), 231. ttt Ibid. 150 (1935), 552. 
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When the alloy is perfectly ordered, the JiNT atoms of type A will lie 
on a regular lattice of their own and the atoms of type B will also 
lie on a regular lattice as shown, for example, in Fig. 11. The lattice 
points occupied by the A atoms when perfect order exists we shall 
call a positions, and the lattice jwints occupied by the B atoms b 
positions. 

We shall use the following notation: when an A atom is in an a 
position or a 5 atom in a 6 position, we shall call such an atom an 
R atom (right atom); when an A atom is in a 6 position or a jB atom 
in an a position, we shall call the atom a W atom (wrong atom). At 
any moment of time in an alloy at temperature T, there will be a 

certain number of atoms which are R, 
and if we divide this number by the total 
number of atoms, A, we obtain the pro- 
babihty that a particular atom is R. We 
shall denote this probabihty by r. The 
probability that an atom is W is defined 
in a simUar way and denoted by w, so that 

— 1. 

f 

The quantity ^ ^ (47) 

is clearly a measure of the order of the lattice, though other measures 
are possible. When all the atoms are J?, we have perfect order, so 
that /S = 1; when all the atoms are W,S — —I, which also Represents 
perfect order. Complete disorder occurs when as many atoms are 
jR as W, so that = 0. Thus a change in the sign of 8 does not 
represent a change in the physical state of the system. 

We shall call 8 the ‘long-distance order’ of the lattice, since 8 can 
only be defined by considering the state of the lattice over a large 
volume. 

7.2. The order of rteighboure. The quantity 8 which we have just 
defined is not by itself sufficient to determine fully the order existing 
in a lattice. For instance, 8 vanishes when there are as many R as 
W atoms, but if all the R atoms occur together and all the W atoms 
occur together the state is really one of very high order, although 
according to our definition the long-distance order is zero. Also, as 
we shall show later, there exists a tem]|^rature above which 8 
vanishes, but it is clear on physical grotmds that, if a tendency to 


lb)m ib)m # 

(a)’]- -f 

(b)m # # 

(a)-\- + 

• • # 

Fia. 11. 



(48) 
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order exists, then, even at very high temperatures greater than 3^, 
it will stiU be more probable that an A atom will have a B than 
another A as nearest neighbour. There exists therefore an ‘order 
of neighboiHs’, which remains finite at all temperatures. It may be 
defined in the following way: the order of neighbours a is the differ¬ 
ence of the probabilities of finding an unequal and an equal neighbour 
beside a given atom. Hence, if z is the number of nearest neighbours 
to any atom, there will be, among N atoms of both kinds, 
lNz(l~{-a) pairs of neighbours AB, 

JJV 2 ( 1 —cr) pairs AA, and an equal number of pairs BB. 

7.3. The method of Bragg and Williams. In order to obtain S as 
a function of T, Bragg and Williams define an energy F which is the 
energy required to interchange ttvo atoms, viz.: an A atom from an 
a to a 6 position and a B atom from a 6 to an a position, so that 
the number of W atoms increases by 2 and the number of B atoms 
decreases by 2. We may express the ratio wjr and hence S in terms 
of the Boltzmann factor. Assuming that the R atoms and the W 
atoms are distributed at random among the a positions, and also 
among the 6 positions, the increase in the free energy when a pair 
of atoms is interchanged is: 

= V—NkTifogwhw -\-\ogrhr), 

where Sw — 2IN, Sr = —2jN are the changes in w and r. Since for 
equilibrium 8F must vanish, this gives for the ratio of the proba- 

w I V\ 

7 = 

and hence directly from the definition of S (equation (47)) we obtain 

Bragg and Williams make the assumption that V is directly propor¬ 
tional to the degree of long-distance order already existing;! i.e. 

F-Fo5. (51) 

With this assumption (50) and (51) together determine /S as a function 
of T. It will be observed that there is a striking formal similarity 
to the Weiss theory of ferromagnetism,! S corresponding to the 

t It is of course obvious that V vanishes with S, but the assumption that F is a 
linear function of S is merely introduced in the interests of simplicity. 

t Cf. Chap. VI, § 7. 
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intensity of magnetization and V to the intrinsic field. In particular 
equations (50) and (51) show that there is a critical temperature 
beyond which S is zero, which is quite analogous to the Curie 
temperature. This critical temperature is given by 

n == T'oM*- (52) 

In Fig. 12, curve (a), we show the degree of long-distance order S 
plotted againstf l^kTjV^, i.e. against ^TjT^, 



Fig. 12. Degree of long-distance order S as a function of 

(а) According to Bragg and Williams. 

( б ) According to Bethe. 

If an alloy has a composition represented by a formula A^B, for 
instance, or more generally whenever the composition differs from 
AB, Bragg and Williams find that in place of equation (50) the 
dependence of S upon VI4tkT is of the form shown in Fig. 13. In a 
certain limited temperature range there are therefore three solutions, 
i.e. three values of S for a particular temperature. 

It has been shown that, of the three solutions, that corresponding 
to the intersection P has the lowest free energy and gives therefore 
the stable 8tate.| At the critical temperature the free energies of the 
states 0 and P will be equal; this may be shown to be the case for the 

t Bethe has shown that a comparison between his theory and that of Bragg and 
WiUifiuns leads to the conclusion that 2zVi (cf. § 7.4); Fig. 12 refers to a simple 
cubic lattice, for which 2 = 6 . } Williams, loc. cit. 243. 
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value of T such that the areas of the two loops cut off by the line OP 
are equal. Solutions such as that represented by Q have higher free 
energy than O and are unstable. 

In contradistinction to an alloy of the type AB, therefore, an 
alloy of the type A^ B can exist at tlie critical temperature in km 
states in equilibrium with each other, one having zero order and the 
other a finite degree of order. The condition of the alloy at this 
temperature is therefore analogous to that of, say, ice and water in 
thermal equilibrium at 0°C.; two distinct phases are in equilibrium 



Fio. 13. S aB a function of VjAkT. 


with each other. We shall vshow later that an alloy AB has a finite 
discontinuity in the specific heat at the transition point. For an 
alloy A^B, on the other hand, there must be a latent heat at the 
transition temperature. 

These conclusions for alloys of the type A^B only apply when all 
positions in the lattice may be regarded as equivalent, as, for 
example, in CugAu. In the alloy FcgAl, which has a body-centred 
cubic lattice, two aluminium atoms can never be nearest neighbours, 
and therefore half the lattice points, namely those which lie on one 
simple cubic lattice, are permanently occupied by Fe atoms. This 
alloy therefore behaves, with respect to the development of order, 
like an alloy of composition AB. 

7.4. Method of Bethe. Bethet has given a more detailed theory 
which avoids the somewhat arbitrary assumption expressed by 
equation (51). He bases his theory on the assumption that the 
order is controlled by the interaction between atoms which are 

t Loc. cit. 

F 


3696.17 
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nearest neighbours.! If we denote the interaction energy between 
an A and a B atom by Vjj,, and that between two A atoms and two 
B atoms by and T^ 2 ? respectively, the total energy of the crystal 
becomes, according to (48), 

this may be written 

= const.+ JJV 2 ]^(l — (r), (53) 

where }[ = Waa+Vj,j,)-V^,,. (54) 

We shall assume the quantity to be positive. Bethe confines him¬ 
self to the case where the alloy has a formula of the type AB. We 
fix our attention, then, on a given A atom wliich we call the ‘central' 
atom. Let p be the probability that a given nearest neighbour to the 
central A atom is itself an A atom. Then tlie probability that th's 
particular neigliboiir is a B atom is equal to l—p. From the defini¬ 
tion of the ‘order of neighbours’, <t, we have 

(55) 

If we were to assume that p did not depend upon the nature of the 
other atoms in the neighbourhood of the central A atom^ then we 
should have 

V _ g-E/A-r 
\-p 

or, according to (55), 

a tanh(l^/2A’r). 

It is to be observed that there is then no critical temperature, but 
that a tends slowly to zero at high temperatures. 

We now' calculate the long-distance order S as a function of T 
and of the parameter }\ defined by equation (54). In this calculation 
no ad hoc assumption is made, such as that expressed by (51) in the 
treatment of Bragg and Williams. We consider again a particular 
lattice point, surrounded by z nearest neighbours, and calculate the 
probability that the atom at this i)oint is R or W. When two R 
atoms or two ir atoms are nearest neighbours, we may suppose 
the interaction energy to be zero (putting the constant in (53) zero); 
on the same scale the interaction energy between an R and a W 
atom is 1^. Since we consider only interaction between nearest 
neighbours, it follows that the probability that the central atom is 

+ A discu?55;ion of the validity of this assumption for motals has not yet been 
given. 
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Rot W depends directly only on the nature of the z neighbours. For 
example, if there were as many R as W atoms amongst the 2 neigh¬ 
bours, the probability of the centra] atom being ^ or IF would be 
just It is the effect of the outside atoms on the 2 : neighbours, 
causing more R than W atoms among them, which in turn makes 
the probability of an R atom being the centre greater than J. 
Bethe makes use of the following device. He assumes that the effect 
of the outer atoms alone on the z neighbours of the central atom is to 
multiply the probability that one of these z atoms is W by a factor 
€. It is then possible to express the probability that the central 
atom is W in terms of e and of the Boltzmann factor 

X — ^-VJkT 


One can also find the total probability that one of the z neighbours 
is W. Equating these two probabilities, since the central atom is not 
distinguished in the lattice, we obtain an equation to determine e 
in terms of x, and hence ultimately S as a function of x. 

The relative probability that the number of IF atoms in the shell 
of z neighbours is n and that the central atom is R will be denoted 
by r^; then, by the definition of e, 

the factor being the number of ways of putting n atoms into z 
equivalent places. The relative probability that the number of IF 
atoms in the shell of 2 ; neighbours is n and that the central atom is 
If is similarly: 

Allowing the shell of 2 : neighbours to take every possible arrange¬ 
ment of R or W atoms, we obtain for the total probabilities that the 
central atom is R or IF: 


r = 2 rn= (1+e^h 

w~0 

z 

W = 2 ^n = (e+*)*. 

n=0 


(50) 


respectively.! The relative probability that the number of IF atoms 
in the shell of z neighbours is n is equal to hence the relative 


t The relative probabilities of equation (56) are not identical with the r and w 
previously defined and used in (47). The difference, however, is only the trivial one 
of some constant factor which does not affect any subsequent calculation. It is for 
this reason that we use the term ‘relative probability’ instead of simply ‘probability’. 
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7t 

probability that a given one of these is W is equal to - Thus 

z 

the total relative i)robability that one of these atoms is W is given by 
w\ where 

w' ™ 

n = () 


z 

2 




€xr €W 
14-ea;"^€-4-a:;* 


(57) 


Since a ‘centrar atom and one in the shell are, of course, entirely 
equivalent, we may equate w and w'; hence, substituting from (56) for 
r and w, we obtain the following equation for e: 


f 

[l+exj 


(58) 


If we introduce a new variable S in place of e, defined by the equation 

sinh( 2 —2)8 


(58) reduces to 


X ~ 


sinh z8 


(59) 


Equation (58) determines € in terms of x and therefore r and w, accord¬ 
ing to (56), in terms of x. Hence by (47) we obtain S as a function of 
Xj and thus of kTI\\. The result of the calculation made in this way 
is shown in Fig. 12, curve (6). We can easily determine the value of 
the critical temperature T^, We observe that e --- 1 corresponds to 
complete disorder, because in that case r w. We need therefore 
the value of ir as £ -> 1, i.e. as 8 0. According to (59) this value is 



and therefore the critical temperature is given by 

For jS-brass, ~ 743° K., z ~ 8, and therefore ~ 0-018 electron 
volts.f 

7.5. The contribution to the specific heat arising from disorder. We 
shall make the calculation according to the method of Bragg and 
Williams, and merely quote the results obtained by that of Bethe. 

The degree of long-distance order is defined by (47), which may be 
written alternatively 

S ™ (number of R atoms—number of W atoms)/A. 

When the number of W atoms increases by 2 and the number of 

t See p. 40. 
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E atoms decreases by 2 (i.e. by interchange of two atoms from wrong 
to right places) the change in the energy of the crystal is V, Hence, 
if S changes by dS, the energy E changes by dE in such a way that 


dE - -INVdS - -INV^SdS, 


The additional specific heat per atom, ACy, due to the 
disorder, is given, substituting from (52), by 


Ac„ 


I dE 
N dT 


-kZE 


dH 

dT' 


growth of 


(«i) 



0 0-5 1 0 1-5 2-0 2-5 3 0 3 5 


Fig. 14. The contribution Ac^ to the specific heat arising from disorder: 

(а) According to the approximation of Bragg and W illiams. 

(б) According to the approximation of Bethe. 

This result, together with the previous calculation of S, gives us 
Ac^ as a function of T. The result of such a calculation is shown in 
Fig. 14, curve (a). We can obtain the discontinuity in Ac^ at as 
follows: We may expand tanh(F/4AT) in powers of (T^—T), and 
thus obtain from (50) for S in the neighbourhood of 1] 

3(T,~T)/5r,. (62) 

It follows from (61) and (62) that the jump in the specific heat is 
Ik per atom. 

Fig. 14, curve (6), shows Ac^j calculated by Bethe. The tail of the 
specific heat curve (b) is due to the ordering of neighbours and does 
not vanish abruptly at any temperature. 
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Fig. 15 sliows the specific heat of j 8 -brass, recently measured by 
Sykes,t for comparison with the corresponding theoretical curves. 

A simple check on the basic idea of the theory is obtained by 
calculating the total entropy change due to the transition from order 
to complete? disorder. According to the previous section this is 
k\og^ 2 per atom. Hence we should have: 

J ^dT^lc\og,2. 

Sykes’s observations are in fair agreement with this condition. 



Fig. 15. Observed .s])ocific heat of j8-brass (CuZn). 


It is interesting to observe that the theory of Bragg and Williams 
shows, when the composition of the alloy is A 3 or indeed anything 
other than AB, that there is not merely a finite discontinuity in the 
specific heat at the critical temperature, but that at this temperature 
a latent heat is evolved. The recent measurements of the specific 
heat of CugAu by Sykes, quoted by Bragg and Williams, J suggest 
that this deduction from theory is, in fact, correct. 

7.6. The rate of approach to the equilibrium state. The properties 
of an alloy, in general, depend upon its previous heat treatment, for 
instance on whether it has been quenched or annealed. This implies 
that the alloy during a heating or cooling process is not in thermal 
equilibrium at each moment of the process. This can readily be under¬ 
stood, since, if an a-lloy is suddenly cooled from a given temperature 
at which it is in thermal equilibrium to a lower temperature T, a 
t Pw. Roy, Soc, A, 148 (1935), 422. t Ibid., 151 (1935), 640. 
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definite time must elapse before the equilibrium appropriate to T 
can be established. Bragg and Williams suppose that the alloy goes 
through a succession of states each of which may be regarded as an 
equilibrium state appropriate to a certain temperature 0 . 0 there¬ 
fore may be supposed to approach T steadily according to the 
equation 7 ^ a t 


T is the ‘time of relaxation’ of the alloy, or the time taken for the 
departure from equilibrium to be reduced to 1 /e of its initial value. 
T will clearly depend upon the energy 
which an atom must have in order to 
exchange places with a neighbouring 
atom. This ‘activation energy’ will 
of course be different from the 1 ^ 
already introduced; we shall denote 
it by W. It is reasonable to suppose 
that T depends upon the temperature 
in the following way: 

T = (64) 

We may regard as a measure of 

the probability that an atom will ex¬ 
change places with a neighbour in a 
single oscillation, and 1 jr roughly as a measure of the frequency of the 
exchange process. Hence 1/^4 must be of the order of the frequency 
of oscillation, so that we may set A ~ Further details of 

a calculation of r are given in the paper of Bragg and Williams. 

Let us now consider an alloy which is being cooled (or heated) at 
the rate of a degrees centigrade per second. We write 




(65) 


the positive sign denoting heating and the negative cooling. 
By equations (63) and (65) we obtain: 


dT ar 


Fig. 16 shows a solution of this differential equation, when r is 
given by equation (64). A has been assumed to be equal to 
00 is tlie temperature which determines the extent of the disorder 
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which is ‘frozen in’ at the absolute zero. If A is regarded as known, 
then ©0 is a function only of the parameter W and the rate of cooling 
a. Although the value of W has not been calculated, the theory can 
yield useful information in the following way. If a particular alloy 
is cooled from above the critical temperature at a known rate and 
the residual disorder is estimated, it is possible to obtain ©^ and 
therefore the value of W for that alloy. The theory will now tell us 
the extent to which ©^ can be affected by varying the rate of cooling 
a. As an example we may suppose that, for a particular alloy, W has 
been estimated to be ix 12,000°, where k is Boltzmann’s constant. 
The following are some values of ©^ for different rates of cooling for 
this alloy: 


a {degrees!sec.) 

(->0 {degrees centigrade) 

10* 

852 

10 

685 

10-1 

560 

10-3 

464 


The critical temperature of this alloy might be between 600° and 
700° C.; for convenience let it be 685° C. The theory shows that by 
quenching (cr > 10 degrees per sec.) it would be possible, in this 
case, to preserve complete disorder. On the other hand, careful 
annealing (a — 10“^ degrees per sec.) would give for the maximum 
degree of order attainable 8 = 0*77. 

According to the above theory the development of order within 
a lattice shows hysteresis. At a given temperature the degree of 
order is less during a steady cooling than during a steady heating 
process. A^ccording to Bragg and Williams, this is the way in which 
the electrical-resistance temperature curves of Borelius, Johannsson, 
and Linde shown in Fig. 10 are to be interpreted. A different explana¬ 
tion of the hysteresis has been proposed by Borelius (loc. cit.), but this 
explanation does not appear to be altogether free from objection.f 
I Cf. Bragg and Williams, Proc. Roy, Soc. A, 151 (1935), 540. 

Notes of recent developments, 

p. 6. The anisotropy of the atomic vibrations in zinc crystals has recently 
been demonstrated by X-ray methods by Brindley, Phil, Mag. 21 (1936), 
790; the amplitude is greatest parallel to the principal axis. 

p, 36.. A discussion on similar lines of the formation of a superlattice when 
the concentrations of the two components are tmequal has been given by 
Peierls, Proc, Roy. Soc. A, 154 (1936), 207. 



ELECTRONS IN EQUILIBRIUM IN THE CRYSTAL LATTICE 

!• Wave-mechanical principles 

1 .1. The hydrogen atom and the alkali atoms. A hydrogen atom 
consists of a single electron moving in the field of a proton. The 
potential energy V(r) of the electron at a distance r from the proton 
is given by the equation 

F(r) - -eVr. 

An alkali atom consists of a single valence electron moving in the 
field of a ‘core’, i.e. of a nucleus surrounded by a number of electrons 
forming a closed shell. In the mathematical discussion both of the 
spectrum of the atom and of its chemical properties, we may to a 
certain approximation treat the valence electron as moving in the 
field of the nucleus and in the average field of all the electrons form¬ 
ing the core. If Ze is the charge on the nucleus, the number of 
electrons constituting the core is Z~l; therefore, if the valence 
electron is at any moment right outside the core, it moves in the 
field of a positively charged sphere carrying a charge +e. By a 
well-known theorem of electrostatics, the field of such a sphere is 
the same as it would be if the charge were concentrated at the centre; 
therefore, at large distances from the nucleus, the field in which the 
valence electron moves is the same as in a hydrogen atom. At 
smaller distances, on the other hand, when the valence electron 
comes within the core of the atom, it is no longer so completely 
screened from the nucleus, and therefore the force pulling the electron 
to the nucleus is greater than it would be in a hydrogen atom at the 
same distance. The potential energy function F(r), which gives the 
work that must be done to bring up the valence electron from infinity 
to a distance r from the nucleus, is therefore equal to —e^jr at large 
distances, but is numerically greater (algebraically less) than —e^lr 
for small r. This is illustrated in Fig. 17, where the potential energy 
F(r) ii3 plotted against r. 

The energies that the valence electron may have are determined 
by Schrbdiager’s equation, 

V¥+^[^-F(r)].A = o. (1) 

Only for certain values of the energy E is it possible to obtain a 
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bounded solution tp tending to zero at infinity. For every such solii- 
tion of the equation, a stationary state of the atom exists with 

energy The wave function i/r has 
the following physical significance: 
If the atom is known to be in the 
stationary state n, then \il/^{r)\^dT 
is equal to the probability that the 
valence electron is in the volume 
element dr at the point r. An equi¬ 
valent statement is that —e|«/f^^(r)P 
is the average charge density due to 
the valence electron in the atom at 
the point r. By average is meant 
either a time average for a single 
atom, or an average taken at a 
moment of time for a large number 
of atoms. 



Fig. 17. Potential energy of electron 
in hydrogen and alkali atoms. 

Fidl lino -- hydrogen. 

Dotted lino =: potassium (from Har- 
tree, Proc. Roy. Soc. A, 143 (1934), 506.) 

r in atomic units, V{r) in Rydberg 
units (13*53 e.v.). 


Solutions of Schrodinger’s equation may be obtained in spherical 
polar coordinates, and are of the form 

where Si(d,<f)) is a rational integral harmonic of orderf f(r) then 
satisfies the equation 

J(l+l) 

y.2 


dr^'^r dr'^ 




E-V(r)- 


f=0. 


If I = 0, Si is equal to a constant, and the solution is spherically 
symmetrical. The solution then corresponds to an 8 state of the 
atom. The function / may have 0 , 1 , 2 ,... zeros, so that the wave 
function «/r will have a number of nodal spheres surrounding the 
origin. Fig. 18 shows a cross-section through the centre of the atom, 
the nodes being marked by full Unes; below is shown the radial part 
f(r) of the wave function plotted outwards as a function of r. 

If Z — 1, the wave function corresponds to a P state; Si may then 
have either of the three values 


cos 6 == zjr, 
sin 0 cos ^ = xjr, 
sin 0 sin ^ = y/r, 


t Cf. Jeans, Electricity and Magnetismy 4th ed., p. 209, or Whittaker and Watson, 
Modem Analysis, Chap. XV. 
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and the wave function iff will therefore have, in addition to the 
spherical nodes caused by the zeros of /(r), a nodal plane passing 
through the origin. This again is shown 
in Fig. 18, the nodes being shown above 
and the function/(r) below. Since a nodal 
surface passes through the nucleus, the 
wave function must vanish at the nucleus 
(r 0). 

Similarly, for7) states, two nodal planes 
pass through the nucleus, the function Si taking any of the formsf 



35 3/> 

Fic. 18. Nodal Hurfaee.s and wave 
functions / of a hydrogen atom. 
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The total number of nodal surfaces plus unity is called the principal 
quantum number n. Thus the two wave functions illustrated in Fig. 18 
have each two nodal surfaces, and therefore principal quantum number 
three. 

For the hydrogen atom, where F(r) = —e^/r, the mathematical 
solution of SchrOdinger’s equation shows that the energy of a state 
depends only on the principal quantum number n, and is given by 
Bohr’s formula 


E == -- 


C 


C 


me* 

2^2- 


Thus, for hydrogen, each of the states illustrated in Fig. 18 will have 
the same energy. This is not true of any other type of field; for the 
field illustrated by the dotted line in Fig. 17 the S state will always 
have lower energy than the P state, and the P state will have lower 
energy than the D state. 


1 .2. The helium atom and the self-consistent field. The energy 
levels W of an atom with two electrons, helium, are determined by 
a SchrOdinger equation containing six independent variables. This 
equation is ^ q, (2 ) 


where H denotes the operator 

r ^ = 

and where r, = 


(Vf+VD- 


e‘ 

To 




-fa 


( 2 . 1 ) 


{^ 2 > Vzf ^ 2 ) 


arc the coordinates of the electrons. This equation has not been 


t The expressions Pf(cos ^)c****^ may bo fonned by linear combination of thc^se 
functions. > 
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solved exactly, and approximate methods must be used to find the 
energy levels W, the wave functions, and hence the charge density in 
the atom. Of these, the method of the 'self-consistent field’, due 
originally to Hartree,t is particularly important, and will form the 
basis of many of the considerations of this book. 

In Bohr’s orbital theory it was considered that, to a certain 
approximation, each electron in an atom moved in an orbit which 
was independent of all the others; the interaction between the orbits 
could be considered as a second approximation. Guided by this idea, 
Hartree assumed that each electron in a helium atom moved in a 
static field, so that each electron could be considered to have its own 
wave fimction. This static field, in which a given electron is supposed 
to move, is not of course the field of the nucleus alone, but the field 
of the nucleus together with the average field of the other electron. 
Thus, if the two electrons have wave functions ^i(r) and 02(*‘)» 
first electron, with wave function would move in a field made up 
of two parts: 

(1) The field of the nucleus, giving a potential —2e^jr. 

(2) The average field of, the other electron; this is obtained hy 
treating this electron as though it were smeared out into a uniform 
charge distribution, of density ~e\iff 2 ,{T)\^ at the point r. The 
j)otential energy of an electron (the first electron) in the field of this 
uniform charge distribution is, by direct integration, 


JJJ P (3) 

where r denotes the point where the first electron is supposed to be. 

It follows that the first electron moves in a field in \^hich its 
potential energj’^ is 

Its wave function, therefore, satisfies the SchrGdinger equation 




(4) 


Similarly, the other electron moves in the somewhat different field 


V^{r) = 


2e* 


+ c> 


m 


|^j(r')|® dx'dy'dif 


( 5 ) 


t Proc. Camb. Phil. Soc. 24 (1028), 80. See also, for iiistance, Handb. d. Phjft. 
24/1 (1033), 368. 
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which gives a SchrOdinger equation similar to (4). These two equa¬ 
tions determine the wave function of each electron. 

The fields and tg ^re rialled ‘self-consistent’ for the following 
reason. In the practical application of the method, one estimates, 
say, li; Schr5dinger’s equation (4) may then be solved for ipi, and 
hence may be calculated from equation (5). This enables the 
Schrbdinger equation for ^2 written down and solved, and from 
the solution of this equation we may calculate If the function 
Vi obtained is not the one originally estimated, then the original 
estimate was incorrect, and must be modified, and the whole process 
repeated. 

If the helium atom is in the ground state, and 02 s»re the same 
function, and the potential F(r) is the same for either electron. 

It is important to realize that Hartree’s method does not neglect 
entirely the influence of one electron on the other. For instance, if 
we take as an example the ground state of helium, the potential 
V{r) of the field in which either electron is supposed to move will 
approximate to —2e^jr at small distances and —e^jr at large dis¬ 
tances, owing to the screening effect of the other electron (i.e. to a 
term of the type (3)). On the other hand, if one electron is on the 
right-hand side of the atom, the other electron is more likely to be 
on the left than on the right because of the repulsion between the 
two electrons. This fact is entirely neglected in the Hartree approxi¬ 
mation. 

The 'parameter E which occurs in Hartree's equation (4) is not even 
approximately equal to the ionization energy of the atom. This may be 
seen as follows: we confine ourselves to the case where both electrons 


are in the same state, so that the wave function of the atom may be 


written 




The energy of the atom is then 


W = jjY*ir¥dridTi, (6) 


where H is the operator (2.1). Now H may be written 


where 
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H, 


'12 


If we multiply by and integrate over all space with 

respect to Tg, we obtain the operator 


But this operator, operating on gives and hence the term 
makes a contribution of just E to the whole integral. The term 
ifg yields an exactly equal amount, so that the total energy of the 
two electrons is 

W = (7) 

The total energy of the atom is always less than 2E. The expression 
2E includes the interaction between the electrons twice. 

Solutions of Hartree’s equations have been obtained for various 
atoms and ions in the following papers: Hartree, Froc. Carnb. Phil. 
Soc. 24 (1928), 89, theory and methods; p. Ill, applications to Li*, 
Rb+, Na+, Cl“. Proc. Roy. Soc. A, 141 (1933), 283, Cl“, Cu+; ibid. 
143 (1933), 506, Cu+, K+, Cs; ibid. 150 (1935), 96, Fe", Rb+; 
Phys. Rev. 46 (1934), 738, Hg. Hartree and Black, Proc. Roy. Soc. A, 
139 (1933), 311, oxygen in various states of ionization. D. R. 
Hartree and W. Hartree, ibid. 149 (1935), 210, Be, Ca, Hg; ibid. 
150 (1935), 9, Be with exchange. McDougall, ibid. 138 (1932), 550, 
calculation of terms in the optical spectrum. Torrance, Phys. Rev. 
46 (1934), 388, C in ground state and with electron configuration 
1«22^2^)^; Kennard and Ram berg, ibid. 46 (1934), 1034, Na. Fock and 
Petrushen, Phys. Zeits. d. Sowjetunion, 8 (1935), 547, Li with 
exchange. 

1.3. Fock^a equation. Slaterf and FockJ have deduced Hartree’s 
equation from a variational principle, and have also shown how a 
more accurate equation may be obtained. Their method is as 
follows: If SchrOdinger’s equation is written in the form (2), then the 
characteristic solutions are those for which the integral 

t PhyK. Rev. 36 (1930), 57. 

t Zeitv.f. Phy«. 61 (1930), 126. Cf. Handb. <1. Phyx. 24/1 (1933), 349. A deteiltxl 
acooimt of Kook’s and Hartiw’s equations and the relation between them has been 
given by Brillouin, Actualitig ScieeUiJiqueei, iv, Hermann & Cie, Paris (1934). 
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is a minimum for any small variation in consistent with the 
normalizing condition 


/ 


'Vt'V.dr 


const. 


Now for helium, as we have seen, the exact wave function is a func¬ 
tion of the positions of both electrons, Y == r.^). Slatc^r and Fock 

show that if we set for T the (necessarily approximate) expression 

* 1 ^ = ( 8 ) 
and seek to make the expression 


//' 


a minimum, we obtain Hartree\s equations. Thtos the wave functions 
obtained by this method are the best that can jyossibly be obtained, as 
long as we use for the wave function of the whole atom the simple 
approximation (8). 

The exact wo.ve function of the helium atom must be either 
symmetrical (parhelium) or antisymmetrical (orthohelium) in the 
space coordinates of the electrons. Tlierefore, unless the two electrons 
are in th(i same state ~ ifff), the approximate wave function (8) 
bears no resemblance to the true wave function. We may, however, 
form symmetrical or antisymmetrical wave functions from (8) by 
writing (») 

If for </fi, i/j 2 we use the Hartree w^ave functions in (9), we obtain a 
certain fairly good approximation. The Hartree functions are not 
the best that can possibly be chosen, however; to find these w’^e must 
make dridr^ a minimum, using for T the expression (9). 

One obtains thereby a more complicated set of equations (Fock's 
equations), which may be written (in atomic units) 


(10) 


GM = f fmrMr-z) dr,. 
J hz 


where 
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These equations have at the present time been solved only for 
beryllium.f 

An approximate solution for the states of helium where one 
electron is in an excited state of high quantum number has been 
given by L. P. Smith. J 

Fock|| has given a method of treating the exchange interaction 
between the valence electrons of an atom and the core without solving 
the complete Fock equations. We suppose that the wave functions 
of the core electrons have been obtained (by Hartree’s method or 
otherwise), and are, without spin coordinates, *^i(r). We then write 

p(r,r') = 2^f(r)^,(r'). 

i 

where the summation is over all the states of the core, i.e. over half 
the number of electrons. Fock then obtains for the Schrodinger 
equation of a valence electron 

^VV+[i?-F(r)+^J^4 = 0, (11) 

where F(r) is the ordinary (self-consistent) potential of the core, and 
A is the operator defined by 

A^(t) = 

1.4. The statistical method of Thom€is'\^ and Fermi.XX This is a 
method for finding the density of electrons in an atom or molecule, 
which is a good approximation under the following conditions: 

{a) The system as a whole is in its lowest quantum state. 

(6) In a volume so small that within it the change in the potential 
energy is small compared with the mean total energy of an electron, 
the number of electrons is large. 

The condition (6) is approximately fulfilled only for heavy atoms. 

It follows from (6) that the mean wave-length of the electrons is 
small compared with the distance within which the potential changes 
appreciably; this is the condition that the electrons may be treated 
by classical mechanics rather than by quantum mechanics. The laws 
of quantum mechanics are only used in the assumption that the 
electrons obey the exclusion principle (Fermi-Dirac statistics). 

t Hartree (refs, on p, 46). 

t Phys. Rev, 42 (1932), 176. See also Handh. d, Fhys, 24/1 (1933), 362. 

II Zeits.f, Phya, 81 (1933), 195. 

tt Proc, Carrib. Phil, Soc, 23 (1927), 542. tt ZeiU, /. Phya, 48 (1928), 73. 
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We denote by the electrostatic i^otential in the system, and by 

the maximum energy of any electron. Then, if p is tlie momentum of 
any electron at the point {x, y, z), 

< -.o„, 

and hence 2^ ^ \/{2rwe(<I)— 

The right-hand side will be denoted by Now, according to the 

Fermi-Dirac statistics, each volume of phase space dpdr wdll contain 
(2//i^) dpdr electrons. The volume of momentum space corresponding 

4:7T 

to j)oints which are occupied is — hence tlie number of 

3 

electrons per unit volume at the point (.r, y, z) is, substituting for 

N ^ ^^^[2me(<P-%)]K 

We obtain a differential equation for O by means ol‘ Poisson’s eqiia- 
V^cK v= -47rp - 4nNe, 

whence we obtain 

V^O) - a(<t>-%)K (X - (12) 

For the tabulated solution of this equation, the reader is referred 
to the original papers.| 

2. The electrostatic field in a metal 

A metal contains electrons w^hich are in some sense free to move, as 
we know from the most characteristic ])roperty of metals, their high 
electrical and thermal conductivities. Both for the alkali metals 
and for the monovalent metals silver and gold, there is direct experi¬ 
mental evidence^ that the number of electrons contributing to the 
conductivity is of the order of magnitude of one per atom. These 
electrons form a kind of gas inside the metal; but this gas will be 
very different from a perfect gas, since the electrons must ijiteract 
strongly with each other and with the positive ions from w hich they 

t For a discussion of the Fenni-Thomas as a])plied to the metallic state, 

cf. Lomiard-Jones and Woods, Pror. Roy. Sov. A, 120 (192S), 727 (a two-diiueiisional 
metal); Slater and Krutter, Phys. Rev. 47 (1935), 559; anti F(‘inhcr^, Phys. Zvits. d. 
Sowjetunion, 8 (1936), 416. These authors show that the use t)f this aj>pi‘oxunation 
does not lead to a satisfactory description of me>tallit! cohe>sion. 
i From the optical properties, cf. Chap. Ill, §§ 7 and 8. 

3ft«a.l7 „ 
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have been stripped. It would seem at first sight that a gas of this 
kind must be too complicated for simple mathematical treatment, 
because of this very large interaction. In quantum mechanics, 
however, the effect of one electron on all the others can, to a large 
extent, be averaged; one can treat each electron as moving in the 
field of the positive ions, and in the average field of all the other 
electrons. This average field may be obtained, for instance, by the 
‘self-consistent field’ method of Hartree.f Let the electrons have 
w^ave functions j/ri(r),i/f2(r),..., where r = {x^y^z). In calculating the 
self-consistent field, one treats each electron as though it produced 
a negative charge distribution ~e\\j}{x,y,z)\^ throughout the metal, 
the total charge distribution being obtained by summing over all 
the electrons. This charge distribution, together with the positive 
ions, produces the field in which the electrons are supposed to move. 
We denote the potential energy of an electron in this field by 
y(^y Vy 2)- The wave functions 0(r) are then solutions of Schr6dinger’s 

equation 2m 

+ (13) 


In a crystalline metal in which the ions are at rest in their positions 
of equilibrium, the potential V{x,y,z) is clearly periodic with the 

period of the crystal. If a line were drawn 
passing through the nuclei of atoms which 
were nearest neighbours in the crystal and 
V plotted against position along this line, 
the curve obtained would resemble that 
of Fig. 19 (a). If V were plotted against 
position along a parallel line which did 
not pass through the nuclei, a curve of 
the type (6) would be obtained. At the 
surface of the metal the periodicity would 
be broken; the potential would look, 
perhaps, as in Fig. 19 (c). 

This method, in which the electrons are treated as moving freely 
through a periodic static field, has often been criticized on the ground 
that it neglects an essential feature of the problem, namely the 
‘collisions’ between the electrons. The answer to this criticism is 
as follows: A metal, just like any other solid, must be treated in 





Fig. 19. Potential energy of 
electron in a metal. 

(а) Along a line passing through 
the centres of the atoms. 

(б) Along a line parallel to (a), 
(c) At the surface of the metal. 


t Cf. § 1.2. 
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quantum mechanics as a gigantic molecule; to determine its pro¬ 
perties one must find a wave function for the whole system of about 
10 ^® electrons which are responsible for its electrical and chemical 
properties. It is impossible to find this wave function exactly, but 
a fairly good approximation to the true wave function is obtained 
by forming an antisymmetrical determinant (cf. Chap. VI, § 7) from 
wave functions of the type The necessary improvements to 

this approximate wave function, which do in effect take account of 
‘collisions’, are discussed in Chapter IV, and the effect of such colli¬ 
sions on the electrical conductivity in Chap. VIII, § 9. 

3. The free-electron gas 

3.1. The model of Sommerfeld. In the last section we have pro¬ 
posed a model for the discussion of the free electrons in a metal; we 
assigned to each electron a wave func¬ 
tion ilf{x,y,z), these wave functions 
being solutions of Schr5dinger’s equa¬ 
tion for a particle moving in a certain 
field, which is periodic in x, y, z with puj. 20 . idealizod potential of 
the period of the lattice (cf. Fig. 19). electron in metal. 

This model was first applied to problems of conductivity by Som¬ 
merfeld,f who, to simplify the problem, assumed the average field 
acting on an electron at a given point to be zero, ami therefore V{x, y, z) 
to be constant within the metal. The potential of the field in which 
an electron moves plotted along a line through the metal will there¬ 
fore appear as in Fig. 20, the potential rising sharply at the surface, 
but being constant within the metal. 

This model is not, of course, accurate for any real metal, since 
there must in fact be a singularity in the potential at each 
nucleus. However, for the alkalis^ at any rate, the non-constant 
part of the potential has very little effect on certain of the physical 
properties. 

We wish to emphasize again that the use of Sommerfeld’s model 
does not mean, necessarily, that we neglect the interaction between 
the electrons; we neglect, firstly, that part of it which cannot be repre¬ 
sented by a time average, as in § 1.2, and, secondly, we assume that 
the time average of the field at a point can be taken as zero over most 
of the space within a metal. 



t Zeita.f. Phy». 47 (1928), 1. 


t Cf. Appendix I. 
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3.2. One-dirnensional metal. Let us consider, as an illustration of 
the principles involved, a metal in which the electrons are free to 
move only in one direction, along the x axis, and in which the potential 

is as shown in Fig. 21, being zero within 
the metal and rising sharply to some 
finite value D at the boundaries. If 
for the moment we take D infinite, the 
wave functions must vanish^ at the 




Fk;. 21. 


(a) Potential in lui'tal; the liori- 
zontal lines .sljow (Miorgy levels 


boundaries a: — 0 and a: — L. The solu¬ 
tions of Schrodinger’s equation 

= 0 ( 14 ) 

which satisfy these boundary condi¬ 
tions arej 

The w^ave functions for — 1 and 3 are 


and the <lotH (‘lectrons. 

(6) Wave fiiiK'tions of elia'tron in 
metal {!) a ). 

{c) Wave function for a finite \'nhie 
of D. 


shown in Fig. 21 (/>), curves I, II. The 
corresponding energy levels are given by 
2m „ _ 

’ 


Energy levels are shown by horizontal lines in Fig. 21 (a). These 
energy lev(‘ls are, of course, extremely close together. If L is equal 
to 1 cm., the energy of the ground state is only 3x 10“^^® electron 
volts, and thus corresj)onds to an electron practically at rest. It is 
only wh^n L is of atomic dimensions that the separation between the 
levels becomes a])prcciable. 

The gr(‘at advance made by Sommerfeld (loc. cit.) was the applica¬ 
tion of Faidi’s exclusion ])rinciple, or its wave-mechanical form, the 
F(U'mi-Dirac statistics, to the calculation of the energy of free electrons 
in a metal. According to this jirinciple, not more than tiro electrons 
(oni' with each spin direction) can ever \>o in the same state; that is 
to say, not more than two can have the same wave function. In an 
atom, only two electrons can be in the K level, two in each of the 
four L levels, and so on. Similarly, the free electrons in our one- 


t If D is finito, ^ iiuist tond to zero oiit.sitlo tho inotal, as shown in Fig. 21 (c): 
nf>tir of mir (••uiclusions an' nitorod. 

J Tho factor U to oiisurt' normalization. 
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dimensional metal cannot all go into the lowest state, in which they 
would be practically at rest. Only two can go into that state, and 
two into the next state, and so on. Thus some of the electrons will 
have considerable kinetic energy. At tlie absolute zero of tempera- 
ture, when the metal has no thermal energy, they will all be in the 
lowest states allowed by the exclusion principle. If, therefore, there 
are N electrons {N being even), the states 1, 2, 3,..., IN will be 
occupied (two electrons in each) and the states iA^-fl, iA+2 un¬ 
occupied. This is illustrated in Fig. 21, where the lower states are 
shown occupied and the upper states empty. 

The wave-length corresponding to the highest occupied state is 
equal to 2Z//A.’ If the number of atoms is equal to the number N of 
electrons, and they are supposed equally spaced along the :r-axis, 
then 2L/N is equal to twice the distance between the atoms. Now 
it is fundamental in wave mechanics that, if an electron has a wave¬ 
length of atomic dimensions, it has also a kinetic energy of atomic 
order of magnitude, i.e. of several electron volts. Tims the kinetic 
energy is much greater than the thermal energy of an atom at room 
temperature (3kT ~ 0 071 e.v.). 

We have therefore reached the followdng conclusion: the electrons 
in a (one-dimensional) metal are not at rest, but move with kinciic 
energies lying between zero and a certain maximum of the order of 
magnitude of several electron volts. This maximum kinetic energy 
will be denoted by The mean kinetic energy of the electrons 

will be called the ‘mean Fermi energy’. 

3.3. Three-dimensional metal. We consider now' a piece of metal 
cut into the shape of a cube of side L. Schrodinger’s equation for 
the wave functions 0(«r, ?/, 2 ) is, corresponding to (14), 

(15) 


and the boundary conditions aref that ijj must vanish on the planes 
X = Oy X ~ L; y == 0, y L; z 0, z ~ L, The w'ave functions are 


therefore 


. . ttL X . ttU y . tt/.j z 

^ sin I sin “‘^sm , 

Ij E 


where l^, l.^, 4 arc integers. The corresponding energy values are 

1 2 2 

TT n** ,70 , 70 I 


2m 


t Cf. p. 52, footiioto. 
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It will be noticed that all these wave functions extend throughout 
the volume of the crystal. 

As before, not more than two electrons can exist in any one state; 
but at the absolute zero of temperature all the electrons will be in 
the lowest states allowed by the exclusion principle. We require to 
know the maximum kinetic energy that any electron will have, i.e. 
the energy of the highest occupied state. 

If denotes this energy and N the number of electrons, then 
(the number of occupied states) is equal to the number of sets 
of positive integers (Z^, I 3 ) such that 

^ ( 17 ) 


because each set of three integers satisfying (17) specifies an occupied 
state. The number of such sets of positive integers is equal to the 
volume of the eighth part of a sphere of radius 


//^ \ 

a/U* ““7’ 


SO that we have 





(18) 


Hence for the maximum kinetic energy of any electron, we 

obtain, writing Q, the volume, for X®, 



As explained above, this maximum energy is numerically equal to 
several electron volts. It depends only on the number of electrons 
per imit volume, NfQ. If Qq is the atomic volume in cubic A. U. and 
the number of ‘free’ electrons per atom, formula (19) gives 

Ema/x. — 36-l(n5/Qo)* electron volts. (19-1) 

The following table gives the values for some metals calculated 
from (19), and assuming one electron per atom; 

Element Li Na K Rb Cs Cu Ag Au 

(in electron volte) 4-74 3 16 2 06 1-79 1-53 7 10 5-62 6-66 


The number of electronic states with energy less than any quantity . 
E is, by an argument identical with that used in obtaining (18) above, 

Q r2m 


67r*L«* 


E\ 


By differentiating this expressipn with respect to E, we find that the 
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number of states N{E)dE with energies between E and E-\ dE in 
a volume isf 

N(E) dE = ^EdE. (20) 

The maximum number of electrons inthe energy range dE is 2N{E) dE, 
two electrons being in each state. The total (kinetic) energy of all 
the N electrons in a volume is thus 

Fmax 

2 j N{E)E dE INE^^. (21) 

0 

The energy IJS'max will be called the 'mean Fermi energy’. 

The thermal energy of the electrons in a metal is shown in Chap. 
VI, § 2 to be small at ordinary temperatures, of order jxir electron 

iRa,ny purposes be neglected. 

3.4. Introduction of running waves. In the preceding section we 
have described each electron by a standing wave reflected from the 
sides of the crystal; in the case of one dimension and a crystal of side 
L (cf. § 3.2) the wave function is 

sini;a: {k — TmjL), 

where n is a positive integer. In our subsequent chapters it will be 
more convenient to use a wave function of the type 

iff = e^^^, ( 22 ) 

representing motion in a definite direction. Actually such a wave 
function is only appropriate if our one-dimensional metal is bent 
round into a ring, so that a current can flow continuously. In this 
case, if the circumference of the ring is L, L must of course be equal 
to an integral number of wave-lengths, so that 

I A; I = 27mlL ; 

k may, however, have positive or negative values, so that the number 
of states for an electron having energy in a given range is the same as 
before. 

The number of states for which k lies between k' and ik'+di' is 

It will be seen that the wave function (22) is periodic with period 

t This quantity is equal to the volume of phase-space, 4irOp* dpjh^, where p is the 
momentum. 
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L, In three dimensions it is convenient to take for the electronic 
wave functions ^ ^ ^23) 


and to assume ip to be periodic along the three cubic axes with period 
L, where is equal to Q, the volume of the metal. This assumption 
does not correspond to any physical property of the wave functions, 
but is convenient for obtaining the number of states wuthin a given 
interval dk. The number of states for wliich the vector k lies within 
the limits given by ^ ^ , 

^ ^ k^f-\-dky 


is easily seen to be — -dk^dkydk!,. (24) 

Each of these states can accommodate two electrons. Thus, if a 
metal contains N electrons per unit volume, the maximum value 
^max ^ which corresponds to an occupied state is given by 

(25) 

It will easily be seen that the exclusion principle, expressed in the 
form (24), is equivalent to the statement that 2^^ dco electrons may 
occupy each volume element do) of phase space, the volume element 
being defined by ^ _ dpj.p,dp,dxdydz, 

where {Px,Py,Pz) Is the momentum and (x,y,z) the position of an 
electron. 

4. Motion of electrons in a periodic field 

In Sommerfeld’s simple treatment discussed in the last section, it 
is assumed that the time average of the field in which an electron 
moves is zero at any point within the metal. Each electron has, 
therefore, a wave function of the type (23), which represents motion 
parallel to the vector k. 

It is a better approximation to assume that the electrons move in 
the ‘self-consistent field’, of which the potential V{x, y, z) is illustrated 
in Fig. 19. This field is periodic in x, y, z, with the periodicity of the 
crystal lattice. The wave functions will no longer have the simple 
form (23), but they will be modified by the field. The study of these 
modifications leads to an understanding of the reason why some 
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crystals are insulators and others conductors, and of other properties 
of solids.- 

The wave function ifi of each electron satisfies the SchrOdinger 
wave equation (13). Bloch has shown| that the solutions of this 
equation are of the form 

^ (26) 

where 24 is a function, depending in general on k, which is periodic in 
y, z, with the period of V, i.e. with the period of the lattice. The wave 
function therefore represents, as before, a plane wave of wave¬ 
length 2 nlk travelling in the direction of k, but the wave is now 
modulated by the periodic field of the lattice. 

A proof X of Bloch’s theorem will now be given. 

4.1. Theorem of Bloch. We confine ourselves to the case of motion 
in one dimension. The Schr5dinger equation then becomes 

g+5(£-F)+ = 0. (27) 

and, if a is the distance between the atoms, V is periodic with period 
a. Then, if is a solution, \p{x~{-a) is clearly also a solution. 

Now let f{x), g(x) be two independent real solutions of (27); then, 
since f(x-{-a)^ g{x+a) are also solutions, we may write 

f{x+a) = (xJ{x)-\-(X 2 g{x) ' 

g{x+a) = ^i/(x)+j32Sr(x), 

where Pi, functions of E, It follows that, if ^(a:) 

is any other solution of (27) defined by 

tff{x) == Af{x)+Bg(x), 

where A and B are constants (not necessarily real), then 
if,(x+a) = (A(Xi+Bpf)f{x)+{Aa^+Bp^)g{x). 

If now we choose the ratio A : B so that 

= A^, 

A<X2~{- BP 2 — 

where A is a constant, then the function ^(a:) so defined has the 

( 29 ) 

t Zeit^. f, Ph^s, 52 (1*128), S.'iS; siee also Kramers. Physita. 2 (1035). 483. 

X The proof is almost the same as that given in Whittaker and Watson, Modem 
Afudym, 3rd ed., p. 412 (FloqueFs theorem). 
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If we eliminate A and from equations (28), we obtain the quadratic 
0 ^i-A)(/3,-A) (30) 

wliich has two roots Aj, A 2 . To eacli of these corresponds a value of 
tlie ratio .4 : L\ and tliere are therefore two, and only two, inde- 
pen(U‘nt fuiudions having tlu^ prop(Tty (29); for these 

ip^{x-\~a) - - 

02(‘^'+^O ^ 

We now assume that V{x) l'( -.r); this will always be the case 
for fields in crystals if* the origin is suitably chosen. It then follows 
from Schrodinger's equation (27) by writing - t for x that ifj^(—x) is 
a solution. But from (29), writing x~ a for x, 

and hence, writing ~~x for x, 

Hence i/q(—a:) has the property (29), with A 1/A,. But since only 
two solutions have this lu'ojierty, it follows that ifj^i — x) is a multiple 
of ipiix), and that A A. ■ 1 (31) 

Now the roots of (30) will be real for some ranges of E, and com¬ 
plex hn* others; in the former case, l)y (31), we may write 

Aj 6^“, Ag =- e~^^, 

where [i is a real constant. In the latter case, since the coefficients 
of the ecpiation are real, it follows that the roots are complex con¬ 
jugates, and hence, by (31), we may write 

Ai =- Ag --- 


where k is a real number. 

It follows from (29), therefore, that tw^o solutions of (27) exist with 
the form either or 


where v(x) is periodic with the period o of the lalfice. The solutions 
of the former type are not bounded; therefore they do not correspond 
to stationary states of electrons in the lattice. Tiius there exist 
ranges of the energy E for wd)ie)i no electronic state exists. These 
forbidden ranges will be discussed further in the sub.sequent sections. 
Solutions of the second tyiKq on the other Iiand, do correspond to 
stationary states, and are of the form demanded b}'' Bloclds theorem. 
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It is clear that, for a given wave function, k is not uniquely d(*fiiied, 
since k may be replaced by k-\-2TTnla without destroying the period¬ 
icity of u{x). 

It is often convenient to set k - 0 for any wave function wliich has 
the periodicity of the lattice; there will be a series of such wave func¬ 
tions which we may denote by Then the general wave function 

will be of the form 

== (-7r/« < I: < n/a), 

where the functions are periodic with period a. 

It will be noticed that, if lJ(x) is any periodic function with the 
period of the lattice, the quantity 


L 



0 


will vanish unless k k\ States for which k - k' are said to 
'combine’. 

In three dimensions a proof of J^lo(*,h's theorem may be given on 
similar lines. It is obvious that tlu^ formula (24) for the number of 
states in the volume element (lk^/lk^^dk\ will still liold. 

In the following sections we discuss the form of the wave functions 
under the following conditions: 

I. The potential Tis small compared with tlu* total kinetic eiaugy 
of the electrons; we call this the approximation ol* nearly fr(‘(' 
electrons’. 

II. The atoms are a long way ay)art, so th.it the intm’action between 
them is small; we call this the approximatif)n nf tiglit binding’. 

III. The intermediate case, a])plicable to most rc'al metals. This 
can be treated by a method due to Wigner and S(4tz. 

4.2. Api>roxwiation of nearhf free. dic1r(nis. In order to obtain a 
better understanding of the behaviour of el(*ctrons in a periodic field, 
we shall consider the case when V is ev(‘rywhere numerically small 
compared with the average kiiudic eiKU'gy of the (4(‘ctrons. J’his 
case does not correspond to any real imdal, since V beconms inlinitc! 
at each nucleus; however, for the alkali metals it is ])robabIy true 
that |r| is small over most of the volume f)f the metal. 

We shall first consider a one-dimtnsional crystal—i.e. we shall 
suppose the electron to move along the axis of .r only, and the wave 
function to satisfy equation (27) above, w here V is periodic with 
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period a. We shall take our zero of energy so that the mean value 


of F, i.e. j V{x) dXy vanishes. In the absence of the crystalline field 
0 

(F = 0) the wave function can be written 

ijf = (—00 < k < oo). 

In the presence of the field Bloch’s theorem tells us that it will have 

^ = (32) 

where u is periodic with the period a of the lattice, and can therefore 
be expanded by Fourier’s theorem in the formf 


00 



u{x) — 2 

n=- -00 

(33) 

If we insert (33) into (27) we obtain, on dividing by 


. CO p 

2 ■ 

-^;2+^(^-F)j^„e-2-«/« = 0, 

(34) 

a. = — 00 

where 

k'^ ~ {k—2iTnla)^, 



If F is small compared with Ey we should expect that u{x) would be 
nearly independent of x, and that all the coefficients A.^ in (33) would 
thus be small compared with If we assume this to be the case, 
we may solve (29) approximately by neglecting small quantities of 
the second order, i.e. those involving the product of F and A^ {n ^ 0). 
Neglecting these terms, (34) becomes 





2mE 

¥' 


^-Zninxla 


2m , 


V. 


Multiplying both sides of this equation by and integrating 

from 0 to a, we obtain 


J dx. 


If n is put equal to zero, this gives us for the energy of the state k 

E - h^k^l2my 


the term on the right vanishing. The energy is therefore unchanged 
to the first order in F. For the nth coefficient we have 


= -^ 0 _ 

” '^2 k^-(k-^Tmja¥ 


(35) 


t The minuB in the exponential is used for convenience of notation in the later 

developments. 
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where = i J dx. (36) 

0 

The second approximation to E may easily be obtained by the 
usual methodsf and gives 


E - 


■®o+ 2 


\Vn\^ 

E,-EJ 


(37) 


with Eq = h^k^l2m, E^ = fi^k'^l2m. (38) 

The assumption on which this calculation is based, that 
for all values of n other than zero, is seen from (37) to be justified if 
V is small, unless, for any positive or negative value of n, the denomi¬ 
nator in (37) becomes small. If, however, k is equal or nearly equal 
to Truja for any integral value of n, the corresponding A^ will not be 
small compared with Aq, and the calculation is therefore invalid. 
In order, therefore, to obtain approximate values of the energy and 
approximate forms for the wave function in this case, we shall set 
for the wave function iff 

ifj = 

thereby neglecting all the other terms which really are small. Writiru^ 
as before k^ ~ k—27Tnla, the wave function becomes 
iff =r= AQC^^^+A^e^^^^. 

Substituting this into the wave equation (27) above, we obtain 


fiikx\ 


-F+^(£r-F) 




iknX 


< + ^^(E-V) 


0. 


(39) 


If we now multiply this equation either by or by and 

integrate from 0 to a, we obtain in the two cases, making use of (38), 

A,(E~E,)-A,,V*^0, 

~A,V,,+A,{E^E,) = 0 , 
where 1^ as before is defined by (36), and the mean value of V is 
taken to be zero. Eliminating Aq and from these equations, we 

obtain (E-E,){E~E,)-V, Vt - 0, 


a quadratic equation with the solutions 

E = 1[E,+E,±4{E,-E„)^+4VJZ}]. (40) 

If k is not in the neighbourhood of imja, so that \Eq-~E,^ | is not small. 


f Sommerfeld and Bethe, loc, cit. 386. 
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the square root may be expanded to give for (40) 

Since in this case we know that E is approximately equal to Eq, i.e. 
to it follows that w^e must take the negative value of the 

square root when < E^, i.e. when k < rnTja, and the positive 
value when E^ > E^,, 

If then we use equation (40) to plot E against k, a discontinuity in 
E occurs at k ^ mrja (cf. Fig. 22); since, for this value of k, Eq 



Fi(5. 22. Energy of an electron in a crystal plotted against the wave number k. 

(а) With the variable k defined in the range - X' < k - X'. 

(б) With k defined in the range --nja < k < rr/a and a quantum number n to 

define the band. 


the jump'in the energy is given by 


A^ = 2|rj. 


(41) 


Energies lying between the values — (— '± \V„ | are thus impossible; 

Jdtn \ a j 

solutions of the wave equation (27) with these values of the energy 


and with real k do not exist. 

The value of AJAq may be obtained at once from (39). A,JAq is 
small except in the neighbourhood of the critical wave-length. It 
will be noticed that, at the critical wave-length, \Aq\ and are 
equal, so that the wave function takes the form 


j4cos(/.\T+a) {k ^ nrrja)^ 

where a is a constant. The wave function therefore represents a 
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standing wave. Further, it is easily seen from (39) that, as k passes 
through the critical wave-length, a changes by \tt. 

It will be noticed that the values of k for which the bands of for¬ 
bidden energy occur are simply those for which Bragg reflection 
from the lattice takes place. The energy gaps determine the 
range of energies for which it is impossible for an electron wave to 
penetrate the lattice, so that, if the wave is incident from outside, 
total reflection occurs. The solution of the wave equation for energies 
in the forbidden range have actually complex values of k (cf. § 4.1). 

In the foregoing description each wave function is described by a 
variable k which ranges from — oo to oo. In § 4.1 we saw that an 
alternative mode of description is possible; we may describe the state 
by a variable k which ranges from — 7r/a to nja, and a suffix n to 
denote to which band of allowed energy values the state belongs. 
The energy plotted against this new variable k is shown in Fig. 22 (6). 
In the second zone {n ~ 2), if we write kj^ for the variable k in Fig. 
22 (6), we have , / , o - 

^ /‘l - k±27Tlff. 

Thus the points Q in the two figures represent the same state. 

The states P and Q (in either figure) combine with each other in 
the sense of p. 59. 

Note that the points A and B represent the same state. 


One'dimensional motion in a periodic field which is not small 
Various authors have investigated the solution of Schrodinger’s equation in 
certain potential fields of special forms. Kronig and Pomiey t have considered 
the field 


V const. 
0 


na — b<x < na f-6 
elsewhere 


where a and b are constants such that 2b < a. Mor.se J has considered the case 


when 


V A .sinx, 


in which case the solutions are Mathieu functions.]! In all cases it is found that 
only for certain zone.s of E has the Schrodinger equation a solution of the form 

(jf ^ e^u(x) 

with real k, k being complex in the forbidden zones. 


Motion in three dmiensions. In this section we shall confine our¬ 
selves to the discussion of a simple cubic lattice; the crystal structures 
of real metals are discussed in Chapter V. 


t Proc. Roy. Soc.. A, 130 (1931), 490. 
t Morse, Rev. 35 (1930), 1310. 

II Cf., for e-Komple, Whittaker and Watson, Modern Analysis, Chap. XIVj GoW- 
■tein, Tratm. Camb. Phil. Soc. 23 (1927), 303. 
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The wave functions may be written 

0 y, z), 

where u is i)eriodic and may therefore be expanded as 

n{x.y,z) -- “ 2] ^^^e27n'(nr)/a^ 
u 

and where n stands for the integers 7 ty, Wg, ^3 and the summation is 
over all positive and negative values of these integers. As for the 
case of one dimension (formula (35)), we find that Aq unless 

P (k~27rn/a)2. (42) 

If, however, (42) is fulfilled, we obtain, by the same methods as 
before (cf. equation (40)), 

where = ^^(k— 277 n/a) 72 m, 

^ ~ /// /// dxdydZy 

the integrations being over the unit cell. Therefore, just as for the 
case of one dimension, there is a discontinuity in E for certain values 
of k, i.e, those given by the formula 

= (k-27rn/a)2. (43) 

(43) may be written (nk) = nn^ja, (44) 

or, writing k == ky, k^), 

= iT(nl+nl+nl)la. (45) 

It will be noticed that the values of k satisfying (43) are the values 
for which Bragg reflection of the wave takes place. For the direction 
cosines of the normal to the set of parallel planes in the crystal with 
Miller indices (w^, w-g, n^) are njn, njn, njn, where n = 

These are also the direction cosines of the normal 
to the plane (44). The condition for a Bragg reflec¬ 
tion in the first order of a wave of wave-length 
A, whose direction of propagation makes an angle 
6 with the normal to the planes (^i^ng^Wa), is 

2a cos 6 = nXy (46) 

the distance between successive planes of the set 
(ni^n^yTi^) being ajn (cf. Fig. 23). Since gob 9 ~ (nk)/nfc, and the 
wave-length of the wave specified by k is 

A = 27r/i, 

it follows that (45) and (46) are equivalent. 




■::hap. II, § 4 MOTION OF ELECTRONS IN A PERIODIC FIELD 65 

4.3. The Brillouin zones. It is convenient to introduce the idea 
of ‘fc-space’. We take Cartesian coordinates hy, k^; then any 
point in ‘^-space’ represents a state of the electron. 

A:-space is divided up into zones by planes given by ecpiation (44) 
across which the energy is discontinuous. These zones have been 
discussed in detail for cubic structures by Brillouin,f and we sJiall 
call them ‘Brillouin zones’. We show in Fig. 24 the first few zones 
for the two-dimensional cubic lattice. In (^hapter V we discuss the 
zones for other structures. 

We note that points such as P, Q in Fig. 24 are equivalent, i.e. 
tliat they have the same wave function. 

The zones cut off by the triangles BEC, 

A FT) therefore form part of the same 
zones one can go from any point in one 
zone to any j)oint in the other without 
crossing a plane of energy discontinuity, 
liy writing / “* L\,\:_2rrja respectively in 

the two half zones, one may describe the 
state of tlie electron by a new variable k' 
which varies continuously within the zone 
(Fig. 24(6); cf. i)p. 03, 72). 

It is of interest to know the (mergy as a function of k near the 
bottom of the zones. At the bottom of the first zone 


-27r/a- 


A' A 

ZSi 

B B 




zr D 

xz 

c c 


B’A' A 



CU D 


fa) fb) 

Fi(!. 24. Jirillouin zones for 
a simple onbio laftice 
(Jinu'nsiojuil). 

(a) A’-space. {()) A'-spaf (‘. 


E = 


2 m 


{kl+kl + B,). 


At the bottom of a zone such as BEC in Fig. 24, i.e. near d/, it 
follcnvs from (40) and (41) that 


2 m 

where AP is the energy gap and A*" ^ 
correct to the first order in AP. 


1 


(47) 


4P 
\E' 

-Trja. This formula for a is 


4.4. Distance between the atoms large {approximation of tight bind¬ 
ing), In the preceding section w^e have assumed the potential V of 
the field to be small in comparison with tlie kinetic energy of the 
electrons, an assumption w^hich is certainly not valid in any real 
metal, since at each nucleus the field becomes infinite. In this 
section, therefore, we shall make the opposite assumption; we shall 

t Die Quanienstatistiky Berlin (1931). 

35M.17 ^ 
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consider a field of the type illustrated in Fig. 19, in which the atoms 
are relatively far away from each other, so that the behaviour of an 
electron in the neighbourhood of any one atom is influenced only to 
a small extent by the field of the other atoms. We shall find, just 
as for the case when V is small, that forbidden bands of energy may 
occur. 

We consider first an electron moving in the field of an isolated 
atom in which its potential is U(r). The Schrodinger equation is 

2 m 

= 0- (4«) 


We consider first a solution <^(r) which corresj)onds to an s state, 
and is therefore spherically symmetrical. Let be the corresponding 
energy, and let the state be non-degenerate, so that no other wave 
functions have the same energy. 

Consider now the wave function of an electron in the field of 
the crystal as a whole. Let denot/C the position of any atom; then 
since the influence of one atom on another is small, the wave function 
in the neighbourhood of the atom at will be approximately 
^(r—r^), which is just the unperturbed wave function of an atom 
with its centre at r^. We therefore set for ift 




(49) 


where the coefficients may be determined from the theorem of 
Bloch (§ 4.1), that ift is the product of a periodic function and a 
factorf this gives q = e*^**^^ and hence for a state k 

(50) 

' I 

the summation being over all lattice points of the crystal. 

If H denotes the Hamiltonian for an electron in the crystal, 

given by . 2 

H = -^V2+F, 

2m 


then the energy of the electron with wave function ifi^ is 

^ = J Hilik drj J >l>k dr. (51) 


To evaluate these integrals we proceed as follows: we have from (50) 

(52) 


t The wave function (50) is not exactly of the required form, but is the best 
approximation to it of the form (49). Cf. Sommerfeld and Bethe, loc. cit. 304 et seq. 
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and, in each of the terms of the summation on the right-hand side, 
we may separate H into two terms, firstly the Hamiltonian of a 
free atom at the point r ™ r^, 


H, 


2m 


V2+C/(r-r,), 


and secondly the remaining terms in the potential, namely 

F(r)—f/(r—T/). (53) 

The functions U and V are illustrated in Fig. 25. We shall treat 
H—Hi as a small quantity. Since by (48) //^(^(r—r^) it 

follows from (52) that 



Fia 25. 


F'ull line potential in a free atom. 

Dotted line potential in a crystal lattice, plotted along a lino 
passing through two lattice points. 


Hence, from (51), 

^ , -. (54) 

Now J dr is equal to N, the number of atoms, if the overlap 
between the atoms is neglected. Thus, since the second term in (54) 
is itself small compared with Aq, we may write, to the first order in 
small quantities, 

^ - ^0+^ J 2 dr, 

or, substituting from (50) for 

E = ^0+^ 2 dr\. 

m 

The terms in the summation over m are all identical; we have 
therefore, taking the origin at r„ in each term, writing —— r,„—r„ 
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and substituting for H—Hi, 

A’ = 2 J <A*(r-p,){F(r)- f/(r)},^(r) dr. (5.5) 

Pi denotes the vendor joining an atom at the origin to any other 
atom 1. 

We sliall neglect all integrals in (55), exeej)t those for which the 
atoms are nearest neighbours; we may then write 

\4>*(r){V{r)~U(r)}<i,{v)dr^- \ 

J .^*(r-p)(I’(r)-f/(r)},^(r)dT ^ -y, j 

it being clear that, for s]3lierically symmetrical wave functions (^, the 
integral —y is the same for all neare^st neighbours. We obtain thus 
for tlic energy A’^-a-y | (57) 

Since V— U is negative, oc and y luv positive . 'rh(‘y may both be of tlu^ 
o»‘d(‘r of some electron volts. 

For the three cubic structures, we hav(‘ from (57) if u is tiu* side 
of the cube: 

Slni])le cubic J six nearest neighbours. 

P/“ d, 0), (0, 0), (0,0, d:«), 

E — yi'y—a—2y(cosi’^a + cos/^ry). (58.1) 

Body-centred cubic, eight nearest neighbours. 

P/ (:i i'j'b ii")- 

f] -- oj;—Sycos Ikf O cos U’,// cos \k\.a. (5S.2) 

Face-centrejl cubic, twelve nearest neighbours. 

P/ (0, (zb^-fj 0, zt^)> (zh^> dz^i 0), 

E - /?„ — 4y (cos I a cos i a -j- cos I k\ a cos i k^. a -|- 

+ cos Ik^jzcoBlk^a). (58.3) 

The energy of an electron consists, therefore, of a constant term 
E^y- oc, together with a term which depends on the wave number k. 
dliis latter term varies between sharply defined limits, i.e. zt tl^c 
simple cubic case. Thus for every state of an electron in the free atom 
there exists a band of energies in the crystal. The integral y, and hence 
the breadth of the band, will l>e greatc^r the more the wave fuiudioas 
(f> overlap. The breadth of the band for the inner electrons of tlK‘ 
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atoms of a crystal will therefore be exceedingly small 2.10 e.v. 
for the K electrons of sodium).| 

For the valence electrons of real metals, however, tlu? overla]> 
is too great for the method to give accurate results; it is not then*- 
fore worth while to work out the integrals exf)li(itly. We can, 
however, by this method obtain useful qualitative inforiiiaticm about 
the Tle])endence of the energy on k. 

For small values of k the energy for the simple cubic lattice is 

E - (59) 

with similar forms for the other structures. The energy near th(* 
bottom of the band is therefon^ iiKhqxaiderd of th(^ dir(*ction of 
motion, as for free electrons (cf. p. 05). 

The number of states in the zone which (corresponds to any non- 
degenerate atomic energy level is e(iual to the number of atoms. 
tw(i electrons tilling each state. This is clear from general consideia- 
tions, or may be seen as follows: the formulae (5K.1), (5S.2), and (5S.:i) 
for the energy are |)eriodic in k, and thus only values of k lying within 
a ctTtain polyJiedroii in /i-space will d(‘tine inde]>endent wave func¬ 
tions. "J'luc gradient of E lUirmal to the jdanes bounding this pt>ly- 
h(*dron will vanish. For tlie sin)})Ie cubic th(‘ polyh(‘dron is (d(*arly 

— Trja ICj. < tt/V/, etc., 

which shows that the polyhedron is a c/ube of volume ^rr^/a'^. Hence, 
by ecjuation (24), the numl)er of stat(‘s with wave vc'ctors k within 
the cube is N, 

In the case of the body-centred cubic, tlu* ]>olyh(‘(lron is a dodeca- 
h(‘dron bounded by the ])lanes 


- 27r/a, (^tc. 

It is easily seen that the normal derivative of E vanishes on one of 
these ])lanes; for, taking the plane "iTrjd. we have 


grad^. E 




a 

2v2 


8y cos ll'M sin \{kj.-{-ky)(i, 


which vanishes on the plane considered. The dodecahedron is 
exactly the same as that considered in Chapter V for the case of 


t SoimnerfeUl and BotJie, loc. cit*. 39S. 



70 ELECTRONS IN EQUILIBRIUM IN CRYSTAL LATTICE Chap. II, § 4 
nearly free electrons; it has the volume 167r^/a®, and since the atomic 
volume is l/2a^, the number of states is equal to N, 

For the face-centred cubic also, k must lie within the polyhedron 
considered in Chap. V, § 2.1, as may easily be verified. 

We show in Fig. 26 two surfaces of constant energy for the face- 
centred cubic lattice, calculated from (58.3). 



(a) (b) 

Fig. 26. Surfaces of constant energy in I;-space, face-centred cubic lattice.^ 
(a) Zone nearly empty. {b) Zone nearly full. 


p states. We now extend our calculation to atomic p states. The 
atomic p state is triply degenerate; the wave functions are of the 

xf{r), yf(r), z/(r); 

we shall denote them by 


^i(r), ^ 2 (r), ^3(r), 


and the corresponding energy by We shall confine ourselves to a 
simple cubic lattice,! so that the position of any atom is given by the 


vector 


T, = Ol, 


where 1 = {li, l^) and 4 are integers. For the simple cubic 
lattice the wave functions <f>i, <f> 2 , <l >3 do not combine,|1 so that we may 
set for the wave function in the field of the whole crystal, similarly 


to (50), 


^ (« == 1 , 2 , 3 ). 


t From Sommerfeld and Bothe, loc. cit. p. 401. 

t For the other cubic structures the calculation is much more complicated, cf. 
Sommerfeld and Bethe, loc. cit. 404, 

II Cf. p. 59. 
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Equation (55) follows just as before with = al. On the other 
hand, since the functions </>(r) are no longer spherically symmetrical, 
the integrals for nearest neighbours are no longer equal. We obtain 
therefore from (55) 


where 


£ z= Ei—a^+ 2 yiC 08 ak^-i- 2 yi(cosak^-j-co 8 akJ, 
«i= - f^t(r)[V-U]^,(r)dr, 
yi = J <f>T(^+a,i/,z)LV—f7]<^i(x,t/,z) dr, 
yl = J <f>f(x,!/+«,z)[V—U]^j(x,y,z) dr. j 


(60) 


( 60 . 1 ) 


The signs and orders of magnitude of these integrals are of interest: 
since V—(/i8 negative (cf. Fig. 25), is positive. 

In the integrand in midway between the 
atoms where the overlap is largest, <f>^(x+a) and 
<f)i(x) have opposite signs, and hence y^ is posi¬ 
tive. In the ink^grand in y'l, on the other hand, 
midway between the atoms, <^i(y+a) and (f>i(y) 
have the same sign, so that y'l is negative. 

Moreover, both <f>i(y) and (f>i{y+(i) vanish along 
a plane passing through both atoms concerned, 
so that we may assume 

lyi I < yi- 

The energy in the p band is shown in Fig. 27 (a) 
plotted along the i^-axis, and in Fig. 27 (b) along 
the ky-a,xi&. In Fig. 28 we give a contour diagram 
showing the energies in the {A:^i:y)-plane. The 
energies of the points marked ‘max’ is EQ~~4y[ and of the points 
marked ‘min’ EQ—4yi, A section in the (i:.A:^)-plane is exactly 
similar to Fig. 28, the k^- replacing the it^-axis. In the complete cube 
bounded by the planes k^ = K ~ ~ there 

are therefore four maxima and two minima. The minima of the 
band occur at k^ = ±7r/a. The whole of this band was derived from 
atomic p states whose nodal planes are perpendicular to the x-axis. 
Similar bands having the same energies arise from the other two 
p states. 

Fig. 27 should be compared with Fig. 22, obtained using the 
approximation of nearly free electrons. Note that the diagonal 



Fio. 27. P^nergies as 
functions of k in the p 
band. 

(a) Plotted against 

(b) Plotted against ky. 
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planes of energy discontinuity do not arise in this approximation, 
but would occur if second nearest neighbours were considered. Other¬ 
wise the surfaces of constant energy, etc., are similar. 



Fig. 2S. Lines of constant imorgy in thc/> band. 


s and 2 ) states degenerate. In the preceding sections we investigated 
the form of the zones arising from the s and jp states of an electron 
in the free atom. The approximations used are clearly valid only if 
the width, 12/, of the band is small compared with the sej)aration 
between the atomic s and states. In this section we investi¬ 
gate what happens if this is not the case, and Ey^—E^ is comparable 
with y. We confine ourselves again to the case of the simple cubic. 

As before, we denote by <^o(r) the wave function for an s state of 
the atom and by <^ 2 ? <l >3 wave functions for the p states. We 
form the wave functions 

h,c = I {n 0,1,2, .3) 

as before. We now set for the wave function of an electron in the 

whole orysW ^ ^ a.„(kW..(r). ( 61 ) 

m 

We then have, multiplying the equation {H~~E)W^ ™ 0 by each 
of the functions in turn, integrating over all r and eliminating 
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the coefficients a„„,(k), 

= 0 , ( 02 ) 

Al^ dr. 

This is the usual secular equation of quantum mechanics. 

The diagonal elements (n = m) liave already bex?ii evaluated 
(equations (56),‘ (60.1)); we write them 

/7,„ //,. //„ H,. 

The non-diagonal elements are small in the sense of our approxima¬ 
tion; we may therefore put ^ N (number of atoms) and 

obtain 

= 0 if neither n nor m is z.ero, 

aV).h. 

IV 

Neglecting all but ne^arest neighbours, substituting from (55) for 
U~Hi, and using the equations 

J y, z)[V— U]<f>i{x, y, z) (It 

J - f-J\<^^{x,y,z) (h 

and j^^(xAa.y,z)[V—U]<l>„{x,y,z)dr --^() (« / 1), 

we obtain — 2ipmnl\^a (n 1,2,3), (t)3) 

where P = j 4>oi^+a, y, z)[V— V \^i(x, y, z) dr. 

We may expect j8 to have approximately the same numerical value 


as y. 


The secular equation (62) for the energy becomes 


//o(k)-A’ 

— 2ij5sin 

— 2ipm\kya 

— 2ip sin a 


2 ^jS sin kj. a 

0 

0 


2ip sin ky a 
0 

ll^k)~E 

0 


2i^ sin A’, a 
0 
0 


(64) 


which is a quartic for E, The solutions will give the en(‘rgies in the 
s and the three p bands as functions of k. 

We consider first the energies for states on the Aj,-axis (A:^ ^ A*. 0), 

Equation (64) becomes 

2E = /7„+^,±[(^o-/7,)*+16)32sin2<Jl. 

1 . 


3 $ 95»17 


(65) 
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Now and are the energies corresponding to an 5 or p wave 
function already calculated; these are shown in Fig. 29 (a) and (6) by 
the dotted lines. Two cases may arise; either the curves do not cross, 
Fig. 29(a), or else they cross, Fig. 29(6). In either case the full 
lines show the energy E calculated from formula (65) with a suitable 
value of p. It should be noticed, firstly, that the curves do not cross, 
and, secondly, that they lose their symmetrical form, and approach 
much more nearly the form given by the theory of nearly free 
electrons (Fig. 22). 



Kk,'. 21). EiU'ixy in w ujkI p haiKls; lull linos with iiitoructinn, (IoUcmI linos 
wit linut int(’raotion. 


In case (6) it is noteworthy that the highest state of the lower 
hand is built completely of p wave functions. Considering again the 
states with -- Av 0, a short calculation gives from equations 
(61), (63), (65) for tlie nornuilized wave functions in the lower and 
upp(‘r hands 


w'liere 


%(//,, 6,0) : - cos Wifjy,, 

Ti(Av, 0,0) sin .10«/r„fc-icos 
cotfl ™ (7/i(k)—i/o(k)]/4/SsinA:^a. 


In the case shown in Fig. 29(a) 'wo see that cot0 remains positive 
throughout the whole range 7r/a > kj, > 0. When 


kj. 0, cot6 ~ +CO* 
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it then falls to some minimum value greater than zero for some value 
of between Inja and irla, and then rises to -f oo when ™ 7r/a. 
Thus sin 10, which is the coefficient for the p wave function in th(^ 
wave function for the lower zone, increases from zero to some 
maximum value and becomes zero again at 7r/a. In the case (/>), 
however, cot0 varies from +oo to —bo, becoming equal to zero at 
the point where the two curves in Fig. 29 cross; thus sin 10 varies 
from 0 to 1. The wave function therefore changes uniformly from 
an 5 to a p function within a given band. 
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(a) (b) (c) 

Fia. no. Notles and amplitude of wave funediorLS of a motallic electron. 


Near the bottom of the first band it is clear that the coefficient of 
the 2^ wave function is 

sin |0 = const, k 

= const. VJ?. (66) 

It is interesting to consider the form of the wave functions at 
certain special points in the zones. We shall consider the case whert^ 
the principal quantum number is 2 (e.g. lithium). 

We show in Fig. 30 each wave function in two ways: 

(1) by plotting ^ along a line in the (100) direction passing through 
the nuclei. 

(2) by showing, in a (100) plane passing through the nuclei, the 
nodes of the wave function. 

We show: 

(а) . The lowest 8 state {k^ — ky := k^— 0). 

(б) and (c). The two states for k^ == nja, ky = kg -- 0. As already 
emphasized, we cannot say, without a detailed calculation of their 
energies, which is the highest state of the first zone and which the 
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lowest state of the second zone. In the case {a) of Fig. 29, 30 (6) will 
have the lower energy; in the case 29(6), 30(c) will be the lower. 

4.5. Exact ivave functions; the method of Wigner and Seitz, Wigner 
and Seitzf liave shown how to calculate, with fair accuracy, the 
wave function corresponding to tlie state of lowest energy in any 
metal for which the field of the ion is known. The method has at 
present been applied only to metals having the face-centred and 
body-centred cubic structures. In lattices with these structures we 
can fill u]) the whole of space with polyhedra, one surrounding each 




Fro. ,‘n. Atomic polyhedra Riirrounding an atom, for (a) face-centred and (6) hotly- 
centred cubic .structures. The cubes show the unit cells in either case. 

atom, in the following way: for the face-centred structure we must 
draw planes bisecting the lines joining each atom to its nearest 
neighbours, obtaining thus a dodecahedron surrounding each atom 
(Fig. 31 (a)); for the body-centred structure we bisect the lines joining 
an atom to its nearest and next nearest neighbours, and obtain thus 
a truncated octahedron (Fig. 31 (6)). We call these ‘atomic poly¬ 
hedra’.J 

Near the boundary of each atomic polyhedron the fiedd will be 
small; near the middle it will be spherically symmetrical. We shall 
take it to be spherically symmetrical within the whole of each poly¬ 
hedron, within which we shall denote the potential energy of an 
electron by F(r), r being the distance from the centre of the poly¬ 
hedron. For reasons to be discussed in Chapter IV, it is a good 

t iV///.*?. Itev. 43 (1933), 804; 46 (1934), 509, i*eferred to as loe. cit. I atid II. Refer- 
orieeK to furt her work arc given on p. 134, 

X Wigner and Seitz call them ‘^-polyhedra’. 
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approximation to take for V{r) the potential of the free singly charged 
positive ion. 

Now the wave function ijj for the lowest state is periodic in {x,y,z) 
with the period of the lattice (§ 4.1); further (cf. Fig. 30), it is sym¬ 
metrical about any nucleus. Hence, on the boundary of any atomic 
polyhedron, it will satisfy the condition 

di/j 

dn 


0 , 


(67) 


d/dn denoting differentiation normal to the bounding plane. Since, 
however, the polyhedra ap})roximate closely to spheres, it will be 
a good approximation to apply the boundary condition (67) over the 
surface of a sphere of equal volume. We call such spheres ‘atomic 
spheres’; if the radius of such a sphere is Tq, we have 

—rj] — L\ == atomic volume. 


The boundary condition (07) thus becomes 



(08) 


and, to obtain the wave function within each sphere, we have to 
solve the SchrOdinger equation 


i. 

(Ir\ drj 


+ ^^[ E - V ( r )]^=0 


(69) 


subject to the boundary condition (08). E is the corresponding energy 
of an electron in its lowest state in the lattice field. 

If equation (09) is integrated numerically for given K, the value 
Tq of r for which dijjldr vanishes may be determined. Calculations 
have been carried out on these lines by Wigner and Seitzf for sodium, 
by Seitz J for lithium, by FuchsU for copper and silver. In the calcula¬ 
tions of Fuchs for copper and silver, V{r) was taken to include the 
exchange interaction of the valence electron with the inner shells, 
and therefore denotes an operator (cf. § 1.3). 

Fig. 32 shows the wave functions for silver obtained for different 
values of E. In the free atom the valence electron is in the 5^ state; 
the wave function has therefore four zeros, of which the three outer¬ 
most are shown. In the metal the wave function must also have 
four zeros; thus we may only consider values of dip/dr at distances 


t Loc. cit. t Fhy«. Rev. 47 (193A), 400. 

II Proc. Roy. Soc. A, 151 (1935), 585. 
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from the origin greater than that of the fourth zero. As the figure 
shows, there will at first be two values of r for which diffjdr vanishes; 



Fia. 32. Wave functions in the field of a silver ion for (liffon>nt values of the 
energy A’ (in Rydberg units). 



II. Mean Fermi enei^ 

111. Mean energy of electrons. 

All energies in Rydberg imits (1.3*52 c\v.). 

as the energy is decreased they move closer together and finally 
disappear. The energy Eq of the electron in its lowest state, plotted 
against r©, therefore appears as in Fig. 33, curve I. 
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The mean energy of the electrons in the lattice is not of course 
equal to i?o, because only two electrons can be in the lowest state. 
To obtain the mean energy we must add the ‘Fermi energy’ U'j,. 
(cf. § 3). Methods of calculating A’p are given below. In Fig. 33 
and the mean energy are shown also. 



FiCi. Wave fnnctioiiH of olootroiiK in lowost statos in iuotal.s; t!io \va\ «■ functions 
HiT> noriimliKod so that f dr - 1. Tho values of for which these are <‘alculate(l 
uitJ Cu 2*65, Ag 2*1), Na 3*88.(atomic units, U-r»4 A). 

In Chapter IV it will be shown that is approximately 

equal to the binding energy j)er atom of the metal. Thus, for the 
crystal in equilibrium, the value of the atomic radius will be given 
approximately by the minimum of the curve III in Fig. 33. It will 
be noticed that this is not far from the minimum of curve I. Hence, 
for the atomic radius of the actual crystal, the maximum and mini¬ 
mum of ^ arc close together. The wave function 0, therefore, for the 
actual atomic radius is rather flat except in the middle of the atom. 
This is illustrated in Fig. 34, which shows the actual wave functions 
for sodium, copper, and silver. This flatness of the wave function 
is the reason why the approximation of § 3 (neglect of the periodic 
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field) gives good results in certain cases. Moreover, since the volume 
within which the wave function is not flat is relatively small, the 
charge density in the flat region is almost exactly where Qq is 
the atpmic volume. This is illustrated in Fig. 35 for litliium. 


It is of interest to diseuss further the reason for the minimum in the energy 
curve 1 of Fig. 33. Wo may write the energy 

B = ^ I" Igrad^l* dr -|- J./.♦F./i dr, (70) 


tlio (irst term rej^resenting the kinetic energy of tlie electron and the second 
term the potential energy. As the atomic radius is decreased, the j)otential 

energy decrease's, hec*a\ise the electron c-omes 
nearer to the positively c^luirged nucleus. 
On the other hand, if the atomic radius is 
docremsed too much, the 'flat' i)art of the 
wav(^ function (Fig. 34) occuj)ies relatively 
loss volume, which means tlmt the kinetic 
energy increases. The rise in the energy is 
tluis due to increasing kinet ic energy. 

In t lie neighbourhood of t he minimum the 
dependence of tla^ two terms on can he 
estimated very roughly Jis follow.s: a change 
in tias very little effecd upon di/j/c^r in the 
middle of the atom, as Fig. 32 shows; thus 
the only reason for a variat ion wit h of the 
kinetic energif is t hat a cliango in the atomic 
volume alters the absolute magnitude of i/j, 
since J over the atomic volume is con- 



Fio. 35. Moan charge distribu¬ 
tion in units of ( /IIq within agivc^n 
atomic sphere for lithium (r in 
atomic units). 


stant. Since, moreover, ijj is constant- over most of the volume, the kinetic 
energy will be proportional to 1 /rj. On the other liand, for the same reason, the 
jTotential energy will be a multiple of — 


The method given above can be used to obtain only the wave 
function for the lowest state, for which the wave vector k is zero. 
Denoting this wave function by energy by Eq, a fair 

approximation to the wave function for higher states will be, within 
any one atomic sphere, 

Ur) - (71) 

provided that k lies within the first Brillouin zone not too near its 
boundaries. Using the approximation (71) for the wave function, 
we may calculate the energy from (70), and obtain 

E^^ E^+h^k^l2m; (72) 

to this approximation the extra energy of the state k is juKst the same 
as it would be in the absence of a periodic field. These approximate 
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formulae will be used frequently in discussing the experimental 
evidence in the theory of conductivity, and elsewhere. 

From (72) we have for the mean Fermi energy, 

the integrations being from zero to the value I'uiax of the wave number 
of the highest occupied state. This gives 




3 

5 2m 


I- 


73) 


or, from (iH), in terms of (cf. p. 77), 


E, 


- m 


//2 


mr,. 


(74) 


This formula is used in plotting in Fig. 33. 

More exact formulae for the energy Ef. as a function of the wave 
number k may be obtained in several ways. For k -- 0, BEjck 
vanishes; we shall write 

^ ” rA,dk^] 

so that, for small Ic, may be written 

E^+oLh^k^l2m, (I'y) 

It may be shown (cf. Chaj). HI, §6) that 


. 


where 



(70) 


Here the summation is over all states i (with energy Ef and wave 
function i/jf) wliich combine with the lowest state i/tq. Since (/f,) is 
spherically symmetrical, the vector gradipQ may be taken in any 
direction. ^ 

Wigner and Seitzf have transformed (70) into 



where the integral is over the surface of the atomic j)olyhedron. The 
advantage of this form is that the second term gives virtually no 
contribution from the states with quantum number lower than the 


t Loc uit. II. 

M 


3595.17 
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ground state (i.e. the X-ray levels). For sodium Wigner and Seitz 
tind the second term to be small, so that 

(77) 

For lithium Seitz has calculated oc from the exact formula (76). For 
(^o])|)er and silver Fuchs has calculated it from (77). For tliese 
metals the values of « are as follows: 


MetaJ 

{atomic units) 

ct 

j r„ {observed) 

Lithium 

3-21 

0-744 

3-21 


3-()2 

0‘8J0 

1 

Sndimri 

3()7 

1-08 

3-9 


405 




4-74 

0-89 


Copper 

2-65 

MO 

2-53 (3-12 ca/c. 


314 

0-983 

i 

Silver 

2-91 

M92 

3-03 


3-30 

1-083 1 



Formulae of the type (75) for the energy are probably a fair 
approximation in the whole of the first Brillouin zone, except near 
the planes of energy discontinuity. On the first plane of energy dis¬ 
continuity, at the point nearest to the origin (cf. Fig. 24), the wave 
function will take the form illustrated in Fig. 30(c), with nodes 
passing through the origin. As an approximation to this wave func¬ 
tion, Slaterl and MillmanJ take within any atomic polyhedron 


where / satisfies 


== f{r)cos e. 


^ 2d£ 

dr^^r dr 


+ 


2m 


(e-] 



= 0 , 


and the boundary condition /'(^q) = 0. They call the corresponding 
state ‘the lowest^ state’. 

Fig. 30 sliows the energies of the lowest ,9 and p states calculated 
for Li and Na; the highest states are also shown, i.e. those whose 
wave functions vanish for r == Tq, For lithium the energy interval 
between the lowest s and p states turns out to be only 4 e.v. For 
com])leteIy free electrons it would be h^jHmd^, where d is the distance 
between the (111) planes in lithium; this gives 6*5 e.v. In lithium, 
therefore, the density of states is greater than for free electrons; 


t Rev. 45 (1934), 794; Rev. Mod. Rhys. 6 (1934). 210. 

+ Phys. Rev. 47 (1935), 286. 
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this corresponds to the fact that the values of a in the abovi* tabU^ 
are less than unity. 

Kruttert has carried out similar calculations for d electrons, and 
has applied them to copper. He finds that the d band overlaps th(‘ 
s band, but that in copper all the ten d states are occupied, giving 
one electron per atom in the s band. 




Ficj. 36. Energies of states in ery.stal lattices; (a) lithium, (/>) sodium. 



FiO. 37. Energy surfaces at the bottom of a higher zone. 

A convenient formula may be obtained for the energy as a funcdfon 
of k near the bottom of any higher zone which is separated ironi tlu' 
next zone below it by a small energy gap AK. In Fig. 37 let 
represent a plane of energy discontinuity in t-spaco, and A the point 
of lowest energy in the zone lying above PQ. If the x-axis is perpen¬ 
dicular to the plane FQ, we may write for the energy in the neigh¬ 
bourhood of ^ ^2 

Now formula (70) may })c applied to calculate giving 



where Pq refers to the state A and to all other states which com¬ 
bine with it. Now, if AE, the energy gap from to J, is small, all 
terms in the summation in (78) may be neglected except that which 
refers to the pair of states A\ A, since all others will have a much 


t P/i7js, Bev, 48 (1935), 664. 




84 ELECTRONS IN EQUILIBRIUM IN CRYSTAL LATTICE Chap. II, § 4 
larger value of \E^—Eq\. Moreover, the wave functions at A' and 
at A will have the forms 


cos \d } 


where d is the distance between the successive reflecting planes in 
the crystal which give rise to the plane of energy discontinuity con¬ 
sidered, and n{r) is periodic in r with the period of the lattice. It 
will probably not introduce any serious error if we take u{r) con¬ 
stant over most of the volume of the crystal (cf. Fig. 34). We thus 
obtain 


and hence 


iPx)io = hl2di, 

l+h’^l2md^^E = 1 + 4EJAE, 


(79) 


where Eq (~ h^jSmd^) is the energy which a/rce electron would have 
in the state A. We note that (79) is the formula obtained on p. 65 
from the approximation of nearly free electrons. 

On the other hand, since (Py)io = 0, ag will be of the order 

of magnitude unity. Thus, if AE is small, the surfaces of constant 
energy near the bottom of the zone are very eccentric ellipses. 

4.6. Density of states. For the discussion of many properties of 
metals, such as the specific heat, paramagnetism, etc., it is necessary 
to know the number of electronic states per unit volume of the metal 
with energy between E and E-\-dE. We denote this by N{E)dE\ 
two electrons may occupy each state. A formula for N{E) has 
already been given for the case where the energy is the same function 
of the wave number as fol* free electrons (formula (20)). 

If the energy is given by the formula E ^ oth^k^l2m, then clearly 


Thus small ol (large effective massf) gives large density of states. 
Further, if the energy is given by the formula 

i.2 


it may easily be shown that 
N{E)dE = 


1 /2m\| ^lEdE 

47T®\/i®/ ^{ocioc^oc^) 


(81) 


t Cf. Chap. Ill, § 3. 
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If E is given by the formula 

E = E^-cLh^k^l2m, 

then, similarly, 

N{E)dE = ^J^^^(E^-E)dE. 

In any case where N(E) is of the form CylE, the number N of 
electrons per unit volume is and hence 

which gives the variation of with the number of electrons. 

The variation of N{E) within a band is also of interest; we shall 
therefore calculate it from formulae (58) for the s band, using the 
approximation of tight binding. 



Fia. 38. Density of states N{E); (a) simple eubie, (5) body-eentrod cubio. 


Simple cubic structure. The boundaries of the first Brillouin zone 
in A;-space, which in this case is a cube, are given by the planes 

kj, ~ zli7r/a, ky “ ” iW®* 

It follows directly from the definition of N{E) that 




where the integration is over the surface in i-space on which the 
energy is constant and has the value E, When the energy has the 
special form given by (58.1), it is possible to reduce the integral in 
(82) to an integration over a single variable, which can then be 
evaluated numerically. The result is shown graphically in curve 
Fig. 38 (a). The energy is plotted in units of the maximum energy 
in the band E^y and the area under the curve 1 is equal to the total 
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number of states in the band, namely 2 per atom. The curve is 
symmetrical about the mid-point, E = hE^, and for small values of 
E it behaves like the corresponding curve for free electrons, which 
varies as \^E. Curve 2 shows the value of N{E), calculated on the 
assumption that the energy surfaces are spheres or portions of 
spheres at all points inside the zone, thus giving the N(E) curve for 
free electrons in states within this zone. 

The two curves represent the N(E) values in two limiting cases: 
(1) for very large energy gaps across the zone boundaries (tight bind¬ 
ing), and (2) for very small energy gaps. The energy surface which 
first touches the boundary in case (1) encloses ^ of the total volume 
of the zone, whilst in case (2) the first sphere to touch the boundary 
contains 0*524 of the total volume. 

Body-centred cubic structure. The expression for the energy in this 
case is given by (58.2), and here again the integral in (82) can be 
reduced to a single integral which is easily evaluated numerically. 
Fig. 38 (6), curve 1, shows the form of the N{E) curve. N{E) becomes 
infinite at the point E = \E^, but in such a way that the area under 
the curve remains finite. The surface E = lE^ is a cube which just 
touches the boundary of the zone and contains half the total volume. 
Curve 2 shows N{E) for free electrons in the same units. The break 
in the curve at EjE^ = 1*234 occurs where the spherical energy 
surface just touches the boundaries of the zone. This sphere con¬ 
tains 0*740 of the total volume of the zone. Just as for the simple 
cubic structure, curves 1 and 2 of Fig. 38 (6) represent the limiting 
curves of very large and very small energy gaps respectively. The 
probable form for a real metal is shown by curve S.f 

5. Crystalline field in alloys 

If a foreign atom is dissolved in a [)urc metal, tliere will at that 
point be a break in the j>eriodicity of the field. The question then 
arises whether it is legitimate to speak of zones for a disordered alloy. 
The question has not been cleared up yet in a satisfactory way, but it 
seems fairly certain from the evidence of C^hapter V that the break 
in the periodicity may be considered not to affect the zone structure 
very much. The discussion of the conductivity of alloys in Chapter 
VII is also relevant. 

A rough calculation J may be made, by the method of Thomas and 

t See note on p. 88. % Mott, Proc, Camb, Phil, Soc. 32 (1936), 281. 
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Fermi,t of the field surrounding a dissolved atom of different valency 
from the solvent metal. We suppose the solvent metal to be copper, 
silver, or gold, with one electron outside a closed d shell, and the 
dissolved metal to have z~\-l electrons outside a closed shell, so that, 
for instance, z is one for Zn and two for Al. 

We treat the solvent metal by the method of § 2; that is to say, we 
suppose the positive charge to be uniformly distributed throughout 
the metal. If is the number of atoms per unit volume, := NqC 
is the density of positive charge The dissolved atom will be treated 
as a positive charge ze. Our problem is to find the density of negative 
charge round it. 

Let <l)(r) be the electrostatic potential at a distance r from the 
dissolved atom; the boundary conditions for O are then 

ze/r (r -> 0) 

-> 0 (r->oo). (83) 

The electron density in the metal, by the usual assumption of the 
Thomas-Fermi method, is 

where e$o is the maximum kinetic energy of any electron in the 
degenerate Fermi gas, given by equation (19), which we write 



The density of negative charge is hence p(r) = —eN{r), and the total 
charge density e(NQ—N). Poisson’s equation gives therefore 

V2<D = -4ne(N„~N). 

Substituting for N and Nq, we have 

= a[(<I»+(Do)*-‘I>?,]. (84) 

where a == 

A solution in terms of known functions can only be given if is 
treated as small compared with <I)o; expanding (84) we obtain 

== (85) 

where = ime^2Nj7T)^jh^. 


T S 1.4. 


t c in tbia Koction in positivo. 
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The solution satisfying the boundary conditions (83) isf 

<D 

r 

We see, therefore, that the isolated point charge is screened, the 
electrons being drawn nearer to its position than they would be in 
its absence. 

Values of Ijq calculated from (85) are 

Cu Ag Au 
l/g'(A.U.) 0-55 0-58 0-58 

t The })()tontial round a point charge is similar to that obtained in the Debye- 
Hiickel theory ofcU'ctrolytt's. In our case, however, q is iialepc^ndent of th(‘ ttMujxua- 
ture. 


Note 071 recent development. 

Curve 2 of Fig. 38 (a) lias been given by Stoner, Proc. Leeds Phil. Soc., 3 
(1936), 120, A oalcidation of the density of states in the d band has been 
given by Slater, PIrys. Rev.y 49 (1936), 537. 
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MOTION OF ELECTRONS IN AN APPLIED FIELD 

1. Conductors, insulators, and semi-conductors 

One of the greatest successes of the quantum theory of metals is the 
(^xj)Ianation which it has given for the sharp distinction existing in 
nature between metallic conductors on the one hand and insulators 
and semi-conductors on the other. While most substances have at 
least a small conductivity, it is only for metals that the conductivity 
is greatest for low temj)eratures and for the purest specimens; for 
insulators and semi-conductors the resistance becomes gr(‘ater und(‘r 
these conditions. 

We must emphasize that the distinction between conductors and 
insulators cannot depend directly on the electric field surrounding 
each atom; we must not imagine that in insulators the electrons are 
held to their respective atoms so firmly that they cannot esca])e. 
We know that, according to quantum mechanics, an electron cuui 
pass fairly easily through a potential barrier a few volts high and 
2-3 A.U. broad; differences in the potential barriers could only 
account for a factor of 10 or 100 in the ratio between the conductivi¬ 
ties of different substances. The reason for the factor of about 10^^ 
between the conductivities of, say, silver and fused quartz must 
therefore be sought elsewhere. 

We have seen in Chapter II that the possible states of an electron 
in the lattice may be divided into zones (the Brillouin zones). The 
energies of the states in a given zone form a continuous band, which 
may be separated by an interval of forbidden energies from the 
energies corresponding to the next zone. It is easy to see that, if all 
the states in a given zone are occupied by electrons^ then the total current 
due to these electrons is alu'ays zero. For in such a zone, for every 
electron moving to the right there will be another electron moving 
with exactly equal velocity to the left. The resultant current there¬ 
fore vanishes. In a zone which is only partly full, on the other hand, 
it may happen that more electrons are moving in one direction than 
in the other, so that the total current does not vanish. 

We see, therefore, that an insulating crystal^ is one in which all the 
Brillouin zones which contain any electrons at all are full. The fact 
t Liqmds are considered in Chap. VII, § 10. 

N 
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that no current is then possible is due essentially to the Pauli exclu¬ 
sion principle, and thus to the same principle as that which ensures 
that the total orbital current (and hence the orbital magnetic 
moment) shall vanish in a closed shell of an atom. A conductor, 
on the other hand, is a crystal in which one or more zones are only 
])artly full. 

We must now consider under what conditions there will exist zones 
whicli are only partly full. In the first place, such zones will exist for 
all monovalent metals which form a cubic lattice—i.e. for the alkalis 
and for copper, silver, and gold. For we have seen (('liap. If, § 4) 



fa) (b) (a) (b) (c) 


Fio. 39. PosHible forms in A:-spaoo Fig. 40. Dcmsif y of states N{K} ; (a) mono- 

of the surfaee of the Fermi (listribu- vakmt metal, (b) divalent metal, (r) semi- 
tion; (a) mon<Jval<^nt metal, (b) di- eonduefor. Jn (a) and (r) occvij)ied stat(?s 
val(‘nt metal. are shaded. 

that for Such lattices the first Brillouin zone contains 2N possible 
states, where N is the number of atoms, the 2 being due to the two 
possible spin directions. The first zone cannot therefore be filled by 
N electrons. The surface in ^-space which separates occupied and 
unoccupied states is shown in Fig. 39(a). 

If the atom has two valence electrons, there are just enough 
electrons to fill the first zone, and the crystal will be an insulator, 
unless the first zone overlaps the second. Since the divalent metals 
are conductors, we must assume that this overlap does in fact occur. 
The surface of the Fermi distribution will thus be as shown in Fig. 
39 (h), and the density of statesf N(E) as in Fig. 40 (6). When a field 
is aj)j)lied, only the electrons in states corresponding to the unshaded 
regions in Fig. 39(6) are free to move; in the shaded parts there 
will be as many electrons moving parallel to the field as in the 
0 ])posite direction. Thus the actual number of electrons free to move 
in a divalent metal will be considerably less than two per atom. 
Actually most divalent metals are worse conductors than most 
monovalent metals.J 

t Cf. § !). 1 for i‘xj)eruuontal eviileiice that N{iJ) actually does look like this. 

{ Cf. Chap. VII, § 3. 
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For three, four, or five electrons f)er atom it is impossible to say 
without a detailed investigation whether a crystal will be a con¬ 
ductor or insulator. 

In some monovalent metals it is quite possible that the surface 
of the Fermi distribution touches the sides of the first Brillouin 
zone, as in Fig. 26 {b). For instance, this will be the case with one 
electron per atom if we use for the energy formula (5<s) of (Chapter Tl. 
This will clearly lessen the current produced in a given time by a 
given field.! 

We may em[)hasize here that a perfectly })eriodic lattice has no 
resistance; the wave functions d(‘scrib(‘, an electron with definite 
momentum, and in a perfectly periodic lattice there is no reason why 
the electron should change its momentum. Resistance is due tf) 
the departure from ])eriodicity in the lattice due to thermal motion; 
this is described in ('hai)ter VIJ. 

It is convenient to define a quantity which we call the ‘effective 
number of free electrons’ per unit volume in a metal. is defined 
as follows: if a field F acts for a time hi on a metal, the current 8/ 

produced is ^ 2 v 

= ( 1 ) 

m 

ht is of course assumed to be so small that the distance travelled by 
the electrons is short compared with the mean free path. 

We shall denote the quantity N^^nlN by These (pjantities are 
calculated in certain special cases in § 4. 

We shall now consider certain insulating crystals. Crystals of t)»e 
type of rock salt consist of ions each of which contains six outer p 
electrons forming a closed shell. From the point of view of tlie Bloch 
theory, corresponding to the levels of the Na^ and of the i'l~ ions 
there will exist in the crystal bands of kmds, which will be completely 
filled. The crystals will be conductors only if the p band of the Na * 
or ions overlaps with the next highest band. 

J)iamond and some other crystals are discussed in Chaj). V, § 2. 

A crystal in which a full zone and an empty zone are separated 
by a very small energy gap A/?, as in Fig. 40(c), would be an insu¬ 
lator at the absolute zero of temperature, but as the temi>erature 
was raised a few electrons would come up into the emf)ty zone, and 
the crystal would conduct. The conductivity would increase with 


t Cf. Chap. Vn, p. 275, and also Appendix I. 
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temperature, so that the crystal would behave like a semi-conductor. 
The behaviour of such crystals has been discussed by A. H. Wilson;! 
according to Wilson, in most semi-conductors the full bands from 
which the electrons come are due to impurities or imperfections in 
the lattice rather than to the periodic lattice itself. 


2. The velocity of an electron in a given state in the lattice 

For one-dimensional motion the state of an electron in the lattice 
is specified by the wave vector h. For free electrons (vanishing lattice 
field) the velocity of the electron, i.e. the group velocity of the 


waves, is given by 


M/m. 


( 2 ) 


For non-vanishing lattice fields we use the well-known formula for 
the group velocity of any waves: 


_ dv 

"" ~ dnixy 

Since the frequency v of any de Broglie wave is equal to Ejh, and 
since 1/A ~ kl2Tr, this gives us for the velocity 


_ 

ti dk 


We deduce for the current contributed by an electron in the state k 


j = -ev 


c dE 
h dk 


( 4 ) 


an ecpiation which may easily be generalized for three-dimensional 
motion (cf. equation (11)). 

An alternative proof may be given, starting from the well-known 
formula! Tor the velocity v (in the absence of a magnetic field), 

V = . j ( 0 *gradt/r—^gradi/r*) dr j J* ^*0 dr, ( 5 ) 

where the integration is over the whole of space. We sliall transform 
this expression in tlie following way: If we differentiate the Schro- 
dinger wave equation, Chap. II, equation (13), partially with respect 
to kj., we obtain 


V2^4--- 



( 6 ) 


t I'roc. Hoy. Hoc. A, 133 (1931), 458 j 134 (1931), 277. Actuality Heientifiquea et 
IndmtrielhH^ No. 82, Paris (1933). 

t Cf., for instance, Condon and Morse, Quantum Mechanics, p. 30, New York 
(1929). 
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Also, writing tjj in the form e^^''^u{r) (of. Chap. II, § 4.5), we obtain 


_ . I I ,Vkr^ 

Operating on (7) with V^, we obtain 

Substituting from (8) in (6), we obtain 

du 


dx^ 


7^+^^(E-V) 


dL 


ei(kr) _ Q_ 


(7) 


( 8 ) 


(9) 


We now multiply by ifj* and integrate over all space; the last term 
may then be shown to vanish, for, by Green’s theorem, 

/ J j dk 

is equal to a surface integral over the boundary of the volume of 
integration, which, since all the terms occurring are periodic, may 
be taken to be zero. We have, therefore, 






du 

8k^ 


e'*'') dr 


J L 


2rw, 


^*dT-^0, ( 10 ) 


since ifi* satisifies the same SchrOdinger equation as tfj. 
We therefore obtain from (9) 

whence it follows from (5) that 

„ 1 8E 
8k : 


( 11 ) 


which is the result we require. 

We see therefore from Fig. 22 that the velocity of an electron tends 
to zero at the bottom and at the top of a band. 

In the special case of vanishing lattice field, where the energy is 
given by E = fi^k^l2m, (11) reduces to the trivial result (2). 


3. Acceleration of the electrons by an external electric field 

We now require an expression for the acceleration of an electron 
in an external field. We confine ourselves first to motion in one 
dimension. If we represent the electron by a wave function 
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extending right through the crystal, the position of the electron is 
entirely undefined, and the acceleration therefore difficult to visualize. 
We shall therefore take for the wave function of the electron a xmve 
packet^ 


^ = J c(k'),p^.(x) dk'. 


c(k') is a function which vanishes except in the range 
k-Ak < fc' < 


where Ak is small compared with k; it follows that the volume of 
wave packet must extend over many atoms, but we may consider it 
to be small compared with the dimensions of the whole crystal. Bear¬ 
ing in mind that we are dealing always with a wave packet, we may 
give a purely classical derivation of the formula for the acceleration. 

We denote the electric field by F, the velocity of the electron by 
Vy and its energy hy Ej^y measured from the lowest state in the zone 
considered. J We consider an interval of time Sty and suppose the 
wave number k of the electron to change by Sky and the energy there¬ 
fore by 

8E = ~Sk. ( 12 ) 


But by the conservation of energy 

8E~~^eFvSL (13) 

1 3E 

We have seen (§ 2) that i; ~ , and hence, equating (12) and (13), 


we obtain 

or 


Sk - eFStjn, 
dt h 


(14) 


It follotvs that, under the influence of an electric fieldy the wave vector 
in the direction of the field increases uniformly with the time. For the 
case of vanishing lattice field, when k = mvlh and E -- hnv^y the 
result (14) reduces to Newton’s third law of motion, namely mv eF. 
In three dimensions (14) is to be understood as a vector equation 

k-=eF/«. (14.1) 

The proof is similar. 

The proof given here of the important result (14) needs amplifying 
in several respects. Firstly, as k increases, the energy of the electron 


t Cf., for instance, Mofct and Massey, The Theory of Atomic Colliaions, Chap. I, 
§ 9, Oxford (1933). 

J For electrons in no periodic field would bo the kinetic energy. 
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will increase until it comes to a band of forbidden energies (cf. Pig. 
41). What happens then has been discussed by Zener,f who finds 
that, if h is increasing in the direction shown by the arrow, there is 
a very small probability that the electron will make a transition 
from one band to the next. In general, however, the point in k space 
which represents the electron travels from to ^ and then reappears 
at it must of course be remembered that A' and A represent the 
same state of the* electron. 

The })robability that the electron ‘jumps’ from ^ to if is found 
by Zener to be, per unit time. 


eFa 

h 


exp 




(15) 



Fi« .41. Energy E of an electron plotted 
againnt wave numlx^r. 


h^\eF\ 

where F is the external field, a 
the lattice constant, and AJS the 
energy gap AB, 

Secondly, the proof given above 
is of course semi-classical ; a proof 
based more fully on quantum mechanics lias been given by Jones 
and Zener. J 

From equation (14) we obtain, for one-dimensional motion, the 
following expression for the acceleration of an electron in an external 
field F: 

£t fMi I rw M rw w^. \ ** rfs wi 

(16) 


d^E eF 


tion, we may call 


the ‘effective mass’ of an electron in the 


dk^ 

Comparing this with the classical expression eFjm for the accelera- 
I d^E 
dk^ 

lattice, though the expression is in some ways unfortunate, since the 
quantity is often negative. We note that for a narrow band d^Ejdk^ 
is numerically small and hence the effective mass large. In .other 
words, the acceleration produced by a given field is small. This is 
easy to understand, since a band is narrow if the atoms are a long 
way from each other, and under these conditions an electron will 
require a relatively long time to jump from one atom to the next. 
The dimensionless (juantity 

m d^E electronic mass 
dk^ ”” ‘effective mass’ 


is also called the ‘oscillator strength of frequency zero’ (cf. § 5). 
t Proc. Roy. Soc. A, 145 (1934), 521. J Proc. Roy. Soc. A, 144 (1934), ICl. 
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For motion in three dimensions, equation (16) is only valid if E 
may be written in the form Ak%-\-Bk^+Ckl. In the general case, 
denoting by kg, Fg {s = 1,2,3) the three components of v, k, F, 
we have , iti 

^ E (IC.l) 

dt B^dk/ok-t ‘ ^ 

or in vector notation 

dw 


dt *2 


grad*(Fgrad^.ii'). 


Thus a field F may change the velocity in directions other than that 

of F. 


The quantity 


\dkgdkj 


been called the ^mass tensf)r\t 


4. The effective number of free electrons 


To obtain the rate of change of the current in a metal under the 
influence of an external field F we must multiply (16) or (16.1) by 
the electronic charge and sum over all occupied states; in the one¬ 
dimensional case, since the number of states per unit volume in the 
range dk is 2dkl27r, we obtain 


dj __ e^F 2 C d^E .. 
dt^ dk^^ ^ '■ 


(17) 


the integration being over occupied states and hence between 
Comparing this with the expression for vanishing lattice field 

dj e^F 
dt m 


(17.1) 


we may call w ^ J dP 

the ‘effective number of free electrons’ in a metalj per unit volume. 
Integrating (18), we obtain 



It follows that, since dEjdk vanishes at the top of a band (Fig. 41), 
for a full zone the effective number of electrons is zero, as we should 
expect from the considerations of §1. Further, for a narrow band, 
will be small compared with N, 


t Biochinzev and Norciheim, Zeits.f. Phys. 84 (1933), 168. 

t Cf. § 1. 
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We note also that the free electron number depends only on the 
state of affairs at the surface of the Fermi distribution. 

In the three-dimensional case we obtain similarly, from (10.1) 
instead of (16), 


§ = ^ 8^ JJJ grad* E) dk^dk^dk^. 


If we require only the current in the direction of the field, this may 


be written 


rrr 

dt 877* J J J 




dk^dkydkg. 


This may be transformed into a surface integral over the boundary 
in ^-spac^ of the occupied states: we obtain 


dj, _ 2e^F, J_ f (dEY dS, 
dt B Stt* J \S/J- Igrad^i’ ' ’ 

dSf^ denoting an element of surface in A:-space, the integration being 
over the whole surface of the Fermi distribution where it does not 
touch a plane of discontinuity in the energy. 

The effective number of free electrons is thus 


r _ ^ _L r 

J \dkj Igradi?]’ 


( 21 ) 


We shall denote by effective number of electrons 

per atom, denoting the number of atoms per unit volume. 

It is of interest to work out in a number of cases: 

(a) If the electrons are free, i.e. if 


E = (22) 

then is equal to theactual number of free electrons per atom (Uq). 

(b) If the energy is proportional to 

E = cxh^k^l2m, (23) 

then = ocn^. In this case it is especially convenient to refer to 
mjoc the ‘effective mass’ of the electrons in the metal. 

(c) If the energy near all or part of the surface of the Fermi dis¬ 
tribution has the form 

i? = kl+ac^ kl+oc^ kt), (24) 

Zm 

the ‘effective number of free electrons’ depends on the direction of 
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the current. In the direction of the a:-axis it may easily be shown 
that „ „ /oK\ 

This formula may be applied to the case of divalent metals’, where 
the Fermi surface overlaps into higher zones, near the bottom of 
each of which the energy is given by a formula of the type (24). By 
wc must understand the actual number of electrons per atom 
in the zone considered. 

Referring to formula (79) of Chap. II and to Fig. 37, we see that 
in the case considered there ~ for motion parallel to the y- 
and 2 :-axes, but y> for motion parallel to the .r-axis. 

{d) In the limiting case of tight binding, for a body-centred cubic 

lattice the energy within an s band 
as a function of k is given by (cf. 
Chap. II, equation (58.2)) 

1 — cos cos ^aky cos ^ak^), 

where jEj is the breadth of the energy 
band, and a is the lattice constant. 
With this form for the energy the 
double integral in (21) can be reduced 
to a single integral, which may be 
evaluated numerically. This gives 
as a function of the energy of 
the limiting surface, and hence, since 
N{E) is known as a function of E 
(cf. Chap. II, § 4.6), we can compute the number of electrons enclosed 
within a given energy surface and thus obtain in terms of the 
number of electrons Uq per atom. The result may be expressed as 



Fkj. 42. KfTectivo numbor of free 
elertroriH plotted against the number 
fiff of eleetTons per atom: I, for a single 
zone (ease of tight binding); II, for free 
electrons. 


follows: 




eft 


ma^Ei 


Mo)- 


Fig. 42 shows f(n^) plotted against Uq. In the special case when the 
width of the band is given by 

the energy in the immediate neighbourhood of the origin of A;-space is 
the same function of k as for free electrons. In this case is given 
directly by /(^o), and, as we should expect, near the origin /(Wq) 
approaches the straight line which represents for free electrons.f 

f See note on p. 131. 
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5. Periodic electric fields; li^ht wavesf 

In the preceding sections we have discussed the motion of the 
electrons in a metal in an electrostatic field; we now discuss their 
behaviour under the influence of a periodic field (light wave). 

In any solid, conductor or insulator, a light wave will set uj) an 
alternating current to which is due the dis])ersion and refraction 
of the light; for certain ranges of wave-length, moreover, the elec¬ 
trons can absorb energy from the light by a process in which an 
electron jumps from one zone to another. We call this process 
‘internal photoelectric absorption’. We consider first this absorption 
process.! 

We consider a light wave of frequency v travelling in the direction 
of the 2 -axis with its electric vector F parallel to the a:-axis; if the 
wave-length A is large compared with the lattice constant a, we may 
take, in a volume large compared with a but small compared with A, 

F — jPoSin27rr^, 

and, for the vector and scalar potentials A, 
cF 

“ ^cos27rr^. Ay = A;^~ 0, Aq 0. 

2w 

The Schrodinger equation for an electron moving in the lattice under 
the influence of the light wave is therefore 


where F, as usual, denotes the potential energy of the electron in the 
field of the lattice. The perturbing term 


, (A grad) = 


eFJi 

2nimi/ 


cos 270^1 


c) 

~dx 


is periodicll in (x,y,z), and therefore the selection rules discussed in 
Chap. II, § 4.1, are valid; an electron in a state with given wave number 
k in a given band n^ can make a transition only to one state in any other 
band n, namely, the state with the same wave number. The absorp¬ 
tion spectrum of a single electron is thus a line absorption spectrum. 

t Kronig, Proc, Roy. Sac. A, 133 (1931), 255; Wilson, ibid. 151 (1935), 274. 
t The absorption process discussed in this section is diffei’ont froni the anrface 
photoelcHJtric effect, which is responsible for the ordinary photoelectric emission, 
ii It may easily be seen that the operator ‘grad’ is periodic in the sense of Chap. J I, 

§ 4 . 1 . 
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Fig. 43 shows the states in two bands Wq, n between which transitions 
are possible; an electron in any state in the lower band can only make 
transitions to states vertically above it. 

To find the probability of such a process we proceed as follows: 
We denote the wave function and energy of the initial state by 
i/f( 3 (r), Eq. At any subsequent time we expand the wave function 
ifj of the electron 

0 2 (27) 



|i?,J 2 then denotes the probability that the electron is in the state n 
at the time t. To obtain we substitute (27) in (26), multiply by 
0*, and integrate over all space; we thus find in the usual way,t after 
integrating with respect to the time, 


\b,m^ 

where 


p(n0) = i J 


— QOs27r(p„ — v)t 1 — cos 27r(y„-J->')n 

>l>o dr, ^ 0 . 




If we put V equal to one of the frequencies the transition proba¬ 
bility \B\^ increases with the square of the time; this difficulty arises 
in all quantum-mechanical solutions of this type, and is due to the 
neglect of the finite breadth of an absorption line. In the theory of 
line absorption by an atom, it is avoided by considering non-mono- 
chromatic radiation and integrating over all frequencies v; in oiir 
case, since the energies of the electrons and hence the frequencies 
form practically a continuum, it is more convenient to integrate 
over all the electrons in initially occupied states. Since 2 dk/( 27 r)® is 
the number of states per unit volume of metal with their wave 
vectors in the volume element dk, the probability that after a time t 


t Cf., for example, Mott and Masoey, The Theory of Atomic Collisions, p. 258. 
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a quantum of radiation has been absorbed is 

( 28 ) 

The frequency for any two bands n is, of course, a function of 
k, as Fig. 43 shows. The value of the integral (28) increases with the 
time if, and only if, the integration extends over one of the resonance 
points. Let us first consider the case of one-dimensional motion. Let 
be the wave number for which the resonance takes place, defined 
therefore by i'Z* \ 


Writing p^—v — and taking in the square bracket only the first 
term, which gives the resonance, (28) becomesf 


277 




— cos 277^^ {dPn\ 

( 277^)2 


dt 


(29) 


For pt large the function within the square brackets has a strong 
maximum at | — 0 ; since 


^ r 1 —cos277|^^ 

J 


= t. 


(29) gives finally 




(30) 


for the number of quanta absorbed per unit volume after a time 
t equal to unity. 

We may deduce the so-called ‘conductivity for frequency p\ a(v'), 
defined^ as the energy absorbed per 
cm.^ per sec. divided by the mean square 
of the electric vector, This is 




dk' 


(31) 



The case of three dimensions is more 
complicated, and will be understood 
best by reference to Fig. 44, which 
shows the first and part of the second Brillouin zones for a simple 
cubic lattice. The full line shows the surface of the Fermi distribu¬ 
tion and the dotted lines show states between which transitions are 


t 2ir is substituted for the term (2#)® occurring in (28), since wo are dealing with 
one-dimensional motion. 

t Cf. § 7; a{v) nkv, where n and k are the optical constants. 
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possible for given frequency; thus electrons can jump from any point 
on the line I to the corresponding point on the line I' absorbing 
a frequency say, or from II to II' absorbing a greater frequency 
Vii, To obtain the absorption coefficient for given frequency we 
must integrate (30) for all points lying on the line (surface) I and 
corresponding to occupied states. Such a calculation has in fact been 
carried out by Wilson we shall here discuss some of his results. 

The minimum frequency for absorption will correspond to the 
transition AA' (Fig. 44). Clearly hv^ will be greater or equal to the 
energy gap between the first and second zones. One may obtain a 
very rough estimate of by assuming that the approximation of free 
electrons (Chap. II, § 3) is valid and that the energy gap vanishes. 
In that case, if {n^n^nf) are the Miller indices of the first plane of 
Bragg reflection of the crystal, we have 


where ^^e maximum wave number in the Fermi distribution 

(Chap. II, equation (25)) and 


E 


n 


2m 


Smd^ 


(«i+wl+n|), 


d being the lattice constant; is thus the energy of an electron 
which would suffer reflection for normal incidence on the {n^ n^ nf)- 
plane. 

For the three cubic structures we have, therefore: 


1 Simple cubic \ 

Body-cent red 

Face-centred 

First plane of reflection 

( 100 ) 

( 110 ) 

( 111 ) 


1 

2 


Number of atoms in unit cell 

1 

I 2 

4 


1 


42/3 

SrndViVijh'^ . . . . j 

0062 

0*96 

M 8 


We may express these formulae in terms of the atomic volume 
— cjvi = 5*32 X body-centred cubic lattice 

== 7-lOx face-centred cubic lattice, 

whence we deduce for the values shown below: 


Theoretical wave-lengths at which photoelectric absorption begins 

Li Na K JRb Cs Cu Ag Au 

Ai,cm.xl0* 041 0 62 091 M 1-23 0-37 047 047 


t Loc. cit. 
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These results may be correct only as to the order of magnitude, 
but they do suggest that the alkalis should absorb in the infra-red, 
and noble metals in the visible or ultra-violet. For more detailed 
comparison with experiment cf. § 8, where it is shown that the noble 
metals actually have absorption edges between 0-3 and 0-6 x 10"^ cm. 

The shape of the absorption band near the low-frequency limit. For 
given frequency the absorption coefficient depends upon the number 
of occupied states for which the transition is possible (i.e. the area 
cut oft by the Fermi surface from the surface represented by the 
dotted line in Fig. 44). If the surface of the Fermi distribution does 
not touch the first plane (in A-space) of energy discontinuity (as 
shown in Fig. 44), then it may easily be seen that, near the low- 
rr(‘(iueiu*v limit the absorption (rocfficient nkv ([>. 107) is given by 

nkv cc const, (v—vq); (32) 

on the other hand, if it does touch, as in Fig. 2f), then a short calcula¬ 
tion gives ^ const.>^(v—r^). (33) 

Formula (33) gives also the shape of the absorption band due to a 
fully occupied zone.f 


6. Dispersion 

To obtain the current in the lattice due to the light wave, tlie pro¬ 
cedure is exactly the same as for a single atom; the current due to 
a single electron in the state n^, k is given by the ordinary formula 
of the Kramers-Heisenberg dispersion theory J 


where FqCO^ 27Tvi is the electric vector of the light wave and p(n0), 
are defined in the last section. As may easily be Verified, we may 
write this . ^ vf 1 


where 


, 2 |2>(«0)1* 

^ hmZ, ’ 


fn 


2 \p{n0W 


(35) 


(36) 


and where the terms in « = 0 are to be omitted from the summations. 


t See note on p. 131. 

X Cf., for example, Sommerfeld, Wave Mechanics^ p. 168, London (1930). 
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If we compare this expression with the current that would be pro¬ 
duced by a harmonic oscillator with charge e/, mass m, and natural 
frequency viz. 


- 

27Tm{vl—v^) 


jF(jSin 2 TTvt, 


we see that the electron behaves like a system of such oscillators, one of 
them hiving the frequency zero (no restoring force) and strength f and 
the others the frequencies and strengths f^. 


The difference between the behaviour of an electron in an atom 
and in a crystal is as follows: for an atom, the quantity / vanishes 
by the sum rule due to Thomas| and ReicheJ; for an electron in a 
periodic field, however, owing to the different boundary conditions|| 
satisfied by the wave function, this is not the case; it may in fact 
be shown from (35) thatff 


r m d^E 


(37) 


We call this theorem the ‘modified/-sum rule’. 

This result should be compared with (16); if in equation (34) we 
make v -> 0, we obtain 

= eJFf^t/m, 

which is just the result (16) obtained for steady fields. 

We may therefore sum up the results of this paragraph as follows: 
the current due to a single electron in the field of a lattice is the same 
as that which would be produced by a free electron of effective mass 
independent of frequency, together with a series of oscillators of 
natural frequency and oscillator strength/^. 

We note from (35) and (36) that 

/+ Ifn = h (38) 

which is the form taken by the sum rule for the electrons in a metal. 
It follows that, if the frequency v of the incident light is large com¬ 
pared with the frequencies of all transitions for which /^ is not 
small, the current is 

= e^FQsin2iTvt/27rmv. 


t Zeits.f. Phys. 33 (1925), 408. 
t Ibid. 34 (1925), 510. 

li The wave function in an atom tends to zero at infinity, but that in a crystal 
lattice remains finite. 

tt This seems first to have been proved by Bethe, Hanclh, d. Phys, 24/2 (1933), 
378. An alternative proof has been given by Wilson, loc. cit., Appendix. 
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In other words, for high frequencies, the electron behaves as though 
it were free. 

To obtain the current in a metal, we must sum (34) over all the 
electrons. The term in /, independent of frequency, has already 
been discussed. For frequency v the corresponding current will be 
iVt,ffFoe%in 277r^/27rmr, where is defined by equation (21). 

The oscillators (30) may be treated as follows: the metal behaves 
as though it contained a series of oscillators of frequencies lying 
between two limits i/g; for unit volume of metal the strength of 
such oscillators having frequencies in the range dv^ is (for one¬ 
dimensional motion) 


7T dvjjdk Iwb 


(39) 


We may express this in terms of the absorption coefficient cr(r) by (31) 


dfn 


4m 




(40) 


a formula which is true also in three dimensions. Thus the total 
current in the metal is 


Jx 



The polarization F (^ 


P- 


[_ V . 1 

47r^mi/^ ' TT^ 


J vl-v^ J “ 


cos 27TVt. 


(41) 


7. Optical properties of metals; theory 

7.1. Definition of the optical constants. The optical constants n and 
k are defined by the form of a light wave in a medium, viz. for E or H 

(42) 

sin \ c / 

where oyflir is the frequency. The constant n is called the refractive 
index, and k the extinction coefficient.! The notation k -- nK is 
often used. If we use a complex form for the light wave in vacuo 

E == 

t Throughout §§ 7 ^nd 8, k denotes the extinction coefficient, and not the wave 
vector of an electron, as elsewhere in this book. 



100 MOTION OK ELKC'THONS IN AN APPLIED KIELD Chap. Ill, § 7 

then in tiie medium we have 

E = Eue''^l'-‘\ (43) 

where n — 

Wo shall refor to n dofiiied }>y (44) as iJu; 'complex refractive 
index’. 

The intensity of light retiected from th(‘ surface of a medium may 
be obtained in terms of and /•, by making use of the boundary con¬ 
ditions tliat the tangential com[)onents of PJ and II sliall be con¬ 
tinuous. The reflection coefficient is, for normal incidence, 


M 


{n 


(45) 


For obli(jU(‘ incidence the reader is referred to any text-book on 
optics. 


7.2. Method of calculation. A theoretical calculation of the optical 
constants of any isotroj)ic substance, whether conductor or insulator, 
consists of two parts. The atomic model assumed must first be used 
to calculate the current j that will be produced by a light wave of 
frecjuency This current will not in general be in phases with the 

electric vector of the light; if we write li — A\)Sinct>^, the current 
will have tlui form 


j ~ PIi){A cosa>/-f yisiuco^). 


Th(' rate of loss of (mergy Ej is proportional to li, since th(^ term in 
coHca^ is 90 ' out of [)hase with E. Jn a transparent medium B will 
vanish, and the term dcosco^ represents the current due to the 
polarizaiion of the constituent atoms. 

In this chapter we shall use the complex form 

E :=r. (46) 

and shall obtain from our atomic model a relation between the current 

and the field of the type ip /. 

J = apj, (47) 

where a is a complex function of the frequency.f 
We shall also define the polarization F by 

dPjdt = j, ( 48 ) 

where the constant of integration is chosen so that the time average 
of P is zero. When a i.s found, we must use Maxwell’s equations to 


t Only for w 0 is ot equal to the conductivity. 
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derive n and k. Maxwell’s equations for an i.sotroi)ic body contain¬ 
ing no space charge are 

(IF 

ccurl//= +477y, (49 a) 


ccurl K 


(in 
(It ’ 


(49 b) 


div K -- 0, (49 c) 

div//“~0. (49d) 

The values of the field vectors occurring in these (‘(piations denot(‘ 
the average values of K and 11 taken over a voliniK^ large compared 
with atomic dimensions but small compared with the wave-length 
of light. This form of the theory cannot tlierefore be used for 
radiation of wave-length comparable with atomic dimensions. 

It will be noticed that in e({uation (49a) the electric intensity K. 
and not the displacement I), is used. This is because the ])olarization 
of the medium is already included in tiie expression j lor the current. 
One may write instead of (49 a) 


c curl H 


(ID (IE , ^ (II\ 
(It (It (It ’ 


(49e) 


by virtue of (48), equations (49a) and (49e) arc identical. If we 
write P/E A, ecpiation (49e) may be written 

(IE 

ccurl// (1-j 477.4) . (4*0) 


Those equations are thus the usual Maxw(*ll equations for a 
medium with dielcetric constant 1 4 477.4. tlu^ only new point b(‘ing 
that A is complex; we obtain at oiute, if the light wave has the 


form (4fi), 




1 477^ 


- l~\~4itPjE ~= 1 — 4Trjj{ajE. (59) 

The optical constants n and k may b(‘ d(‘due(‘d at once from (47). 

TIkj real ])art of namely 7 /-~will be referred to as the 
dielectric constant and denoted by ^(v). Th(‘ imaginary part, 'link, 
is related to tlu‘ rate of loss of energy. Th(‘ rate* of loss per unit 
volume is ,, 


which })y (50) naluees to 


vkvEE^, 


Hence 


vkv 


rate of Joss of (mergy 
s(juare of (*lectrie vvetov 
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nkv will therefore he called the ‘conductivity for frequency v\ and 
denoted by cr(v). 

The absorption coefficient (energy absorbed per unit thickness of 
material divided by the energy incident) is thus 

2nka)lc, 

7.3. Long wave-lengths; the Hagen-Rubens relation. For electro¬ 
magnetic waves of sufficiently long wave-length—in practice greater 
than 10~^ cm.—one may assume that the current is almost in phase 
with the electric vector. Equation (47) then becomes 

( 52 ) 

where oq is the conductivity measured for static fields. This leads, 
by (50), to n^-lc^-\-2inh = =--- 1+4M(To/aj, 

and hence, with 2w ^ cu, 

nk = cTo/r. (53) 

As we shall see below, Gq/v ^ 1 for the wave-lengths for which the 
approximation of this section is valid, and hence, approximately, 

n=k — ^Jiao/v). (54) 

From (45) we see that the reflecting power is 

l-~2V(v/ao) (55) 

and from (42) that the intensity of the radiation (which is propor¬ 
tional to E^) falls off as where 

1/Xq “ 4:Trkvjc ~ 47r-^(o’ov)/c. (56) 

The formula (55) for the reflecting power is known as the Hagen- 
Rubens relation, and has been compared with experiment^ for infra¬ 
red radiation and for various metals and temjjeratures. The formula 
is in general in fair agreement with experiment for 

A ^ 10^ {Ijx ™ 10“^ cm.). 

This fact will be discussed further below (§ 8.3). For short wave¬ 
lengths, on the other hand, the fonnulae (54) and (55) are not even 
approximately in agreement with experiment. The reason for this 
is the non-validity of the assumption (52). The current j will be in 
[)hase with the electric field, as there assumed, only if the time of 

t Hagen and Rubens, Ann. d. Physik, 11 (1903), 873. Cf. also Schaefer and 
Matossi, Das UUmrote Spectrum, Berlin (1930). 
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relaxationf of the electron is small compared with the period 27rjv of 
the light, so that, during the time taken by an electron to traverse 
its mean free path, the field may be taken as constant. If this is not 
so, the current will be out of phase with the field, and this is the case 
which we must now consider. 


7.4. Short wave-lengths; formula of Zener, It is instructive to 
consider the opposite extreme to the case treated in the preceding 
section, namely, an ideal metal in which the mean free path and time 
of relaxation are infinite, so that there is no possibility of absorp> 
tion of energy from the electrons by the metal. The calculations of 
this section are based on the classical theory; but it will easily be seen 
from § 3 that the results follow also from quantum mechanics, pro¬ 
vided the influence of the periodic field of the crystal lattice on the 
motion of the electrons may be neglected. 

We consider a plane polarized light wave, and denote its electric 
vector by ^ 

If X is the coordinate of the electron parallel to E, we have for the 
equation of motion of the electron^ 

== eE ^ (57) 


By integrating this equation we obtain 

X — —eEjmco^y 

and since the polarization P is equal to eNx, where N is the number 
of electrons per unit volume, 

P__Ne^ 

E moj^ 


By (50), therefore, we have for the coinplex refractive index n 

47rP , A:TTNe^ 




1 


E 


1 - 




(58) 


The behaviour of the metal depends on whetlier the quantity 
inNe^/mo}'^ is greater or less than unity. In the latter case (short 
wave-lengths) the refractive index is real but less than unity. The 
metal is therefore transparent to normally incident light, but a 


t Tho tiiae of relaxation twice the mean fi'ee path clivi^led by the mean velocity 
(of. Chap. VII, § 2). 

X This assumes that the force on an electron is E and not E cf. p. 116. 
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critical angle of incidence exists beyond which total reflection at the 
metal surface takes place. 

If 47riVe-/ma>2 is greater than unity (long wave-lengths), n is 
imaginary, and total reflection takes place at tlie surface for all 
angles of incidence. 

The effect of introducing a finite mean free path or damping 
coefficient is as follows: the electrons vibrate freely for a finite time 
only, and then give up their energy to the lattice vibrations. For 
4r7rNe^jmco^ greater than unity, therefore, tlie reflecting power becomes 
slightly less than unity, since some energy is absorbed in the surface 
layer; for ^'irNe^jynix)'^ less than unity, the wave in th(^ metal is 


Eledn'c vector atr 

metal 


\ f\ ?\ r\ r 


fa) 

V v v V 

wmm 


_ (b) 


Fio. 45. p]lcetric vector of light wave incident on a metal. 

(a) 47TNe-/mtu- > I. {b) < 1. 

damped, so that the metal is opaque, except for relatively thin films. 
The behaviour of the metal in the two castes is illustrated in Fig. 45. 

R. W. Woodf has found that the alkalis become transparent in 
the ultra-violet, and ZenerJ has pointed out that this simple model 
is adequate to give, approximately, the wave-length at which the 
transparency begins, by means of the formula 

4t7TNjrnu)^ — 1, Aq ^ 27rc/6t>o, 
as the following table shows: 


Wave-length A^ in A. U, 


Alcfal 

I \ 

Hb 1 

K 

N<t 

Li 

Aft ubftcrved 

4,400 

3,000 

,3,150 

2,100 

i.O.'iO 

Ao calculat<!d 

3,600 

3,200 

2,900 

2,100 



This phenomenon is discussed further in § 8.4. 

7.5. Intermediate vnve-lengths. We shall now show in greater 
detail how to take account of the resistance (non-infinite mean free 
path), and hence of tlie absorption of energy by the medium. So 


f Phtfs, Jiev, 44 (1933), 353. 


Nature, 132 (1933), 968. 
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long avS there is no photoelectric absorption, we may assume that the 
loss of energy is f)roportionaI to the scpiare of the current: 
rate of loss of energy ])er unit volume 1 
(current )2 a,,* 

c 7 q will at any rate be of the order of magnitude of the conductivity 
for steady currents; if the f)eriod of the electric vc^ctor is large com- 
pared with the time of relaxation, it is not clear that they will be 
exactly the same; we shall, however, assume this to be the case.f 
In order to see the modification introduced by (50) into the equa¬ 
tions of motion, wc consider equation (57), which may be written 

m <ij „ 

Ne^dt 


We have to introduce a damping term into this eipiation; the equa¬ 
tion will become 

m (jj ^ ^^—(lamiung term. 

Ne^ (It ^ ^ 


Multij)lying both sides by /, and taking a time average, we have, 
since the time average o\' jdjjdt is zero, 

Ej time average ofjx damping term. 


But the time average of Ej is the rate of loss of energy, and hence, 
by (59), we must take for our damping term J/a,); our new equation 
becomes therefore 


dj 

dt 



( 60 ) 


From (60) wc may obtain the current j and polarization P\ we 
have, if E, j, P have the time factor 


— ia> -|“ 


Ne?\ . Ne^ 


mu. 




m 




whence 


• 10 ) 




We introduce the notation 


T == muJNe^ (62) 

so that T denotes the time of relaxationX (twice time between colli¬ 
sions). Hence, from (61), making use of the relation 

02 = 1-f 47rP/jS, 


t Cf. Fujioka, Zeits.f. Phf/a. 76 (1932), 537. 


{ Cf. Chap. VII, § 1. 



112 MOTION OF ELECTRONS IN AN APPLIED FIELD Chap. Ill, § 7 
we have 


n^—lc^ z=. 1 


2nk 


4LTrNe^ I 
m 

47riVe^ 1 

m COT \ 


^co2 + 
( 

co^-j- 


.4)-- J 


(63) 


The formulae (03) arc the classical formulae for the optical constants 
which we require, expressed in terms of the frequency co/27r and the 



FrcJ. 40. Hofloctiiig power orphitiiiuin in the infrii-rr'd. 

I. CJalculated from (63) and (4.5) (exact elas.sieal fonniilao). 

II. Calculated from the Hagoii-Hubens relation (r),5). 

For Oq the observed conductivity at room temperature has been taken. 


time of relaxation r. Expressed in terms of the wave-length, they 
become 

. 

where ^ c^TTnijNe^, A^ ~ 27tct. The two functions of A arc illustrated 
in Fig. 47. 

If l/cu > T, i.e. if the period of the light is large compared with the 
time of relaxation, then from (63) 

nk = ajv and n^-~k!^ nk. 

Tliese are the conditions for the validity of the Hagen-Kubens rela¬ 
tions. Therefore the formulae (63) tend to those obtained in § 7.3 for 
sufficiently long wave-length, as we should expect. The reflecting 
power of a solid, calculated from the formulae (63), in the transition 
region where l/co ^ r, is shown in Fig. 46. 

If, on the other hand, 1/co<t, the formulae become similar to 




1 


2 A 1 

a: iTTa/a.)*’ 


(64) 
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those of § 7.4, which were obtained by neglecting the damping. In 
this case we have approximately 

2nk --= 47TNe^lmaj^r. ) 

With the above definition of A^, 

n2-P ^ 1 -(A/Ao)2. 




Fig. 47. Thoor(*ti(;al values <)f the optical 
constants according to the classieal th(‘ory, 
with (lifTen^nt valutas of tlio (luinj>in^ con¬ 
stant -- 27rnicr,)C/AY'“ shown in units (jf 
10“^ cm. 

(a) Mc^rciiry: 9-5x10“* atoms pc-r ( in.® 
The observed n^sistivity of 94.10 ® ohms 
at O’’ C. corresi)orids to A,. ^ 1 /x. 

(b) Caesium: 0-86 X 10** atoms pc-r cm.® 
The observcMl resistivity of 20.10 " ohms 
corresponds to A,. - 40^. 


Xq is the wave-length for which the ‘ideal’ metal (Fig. 45) becomes 
transparent. For good conductors the wave-length A,., for vdtich oj ™ l/r, 
lies in the far infra-red (cf. p. 119). Therefore in the visible region 
formulae (65) are a good approximation. 

Note that from (65) the ‘conductivity for frequency v\ ct(v), defined 
on p. 101, is given by 


(j(v) = nkv ™ 


1 pe2\2 1 
47r^\ m I ctqV^' 


so that for short wave-lengths ct(i') is inversely proportional to the con¬ 
ductivity (Tq for steady currents for a given number of free electrons. 

In Fig. 47 we show nk and n^—k^, calculated from formulae (63), 
plotted against the wave-length, for two values of iY, those for 
Hg and for Cs, and for various values of the resistance 1/ctq. 

3596.17 Q 
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In Fig. 48 we show the reflecting power of a metal from formulae 
(45), (65), in the short wave-length region, plotted against A/Aq; we 
show also some experimental points for potassium,! fitted with Xq 
put equal to 3,300 A.U. 



Fia. 48. Reflecting power of a metal calculated on the classical theory. 
I. = 00 (resistance zero). 

II. XolK = 0*01. 

III. XoIXr ^ 0-025. 

IV. AoAr =-■ 0*05. 

The crosses show the observed reflecting power for solid potassium, 
with Ao — 0-33/i. 


The observed resistivity of potassium for steady currents gives 
Ao/Ar — 0*003; the results thus indicate that the absorption in the sur¬ 
face layer is much greater than can be accounted for by the resistance. 

7.6. Corrections due to the periodic field of the lattice. The formulae 
(63) and (64) are vahd in the quantum theory as in the classical 
theory so long as it is assumed that the lattice field acting on an 
electron is zero (approximation of Chap. II, § 3). We have seen, 
however, that, in the actual periodic field in a crystal, the accelera¬ 
tion of an electron under the action of an external field is different 
from, and usually smaller than, the acceleration of a perfectly free 
electron. Therefore, for the quantity N (number of electrons per 


t Frehafer, Phys. Rev. 15 (1920), 110. 




Chap. Ill, §7 OPTICAL PROPERTIES OF METALS; THEORY 116 
unit volume) occurring in (63), we must substitute the 'effective’ 
number of free electrons, as shown in §§'5 and 6. We must thus write 
instead of — N r> 


where is the number of atoms per unit volume and n^fi the number 
introduced in § 4, being between 0*5 and 1 for monovalent metals, 
and about 0-2-0-4 for divalent metals. 

Secondly, energy may be transferred from the radiation to the 
metal by photoelectric absorption. This may occur at the surface 
of the metal for any wave-length (though for frequencies below the 
photoelectric threshold the electrons are not ejected). The surface 
absorption for clean surfaces is, however, small (less than 1 per cent, 
of the incident light). It may also be much more strongly absorbed 
(up to 97 per cent.) in the body of the metal, either by ejecting an 
electron from a closed shell (e.g. the d shell in Cu) to the surface of 
the Fermi distribution, or by causing a conduction electron to jump 
from one zone to another, as discussed in § 5. In neither case can a 
quantum of radiation be absorbed for frequencies less than a certain 
critical frequency, v^. We shall therefore expect, for decreasing wave¬ 
length, a sudden increase in the absorption coefficient nk. 

Thirdly, to the polarization P of the conduction electrons one must 
also add the polarization of the atomic cores; this will add a term 
(^~l)core ^he expression for the dielectric constant; further, as 
we have seen in § 6, an electron in a crystal lattice under the 
influence of a light wave behaves like a series of oscillators with 
frequencies and we have shown (equation (41)) how to find 

the polarization due to these. We call the contribution to the 
dielectric constant from these oscillators (e—l)ph. We thus have 
finally instead of (65) 


The last two terms, however, tend to constant values as co -> 0, and 
will therefore be unimportant for long wave-lengths. 

For high frequencies (considerably higher than those of the absorp¬ 
tion band) we obtain, however, from the considerations of p. 104 
the classical formula (65), where N is the actual number of electrons 
outside a closed shell. 

We must mention finally the question as to whether it is correct 
to assume that the force on an electron is E ^ as in the 
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preceding sections, or whether a Lorentz-Lorenz correction must be 
introduced, giving a force 

The question is one of some difficulty, and has been discussed by 
several authors;t we quote A. H. Wil^6n in stating that such a correc¬ 
tion is inconsistent with the approximations used in deriving the 
one-electron wave function used here, and is automatically excluded 
by our assumptions. 

8. Comparison with experiment 

S.l. Experimental methods. Information about the optical con¬ 
stants of metals can be obtained by polarimetric methods, polarized 
light being reflected from a polislied metal surface4 or by transmis¬ 
sion methods. A very large number of metals have been investigated 
by the polarimetric method;|| the results obtained by different 
observers differ widely and depend largely on the method adopted 
of polishing the specimen. This is not surprising, since various 
workers have shown that a polished layer is either amorphoustf or 
consists of very small crystals, and the layer may be as thick as 
500 A.IJ., which is of the order of the distance to which the light 
penetrates. Therefore, the measured optical constants for a heavily 
polished layer refer to metal in the amorphous rather than the 
crystalline state. Recent work by Lowery and his co-workersJJ has 
been directed to obtaining a polished layer of thickness much smaller 

t Kronig and Grocnowold, Phymca, 1 (1934), 255; Darwin, Proc. Roy. Soc. A, 146 
(1934), 13; Wilson, loc. eit. 

t For an art*oiint of tho methods of dotermining n and ky soe any text-book on 
pliysical optics, o.g. Wood, Phynical O'pticSy 3rd od., p. 542, London (1934). 

II Cf. International Critical Tables or Landolt-Bonistein’s Tabellen. 

ft Tho hypothcjsis is duo to Boiiby, Aggregation and Flow in Solids (1921), who 
obscrvcrl through a microscope the con 80 (Mitivo changes occurring when a metal is 
polishi'd. Electron diffraction (‘xperimciits by French (Proc. Roy. Soc. A, 140 (1933), 
637), Darbyshiro and Dixit (Phil. Mag. 16 (1933), 961), Kaother (Zeits. f. Phya. 86 
(1933), H2), and by Finch, Quarndl, and Roebuck (Proc. Roy. Soc. A, 145 (1934), 676 ) 
have shown that the surface layer is either amorphous or made up of exceedingly 
small crystals. A discussion of tho experimental evidence is given by Thomson 
(Phil. Mag. 18 (1934), 140). Hopkins and Lees {Trans. Far. Soc. 31 (1935), 1095) 
have investigated tho depth of tho layer. They find that it varies widely with 
different methods of polishing; the truly amorphous layer has a depth of from 
10“50 A. U., while down to 150-500 A. U. the surface layer consists of much smaller 
crystals than for the unpolished metal. Cf. also a report by Bates (Science Progress^ 
30 (1935), 87). 

tt Phil. Mag. 13 (1932), 935; 20 (1935), 390. 
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than 500 A.U., so that the optical constants shall be determined 
mainly by crystalline metal. The very striking results obtainable are 
illustrated in Fig. 49, which shows the absorption coefficient nk of 
copper as measured by Minorf and by ToolJ with heavily polished 
surface, and by Lowery. It appears from these results that the 



Fig. 49. Absorption coefficient nk for copper and silver. 


(Jopper 


• Minor. 

:< Tool. 

O Lowery, Bor, and Wilkinson,H using lightly 
polished surface. 


crystalline metal absorbs less strongly than the amorphous, polished 
layer, a conclusion which will be referred to below. 

We may say, therefore, that it is probably hopeless to try to 
account for the actual numerical values of n and k in terms of any 
atomic model, but that ‘bumps’ in the curves in which nk, n^—k^ are 
plotted against wave-length are likely to have theoretical significance. 
One might also expect n^—k^, which depends on the effective number 
of free electrons, to be less sensitive to the method of polishing than 
nk, which depends on the absorption. 

In transmission experiments, from which k can be determined, the 
chief difficulty is to obtain a film of uniform thickness. Important 
results have, however, been obtained by Woodft for the alkali metals, 
for which at a critical wave-length there is a sudden change of k, 
8.2. Internal photoelectric absorption. We have seen that, accord¬ 
ing to the theory of § 5, all metals should have an absorption band 

t Ann. d. Pkymk, 10 (1903), 581. t Phyx. Uev. 31 (1910), 1. 

II Phil. Mag. 20 (1935), 390. tt Cf- § 7.4. 
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due to internal photoelectric absorption. An absorption band gives 
rise to large values of nk. 

For the alkalis nk is very- small in the visible and ultra-violet; 
the absorption band has not been observed, and is probably in the 
infra-red.t 

For copper, silver and gold the absorption band appears to start 
at the following wave-lengths rf 


Metal 

Cu i 

Ag 

Au 

Wave-length (A. U.) 

5,750 


3,100 1 

^ 5,000 

Energy (in o.v.) . 

! 2*1 j 


4-0 

2-5 


The absorption band may either be due to ejection of the 3d, 4d, or 5d 
electrons—i.e. to the same mechanism as X-ray absorption—or 



Fig. .50. Aljsorption coefficient nk for various metals, from 
^ Meier, Ann. d. Physik, 31 (1910), 1017. 


to the transition of an s electron (conduction electron) to a higher 
zone.II We think that probably in Ag the latter process is responsible 
for the absorption edge at 3,100 A. U., because, for this always 
monovalent element, it is unlikely that so small an energy as 4 e.v. 
is sufficient to ionize the d shell. For Cu the edge at 5,750 A. U. may 
be due to ionization of the d shell, and the bump at 3,000 A.U. 
(cf. Fig. 49) to the conduction (45) electron. 

Fig, 50 shows nk for a number of metals. Divalent metals (e.g. Zn) 
appear to have an absorption band in the infra-red; the reason is 

t and also the calculations roferrod to in Chap. II, § 4.5. 

:j: Muior, Ann. d. P/iysik, 31 (lUlO), 1017. 


II Cf. § 5. 
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not at present clear, but may be connected with the occupation of 
higher zones. 

The transition metals Ni, Pd, Pt also have absorption bands in 
the infra-red, as Fig. 50 shows, the high value of nk being too grcMt 
to be accounted for by the same mechanism as electrical resistance. 
The discussion of these metals in Chap. VI, § 5 shows that the work 
required to remove an electron from a state in the d band to an 
empty state in the s band is very small, and we believe the absorp¬ 
tion band to be due to such transitions. The electrons in the s band 
should give an absorption spectrum similar to that of a noble metal, 
and it is possible that the secondary maximum at 3,000 A. U. shown 
in Fig. 50 for Ni may be due to this cause. 

Colour of metals. The red colours of copper and gold are thus due 
to the absorption bands, which cause the reflection coefficient to 
fall as the wave-length decreases. In silver, the absorption does not 
begin until the ultra-violet, and in the alkalis also there is no absorp¬ 
tion band in the visible. In the transition metals and divalent 
metals, absorption begins in the infra-red and is fairly uniform in the 
visible. It seems that one does not get a range of the visible spectrum 
with no photoelectric absorption unless only the first Brillouin zone 
is occupied, which is probably the reason why the a- and ^-brasses 
are red or yellowf and y-brass colourless (cf. Chap. V, §§ 2.5, 2.G). 

8.3. Absorption for long wa^je-lengths. 

(a) Far infra-red; the Hagen-Rubens relation. As shown in § 7,3, 
the condition for the validity of the Hagen-Rubens formula for the 
reflecting power is that the period of the light, or more exactly 
1/277V, shall be long compared with the time of relaxation r. The 
critical wave-length = 27rCT, beyond which the Hagen-Rubens 
relation should be valid, calculated from the observed electric resis¬ 
tance at room temperature for steady fields from the classical 
formula (1) of Chap. VII, has the following approximate values: 

100^ = cm. noble metals and alkalis at 0° C. 

= 7 p, platinum at 0° C. 

— 1*5/1 platinum at 1,000° C., 

t a-braes (Cu~Zn) is more yellow than Cu, which means that the absorption band 
is farther towards the blue end of the spectrum. If the absorption band is due to 
the ejection of a 3d electron from copper, then in brass the energy required for the 
traiiisition should bo greater than for pure copper, because -Einax* 
lowest imoccupied state, will increase with the mean number of electrons per atom 
(cf. Chap. V, § 3). 
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and in quantum mechanics these should give at least the right orders 
of magnitude. 

Now Hagen and Rubensf have shown that, for radiation of wave¬ 
length 12/X and the metals copper, silver, and gold, equation (55) is 
in agreement with experiment for the reflecting power to within 
30 per cent, of In view of the large time of relaxation and 

consequent large value of for these good conductors, this fact is 
difflcult to interpret. 

For the poor conductors, platinum, nickel, steel, the agreement 
between theory and experiment is better, to within 10 per cent.; for 
platinum, also, Hagen and Rubens have deduced 1 —i? from the 
emissivity. between the temperatures 635° and 1,455° C., and have 
found agreement with the theoretical formula for 6^*and 4/x but not 
for 2/Lt, using always for Gq in formula (55) the observed electrical 
conductivity at these temperatures. We must deduce from these 
measurements that the electrical resistance of the surface layers of 
these poor conductors is not much greater than for the metal in bulk. 

(b) Near infra-red and visible. For copper, silver, and gold in the 
red and near infra-red and for silver in the visible, there appear to 
be no absorption bands of the type discussed in § 5. There is, how¬ 
ever, considerable absorption (cf. Fig. 49), and the observed electrical 
conductivity for steady fields is too small by a factor of about ten 
to account for itj using formulae (63). We believe that this high 
absorbing power is due to the fact that the surface layer is amorphous. 
This conclusion is strengthened by the large decrease in the absorp¬ 
tion which can be obtained by preparing a thin polished layer 
(Fig. 49). The high absorption may be due to a large ‘Restwider- 
stand’ in the surface layer, or more probably to surface photoeleOtric 
absorption at the boundaries between the small crystals of the 
polished layer. 

Further evidence for the hypothesis that the thermal resistance 
is not to any large extent responsible for the absorption in the 
visible is afforded by the fact that the optical constants are in general 
almost independent of temperature.|| 

f Loc. cit. For nickel near the Curie point see also Lowe, Ann. d. Phyeiky 5 
(1936) 213. 

X For actual values, cf. Meier, loc. cit., for the visible region, and Kronig, loc. cit,, 
for the near infra-red, who uses the experimental results of Forsterling and 
Fr6edericksz, Ann, d, Physik, 40 (1913), 201. 

II de Selincourt, Proc, Hoy. Soc. Ay 107 (1925), 247, however, finds that the reflect¬ 
ing power of silver near the minimum at 3,100 A. U. increases with temperature. 
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8.4. Dispersion. It is essential to remember that, for good con¬ 
ductors, the time of relaxation r is Jong compared with the period 
(l/a> = l/27ri/) of light in the visible part of the spectrum. Thus the 
wave-length given by the equation 

~ 27rCT 

is 60/X for Na, 140/x for Ag, 7*2/x for Pt, 0*75jL6 for Hg (liquid), while 
the visible spectrum ends at 0*72/x. Thus, cxcej)t for bad conductors 
like mercury, one may use formulae (65) for the optical constants, 
so that n^—k^ is independent of the mean free path and depends only 
on the position of the absorption band and on the value of the 
critical wave-length Xq (p. 110), at which, for an idt?al metal with 
infinite mean free path, changes sign. 

We first note that if the low-fre((uency limit of the absorption 
band is sufficiently high, or if the absorption band is weak, the 
optical constants may be used to determine the effective number 
of free electrons per unit volume. Kquation (65) or Fig. 47 shows 
that, for A > Ao, = 

in this region, therefore, we have approximately from (65) 

k ^ A/Ao 

for long wave-lengths. If therefore k/X plotted against the wave¬ 
length tends to a constant value for long wave-lengths, we may deduce 

A Aq c V nm 

For copper, silver, and gold, where the low-frequency limit of the 
absorption band lies in the visible, Aq and hence may be deter¬ 
mined in this way from the polarimetric determinations of Forsterling 
and Fr4edericksz;t this has been done by Kronig,J who deduces the 
following values for 

Effective riumber of free electrons n^^Q per atom, frenn j^olarimetric 

measure'ments 

Cu Ag Au 

0*37|| 0*89 0*73. 

t Ann. der Physik, 40 (1913), 201. 

X Loc. cit. Of. alHo Sommorfeld and Bethc, p. 583. 

II Tlie low value for copp<?r is interesting; Dr. Lowery has informed tis tliat k is 
less sensitive to the method of polishing than nk; we may Ihus ti(!due<‘ that Ihe 
effective number of free electrons is actually considerably smaller for crystalline <*opper 
than for silver and gold (of. Appendix I). 

3595.17 n 
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For the alkali metals, as already pointed out, the high reflection 
coefflcieiit and small value of h suggest that the absorption band lies 
in the infra-red and is weak in the visible. No experiments have 
been carried out in the infra-red. The polarimetric determinations 
in the visible are somewhat uncertain; from the values for the visible 
given in the International Critical Tables, we deducef the following 
valutjs of 

Element Na K 

Tiefl 0-87 0-75. 

Estimations of the optical constants can also be made from the 
opacity and reflection coefficient for frequencies in the neighbourhood 
of Xq. As we have already seen (Fig. 48), for a metal in which there 
is no photoelectric absorption, there is a rapid change at A = Aq in 
the extinction and reflection coefficients. To estimate Aq, we must, 
however, estimate the contribution to the polarization from the 
atomic cores. This may be deduced from the known polarizability 
of the cores: viz. J 

jLi+ Na+ K+ Rb+ Cs+ Ag^ 

= 0-017 0*058 0*14 0*195 0*2G 1*3. 

E 

We have, therefore, e.g. for potassium, the following equation for the 
wave-length Aq for which changes sign 

l*14-~A^^^e2A2/7n?ic2 = 0. 

With R. W. Wood’s values for A^ (p. 110) we obtain 

Li Na K Rb Cs 

0*55 1*1 0*97 0*94 0*85. 

A determination of for any other metal by this method is not 
possible, because, owing to the strong absorption bands, the disper¬ 
sion for frequencies near to vq does not follow the simple formula (65). 

At the wave-length Aq -- at which an alkali metal becomes 
transparent its reflection coefficient drops also. This drop in the 
rettt^cticni coefficient was shown first by Frehafer,|| whose experi¬ 
mental points for potassium are shown in Fig. 48. 

t Mott and Zener, iVor, Camfj. Phil. Hoc. 30 (1934), 249. 

i CT. Van Vleck, KUctric and Magnetic Hwtcepiibilities, p. 225, Oxford (1932). The 

, . . 47r inoiiient per gram atom , , , „ 

quantity plotted there is k --- - ---; to obtain ArrPjh we have 

3 ih 

multiplied k by 3 X deneity/atomic wt. 

II Vhye. Hev. 15 (1920), 110. 
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For Cu, Ag, and Au, in order to discuss the dispersion in the optical 
region, we must take account of the anomalous dispersion. We shall 
give here a discussion of silver; copper and gold could be treated in 
the same way, but the available experimental evidence does not make 
it worth while. 

Tlie polarizability of the cores isf 

(€~l)core-^ 1*3 (67) 

and we shall assume this to be independent of wave-length. For the 
anomalous dispersion corresponding to the absorption band, we may 
use formula (41), which gives the dispersion in terms of the absorp¬ 
tion. Denoting by {nk)^^ that part of nk which is due to photoelectric 
absorption we have from (41), for frequency v, 

(c-lU = (68) 

nk being taken as a function of v\ We then have for the total dis¬ 
persion 

c-l = n^-k^-1 =- (69) 

In Fig. 51 we show, for silver: 

I. The experimental dielectric constant n^~~k-. 

II. The dielectric constant calculated for perfectly free electrons 
with = 0-87. 

III. The difference, (e—I)core+(€“l)ph* 

IV. The theoretical value of this quantity, calculated from (67) 
and (68). 

In calculating (c—I)pi^ we took the experimental values of (nk)^^^ 
shown in Fig. 49; it is quite easy to separate approximately the part 
due to the absorption band from that due to other causes. For 
wave-lengths less than 0*24/x a rough extrapolation of nk was made. 

The well-known minimum in the reflection coefficient^ and maxi¬ 
mum in the transparency of silver|| is thus explained as follows:ft 
For long wave-lengths n^~k^ is negative, and the extinction coeffi¬ 
cient is large, though the absorption coefficient is small. At a certain 
wave-length n^—k^ changes sign, and the distance that the light can 
penetrate is determined by the absorption (cf. Fig. 45 (6)), as in Wood’s 

t Van Vleck, loc. cit., p. 225. 
t de Selincourt, Proc. Boy, Soc, A, 107 (1925), 247. 

II Smakula, ZeiU.f. Phys. 86 (1933), 185; Frohlich, ibid. 81 (1933), 297. 
tt Kronig, Jf^aturwiss, 21 (1934), 11. 
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experiments on the alkalis. At a slightly shorter wave-length photo¬ 
electric absorption sets in, and the reflection and extinction coeffi¬ 
cients increase. The fact that the two wave-lengths are so close 
together must be a consequence of the particular form of the periodic 
field, and does not occur for any other metal. 



Fig. 51. Dielectric eoiiBtant of silver. 

1. — observed by Meier {A^m. d. Phi/sik^ 31 (1910), 1017). 

II. - {n^~k'^) calculated for free electrons with 0’87 electron per atom. 

HI. The difference between I and TI. 

IV. The theoretical value of this quantity calculated from (67) and (68). 

The horizontal dotted line gives the contribution from the cores, given by (67). 

8.5. Liquid metals. The optical constants of mercury have been 
determined^by Meierf between 3,200 and 0,200 A.U., and of liquid 
bismuth, lead, cadmium, and tin betwt^en 5,790 and 4,040 A.U. by 
Kent. J As both authors have pointed out, the results obtained agree 
with the classical formulae (03), (04), using the following values of 
the parameters (effective number of free electrons per atom) 
and I/ctq (resistivity): 


Metal 

Bi 

Pb 

Cd 

Sn 

Hg 

fiett *..... 

5*1 

51 

24 

41 

21 

J/ctq (niicrohms/cm.) 

128 

94 

33-4 

54 

87-3 

Resistivi ty, observed (microhms/cm.) 

134 1 

98 

34 

52 

94 


■f Loc. cit. 


t nys. Rev. 14 (1919), 459. 
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In the last row we give also the observed resistivity for steady fields. 
The agreement, both between (observed) and the number of 
electrons in the outermost shell of the atom, and between and 
the observed resistivity, is remarkable. 

In view of the considerations of Chap. VII, § 10, we believe that 
the effective number of electrons in the liquid state is about the 
same as in the solid state (except for Bi and Hg) and hence less than 
one per atom. The large values of obtained seem to us to show, 
therefore, that the energy hv of a quantum of visible light is much 
greater than the energy gap separating the Brillouin zones; under 
these conditions, as we saw on p. 104, we obtain for the actvxil 
number of free electrons. 

Experiments to show whether the optical constants are different 
in the liquid and solid states have not been carried out; if our explana¬ 
tion is correct, the same value of should be obtained in both states, 
since the energy gap is not likely to be very different in the liquid 
and solid phases, in any case for close-packed metals. 

8.6. Optical constants of alloys. Very few reliable determinations 
exist. Recently Lowery, Bor, and Wilkinsonf have investigated the 
copper-nickel series of alloys, which form the cubic close-packed 
structure over the whole range. Certain of their results have been 
interpreted by Mott,:j: assuming that the absorption in nickel is due 
to the ejection of electrons from the 3d shell. It appears from the 
exj)erimental results that the energy required to eject an electron 
from a closed d shell containing ten electrons is less than from an 
incomplete d shell; both are present in nickel (cf. Chap. VI, § 5). 

9. X-ray emission and absorption 

The study of the emission and absorption of X-rays by metals 
provides some of the most direct evidence for the conclusions of 
Chapter II. In particular, we may obtain a direct proof that the 
energies of the conduction electrons lie in a range of values given 
approximately by the theoretical formulae, and also that the un¬ 
occupied and occupied states are divided into zones, as explained 
in Chap. II, § 4. We shall discuss first the emission of soft X-rays. 

9.1. Soft X-ray emission. When a metal is bombarded by electrons 
of sufficient energy, the K and L levels are ionized by collision. The 
radiation emitted when the conduction electrons make transitions 

t Phil. Mag. 20 (1935), 390. t Ibid. 22 (1936) (iti press). 
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to tlie empty K and L levels does not form a sharp line, but a band; 
for, although the K level is relatively sharp even in the lightest 
metal, lithium, the conduction electrons, as we have seen, have all 
energies between two limits. Thus the breadth (in energy units) of 
the X-ray emission band gives directly the breadth of the Fermi 
distribution—i.e. the range of energies of the conduction electrons. 



Fk;. r)2. Infonsity of X-ray omiKRion plotted against 
energy in volts (O’Bryan and Skinner). 


Since the breadth of Fermi distribution is, at most, about 15 volts, 
one must, in order to obtain a band of measurable breadth, use 
transitions to relatively high levels, giving soft X-rays of energies 
one or two hundreds of volts. Fig. 52 shows the X-ray K emission 
bands of lithium, beryllium, magnesium, and aluminium, measured 
by O’Bryan and Skinner.f The sharp cut-off on the high-energy side 
represents the ‘top’ of the Fermi distribution (Fig. 40(a)); it is due 
to the fact that the states with kinetic energy greater than 
empty. Magnesium is a divalent metal, and we know, therefore, that 
the conduction electrons lie in two zones (cf. § 1, and particularly 
Fig. 40). The kink in the emission band will obviously be connected 
with this fact. 

A detailed theory of the emission has been given by Jones, Mott, 
and Skinner. J The intensity I{E) of the emission band will be pro¬ 
portional to the product of N{E)y the density of states for corre¬ 
sponding energy of the conduction electrons, and the transition 
probability |>(£^), so that we have 

I{E)ocN(E)p(E). (70) 

t Phi/s. Rev. 45 (1934), 370. 


t Ibid. 378. 
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Consider now the behaviour at the low-energy limit of the emission 
band; we have N{E) ~ const.ViJ. The behaviour oip{E) depends on 
whether the final state is an 5 or ^ state. p(E) is proportional to the 
square of an integral of the type 

(71) 

where are the initial and final wave functions. is symmetrical 
about any nucleus of the lattice (cf. Fig. 30). Thus if the wave 
function ipf of the X-ray level is an s wave function, the integral 
vanishes, by symmetry; and it may be shown further that, as E 
increases, p(E) oc E. We thus have, for small E, 

I{E) = const. E^ (final state s) 

= const. E^ (final state p), (72) 

We note (Fig. 52) that for Li and Be K radiation, where the final 
state is an s state, that the tail at the low-energy end of the band 
seems more pronounced than for Mg Lm radiation, where the final 
state is a p state. This is in agreement with formula (72). 

We consider now the transition probability for the lowest state in 
the second Brillouin zone. As shown in Chap. II, § 4.4, there are two 
possibilities: the nodes of the wave function may either pass through 
the nuclei of the atoms, or mid-way between them (cf. Fig. 30). 
The experimental results for Be K and Mg Lm radiations suggest 
that the transition probability is small when the final state is **, 
large when it is p. This will be the case if the nodes pass mid-way 
between the atoms for both these metals (Fig. 30). 

The breadths of the bands for the metals investigated by O’Bryan 
and Skinner are in surprisingly good agreement with the simple 
Sommerfeld formula, Chap. II, equation (19), as the following table 
shows: 



Breadth of haiid {volts) 

Element 

Observed 

Calculated 

Li . . . 

4-2db0-6 

4-6t 

Be . 

13*5±2-5 

13-8 

Na . 

3-5±l 

3-2 

Mg . . . 

40±l-5 

7-2 

A1 . . . 

160i2 

120 

Si . . . 

19-2db2*5 

130 


t With the corrections introduced by Seitz (Chap. II, § 4.5) this becomes 3*5 e.v. 







128 MOTION OF ELECTRONS IN AN APPLIED FIELD Chap. Ill, § 9 
The numbers of electrons assumed in obtaining the theoretical values 
were: Li and Na, 1 ; Be and Mg, 2 ; Al, 3; Si, 4. 

Other measurements of soft X-ray emission bands have been made 
by Siegbahn and Magnusson, Zeits.f, Fhys. 87 (1934), 291; 88 (1934), 
559; 95 (1935), 133; 96 (1935), 1 ; by Brodi, Glocker, and Kiesig, 
ibid. 92 (1934), 27; and by Kiesig, ibid. 95 (1935), 555. Of especial 
theoretical interest are the K emission bands for diamond and 
graphite obtained by Siegbahn and Magnusson, ibid. 96 (1935), 10 ; 
the shapes of the bands are similar to that shown in Fig. 52 for Be, 
as one would expect for an insulator. The same authors (ibid. 87 
(1934), 309) have examined a band from AI 2 O 3 and compared it 
with that from pure Al. 

9.2. X-ray absorption. Coster and Veldkamp, and others, have 
observed a fine structure in the X-ray ab¬ 
sorption spectrum of metals, extending several 
hundreds of electron volts on the high- 
frequency side of the absorption edge (cf. 
Pig. 54). According to Kronig,t the reason 
for this is as follows: the X-rays are absorbed 
by electrons which make transitions from the 
deep-lying K and L levels to empty levels 
lying above the Fermi distribution. Now 
these levels are grouped into zones, just as 
are the filled levels responsible for the X-ray 
emission. Thus neither the density of states, 
N{Ji), nor the transition probability T;(j&), is 
a monotonic function of the energy. The 
absorption coefficient is proportional to the product of these two, 
and will therefore show a fine structure. 

Very near the absorption edge the fine structure will depend on 
the field within the crystal in a way that has not yet been investi¬ 
gated theoretically. At some distance (say greater than 50 electron 
volts) from the edge, however, it is possible to treat the electrons as 
nearly free (in the sense of Chap. II, § 4.2), and hence to ascribe a 
unique wave number to each state of the electron. The fine structure 
depends, then, essentially on the fact that, for certain wave numbers, 
the ejected electron suffers Bragg reflection from the lattice. This 

t Zeits.f. Phys. 70 (1931), 317; 75 (1932), 191. Cf. also Handb. d. Phys. 24/2 
(1933), 295. 


Emptylevels 

KfiUtd conduction 
: J leveb 


X-ray level 


Fig. 53. Illustrating the 
emission and absorption of 
X-rays in a metal. 
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has two consequences: firstly, for a given direction of the ejected 
electron, there will be ranges of energy which are forbidden, so 
that absorption cannot take place; secondly, the wave functions, 
for the critical wave-lengths, are standing waves, and we hav(i 
seen in the last section that the transition probabilities from 
X-ray levels may vanish in this casc\ 'I'he transition jirobabilities 
depend strongly on whether the initial state is an cs‘ or a p state?; 
one would expect a minimum for an s state to correspond to a 
maximum for a p state. 



Fig. 54. Fine structure of X-ray absorption e<lges (from Veldkainj), Vhijsica^ 2 
(1935), 25). 

(а) Liii edge of gold. 

(б) Li and Ln edges of tungsten. Note the maximum in the absorption next to 
the Xj! edge. No such maximum is observed near the Li edge. 

As a consequence of the theory of Kronig, therefore, it may be 
predicted: 

(а) that, except in the immediate neighbourhood of the absorption 
edge, the fine structure depends rather on the crystal structure than 
on the nature of the constituent atoms; 

(б) that the fine structure will depend on whether the initial X-ray 
level is an 5 or a p level. 

3595.17 Q 
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The experimental work, carried out for the most part in Groningen, 
has established the following points: 

(a) In monatomic gases there is no fine structure.f 

(b) In solids the general character of the fine structure depends 
on the lattice structure; it is thus similar for the body-centred cubic 
elements Cr, Fe, but the face-centred elements Cu and Ni show a 
different type of structure. Similarly, the crystals KCl, KBr, KI 
have their own type of structure, as do the y- and e-brasses. J 

(c) In substances showing the same fine structure, the distance 
between the absorption edge and a given maximum, measured in 

_lJ_I_ I _i - 

. 1 t I I i I 1 i 1 ^*^ 

_I_I_I_I_I_I-1-1—J 

^ Volts 400 300 200 100 0 

Fig. 55. Maxima (short vortical linos) and minima (long vertical 
linos) of the absorption coefficiont at tho Au— r^m and Cn —K edges, 
both taken with an Au-Cu alloy (from Coster and Voldkamp). 


energy, or frequency, units, is inversely proportional to the square of 
the lattice constant, as the theory leads one to expect.|| 

(d) A particularly convincing proof of the theory has been given 
by Coster and Veldkamp,tt who examined the K absorption edge of 
Cu and the Lm edge of Au, in an alloy (solid solution) containing 
50 atomic per cent, of Cu and 50 atomic per cent, of Au. They found 
that both edges showed a similar fine structure with the same 
distance between corresponding maxima, corresponding to the 
lattice constant of the composite Cu-Au crystal (cf. Fig. 55). On the 
other hand, the fine structure was displaced relatively to the main 
Ljii edge fn the gold, compared with the copper K absorption. This 
may be due to the fact that in one case we are dealing with absorption 
from an 5 level, and in the other case from a p level (see above). 

(e) It has been possible JJ to account quantitatively for the positions 
of the main maxima and minima for Cu (face-centred) and Fe (body- 

t Cf. Coster and van dor Tuuk, Zeits.f. Phys. 37 (1926), 367, for measurements in 
argon; Hanawalt, Phys. Rev. 37 (1931), 715, for measurements in Kr and Xe and in 
Zn and Hg vapours. 

X Smoluchowski, Zeits.J. Phys. 94 (1935), 775. 

11 Cf. the summaries by Kronig, Handb. d. Phys. 24/2 (1934), 295 ; Glocker, Natur- 
wiss. 20 (1932), 536; Hanawalt, J. Franklin Inst. 214 (1932), 569. For the original 
papers see for instance Coster and Veidkamp, Zeits.f. Phys. 74 (1932), 191, or ibid. 
82 (1933), 776; Physica, 2 (1935), 25, where references to earlier work are given. 

ft Zeits.J. Phys. 74 (1932), 206. Kronig, Zeits.J. Phys. 75 (1932), 191. 
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centred), by assuming that for every velocity v of the ejected electron 
for which perpendicular reflection from a set of crystal planes takes 
place, a minimum in the absorption occurs. For some ranges of 
energy there are a large number of such planes, and these produce 
the minima in the absorption coefficient. 

(/) For the transition metals W and Ta, Veldkampf has found a 
very strong absorption line close to the Lji and Lm edges, but not 
the Li (cf. Fig. 54). We know (Chap. VI, § 4) that there exists a 
band of unoccupied d states just above the highest occupied state, 
^nd that the density of states, N{E), in this band is abnormally 
large. The large density of states is connected with the high jiara- 
magnetism and low electrical conductivity of these metals. It is 
reasonable to suppose that the absorption line observed by Veldkamj) 
corresponds to transitions to these states, and that its non-occurrence 
for the Li edge is due to the fact that the initial level is an s level, so 
that the transition would be forbidden. 

The absorption line was not observed for Pt, perhaps because of 
the insufficient resolving power of the apparatus. 

The most recent results on the emission and absorption of ultra- 
soft X-rays are described by Skinner, Repart^s on Progress in Physics, 
5 (1938), 257. 


t Physica, 2 (1935), 25. 

Notes of recent developments. 

Recently Skinner and Johnston have investigated f.ho fine structure of 
absorption edges in Ihe region of ultra-soft X-rays (100-300 A.), thus obtaining 
a much higher resolving, power (~ 0-25 e.v.) than in the work at Groningen. 
Preliminary investigations {Nature, 137 (1936), 826) on the bj, edge of metallic 
magnesium show a pronounced variation in the absorption cooflicient within 
3 e.v, from the edge. 

p. 98. Darwin (Proc. Boy. Soc. A, 154 (1936), 61) has shown that experi¬ 
ments devised to .show the inertia of an electric current will always determine 
the actual mass of the electron rather than the effective mass. 

p. 103. The absorption of light by insulating crystals has recently been 
discussed by Frenkel {Phya. Zeita d. Nouyetunion, 9 (1936), 158). Frenkel 
shows that a line absorption is possible for insulators, though not for metals. 



IV 

COHESION 

1. Types of cohesion 

In this chapter we discuss the caJculation of the binding energy of a 
metal. The ])urpose of the calculation is to obtain the total energy 
of the metal, at the abvsolute zero of temperature, as a function of 
the atomic volume; one may thus deduce' the actual lattice constant 
(i.c. the one for which the energy is a minimum), the binding energy 
(heat of sublimation), and the compressibility. Some curves deduced 
from the experimental data are shown in Chajder I, Fig. 6. 

The cohesive forces in solids may be classified roughly as hetero- 
polar, homopolar, metallic, and van der Waals, though there is no 
shar2) distinction between the various types. Of these, heteropolar 
binding is mainly due to an electrostatic attraction between charged 
spherical ions; the alkali halides are a typical exam])le. The theory 
of such crystals has been worked out in'great detail by Bornf and 
his co>workers and will not be discussed further here. 


1.1. mn der Waals attraction. This is responsible for the cohesion 
of the rare gases in the solid state, and probably of most molecular 
lattices. The theory of the van der Waals attraction has been given 
by London.J The van der Waals attraction is due to the mutual 
polarization of the atoms; it is the only force between neutral un¬ 
excited atoms if their wave functions do not overlap. According 
to liOndon, the potential energy of a pair of atoms distant R apart is 

V(R)=^~-CIR\ ( 1 ) 

where C is"given by 


( 7 - 


3 




( 2 ) 


fokfok' 

and where Eq is the energy of the ground state, Ef. of the excited 
states, and/o^. fhe corresponding oscillator strengths.|| If V, are 


I Cf., for example, Born, Eryebn. exakt. Nahtrw, 10 (1931), 387, or Born and 
(jroppert-Mayer, Handh. d. Phys. 24/2 (1933). 

% Zeds. /. phys. Chem, B, 11 (1930) 222; Zeits, /. Phijs, 63 (1930), 245. Cf. also 
Polanyi and Crerner, Zeds./, phys. Chem. B, 14 (1931), 435; Handb. d. Radiologie, 
6 (1934). 

II CT., for example, Bethe, Handb. d. Phys. 24 (1933), 431. The oscillator strength 
i.s given by 



Chap. IV, §1 TYPES OF COHESION 133 

expressed in electron volts, R in A.U., the factor to the left of the 
2 is 17,600. 

In the case where one optical transition with frequency v has 
oscillator strength nearly unity, so that by the / sum rulef the others 
may be neglected, this becomes 

^ __ 3/c2^2\2 

4 \ m / (hv)‘^ 

— ^e^hpoL^y (3) 

where cx = e^l^irhnv- is the ])olarizability;|: of the atom. 

We see from these formulae that the van der Waals attraction will 
be large if the excitation potential of the atoms is small. 

London 11 has calculated the energy of face- and body-centred cubic 
lattices, where the atoms are held together by van der Waals forces. 
He finds that tlie energy in ergs per atom of such a lattice is 

W — — 3-61367^1*^ face-centred lattice \ 

= — 3*6367fi^ body-centred lattice, j 

where is the volume per atom in cm.^ This formula neglects the 
energy of the repulsive forces, and will therefore give numerically too 
great a value. 

References to numerical values of C are given on p. 142. 

1 .2. Homopolar binding. We do not wish to make any sharj) dis¬ 
tinction between homopolar and metallic binding. For both, two 
methods of calculation are possible, the method of Bloch, Wigner, 
and Seitz, and the method of London and Heitler. 

The method of London and Heitlerff has been used by Slater 
in an early paper to calculate the cohesive forces in sodium, but its 
development is extremely complicated, and it does not appear to be 
so well suited to this problem as the method of Wigner and Seitz 
outlined in the next section. It is, however, probably the most 
accurate method for calculating the interaction between closed 
shells. 

We give below a summary of some of the more important applica- 

f The / sum rule states that 2/ofc ~ ^ J Bethe, loo. cit. 434. 

k 

J For a table of polarizabilities, cf. van Vleck, Electric and Magnetic Suscepii- 
bUilieSy p. 225. 

li Loc. cit., first reference; see also Kronig, Handb. d, Phgs. 24/2 (1933), 285. 

tt Zeits.f. Phy», 44 (1927), 455. 

tt /?eu.35(1930), 509. Cf. also Rosen, ibid. 38 (1931), 255. 
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tions of the London-Heiiler method which have been made to 
problems of the solid state: 

Taylor, Eyring, and Shermanf have calculated the binding energies 
of four, five, or six moleeilles of Na, Cu, and H arranged in various 
configurations. They find that a small crystal has a tendency to be 
unstable, and to split up into molecules. 

Bleick and MayerJ have calculated the exchange repulsion between 
two ions or atoms having a rare gas electron configuration, and have 
applied their results to neon. Born and Mayer,|| Mayer and Helm- 
holz,|t and Huggins and Mayer have discussed the repulsive energy 
between alkali and halogen ions; some of their results are given in 
§ 2-3 of this chapter. 

Briickllll has calculated the interaction between 6* and p shells using 
hydrogen-like wave functions. 

Jensen and Lenziff have developed a statistical method, similar 
to that of Thomas and Fermi (cf. Chap. II, § 1.4), for calculating the 
repulsion between the ions of polar crystals; the method has been 
applied to the ions of metallic copper (cf. § 3.2). 

2. Metallic cohesion; method of Wigner and Seitz 

The method which has had by far the greatest success in the calcula¬ 
tion of metallic binding is that of Wigner and Seitz this will now 
be discussed. We shall discuss first the 'one-electron’ metals, copper, 
silver, and gold and the alkalis, in which one valence electron per 
atom|||||| moves in the field of atomic cores which are closed shells. 

In the method of Wigner and Seitz the valence electrons and cores 
are treated separately; the non-electrostatic interaction between the 
cores will he discussed below; the valence electrons are thought of as 
moving freely through the lattice in the sense discussed in Chapter II. 
Each electron will therefore have a wave function j/r^(r), only two 
electrons corresponding to each wave function. The method by which 
the wave functions may be obtained has already been discussed in 

t J. Chem. Phys. 1 (1933), 68. t Ibid. 2 (1934), 252. 

II Zeits.f. Phys. 75 (1932), 1. tt Ibitt 75 (1932), 19. 

$t ,/. Chem, Phys. 1 (1933), 693. |||| Zeits.f. Phys. 51 (1928), 707. 

ttt Ibid. 77 (1932), 713, 722; 89 (1934), 713. 

ttt Wigner and Seitz, Phys. Rev. 43 (1933), 804; 46 (1934), 609 (Na); Seitz, 
ibid. 47 (1935), 400 (Li); Fuchs, Proe. Roy. Roc. A, 151 (1935), 585 (Cu); Wigner, 
Phys. Rev. 46 (1934), 1002; Kirnbal, J. Chem. Phys. 3 (1935), 560 (diamond); Slater, 
Phys. Rev. 45 (1934), 794; Rev. Mod, Phys. 6 (1934), 210; Gorin Phys. Zeits. d,> Sowjet- 
union, 9 (1936), 328 (K). 

lillK For evidence that Cu and Au are monovalent in the metallic state cf. Appendix I. 
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Chap. II, § 4.5; we must first see how to calculate the energy of the 
crystal as a whole when the wave functions are known. 

The energy of the crystal may be divided up into potential energy 
and kinetic energy. The potential energy will be made up of the 
following terms: 

(1) The electrostatic, interaction between the ions;t if denotes 
the positions of an ion, this term is 


"■ = 22,r,' 


R, 


(3) 


the summation being such that each pair is counted once only. 

(2) The electrostatic interaction between the electrons; if denotes 
the position of an electron, this term is 




ir.—r,-l 


22 

J 


(b) 


(3) The interaction energy between the electrons and the ions. 
We denote by V{r) the potential energyf of an electron distant r 
from an ion, and suppose that|| F(r) -> — e^/r for large r. Then the 
interaction energy is 

^3 = IIF(|R,-r,|). (7) 

i j 

Let T(ri,r 2 ,...) denote the wave function of the whole system of 
electrons in the lattice; this wave function will of course depend on 
the positions of the cores, which are supposed to be at rest in their 
positions of equilibrium. Then the total potential energy of the 
lattice will be 

= J dr^dr^..., (8) 

and the kinetic energy of the electrons in the lattice 


T = J dr^dT^..., 

H = 

* 2m ^ \dxldyl'' dzf)' 
The total energy of the lattice is the sum of T and U. 


where 


(9) 

( 10 ) 


t We ckRBUme the ions to be singly charged and not to overlap. The energy due to 
their overlapping, also the van der Waals attraction between them, is considered 
below. 

X If we wish to include exchange interaction between valence electron and core, 
V will be an operator (cf. Fock, Zeita.f, Phys. 81 (1933), 195). 

II This assumption is necessary in order that the integrals (8) and (9) should 
converge. 
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2.1. Calculation ivithout exchange. As a first approximation we 
replace T by a simple product of one-electron wave functions, each 
of the type considered in Chap. II, § 4.5, ^ 

( 11 ) 


We refer to this wave function as representing the ‘Hartree 
approximation’. It neglects the correlation between the positions of 
the electrons; that is to say, so far as can be deduced from (11), the 
position of any one electron is independent of where all the other 
electrons are. Actually, as we shall see later on, any one electron is 
surrounded by a ‘hole’, in which other electrons are unlikely to be. 

losing the wave function (11), the potential energy term (8) 
becomes merely the electrostatic (uiergy of the array of positive ions 
together with a continuous negative charge distribution, of density. 


at any point,! 


i 


( 12 ) 


If now we draw lines connecting nearest and next neighbours, 
and draw planes bisecting them perj)endicular!y, we divide the lattice 
up into a series of polyhedra, one surrounding each atom (cf. Chap. II, 
§ 4.5, and Fig. 31). The potential energy of the lattice may be 
divided up into: 

(1) the interaction between the charges in one polyhedron, 

(2) the interaction of the polyhedra with each other. 

Since each polyhedron is electrically neutral and for symmetrical 
structures not very far from spherical, we should expect the second 
term to be small. That this is in fact the case is shown below. The 
interaction energy of the polyhedra with one another may thus be 
treated as a small correction, and we have only to calculate the 
energy of the charges within an isolated polyhedron, which may, to 
a sufficient degree of approximation, be replaced by a sphere of equal 
volume. 

We must now point out the chief errors that have been introduced 
by writing the wave function in the form of the simple product (11). 
With the wave function (11) there is no correlation between the 
positions of the electrons; i.e. the positions of all the other electrons 
are independent of where any given electron is. For reasons to be 

t This is not the case for an atom when wo use the same approximation, Ijocause 
there the number of single-electron wave functions which contribute to the charge 
density is small, while here it is of the order of the total number of atoms in the 
crystal, so that each wave function makes a vanishingly small contribution to the 
total charge density. 
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discussed below, this is not the case for the true wave function; each 
electron is surrounded by a sphere in which the other electrons are 
unlikely to be. In their first paper (1933) Wigner and Seitz make the 
necessarily rather rough assumption that, as a consecpience of this 
correlation between the positions of the electrons, if any am electron 
is in the polyhedron surrounding a given atom, no other electron will be 
in the same polyhedr071, On this assumption, therefore, in a mono¬ 
valent metal each electron moves in the field of the singly charged 
ion in whose polyhedron it happens to be. Hence tlu; total (‘uergy 
ol‘ the crystal is the sum of the kinetic energy of each electroii, and 
of its potential energy in the fudd of its own positive ion; the other 
terms in //|, ILy, above cancel out. 

Now this is exactly the (uiergy which we have shown how to calcu¬ 
late in Chap. II, § 4.5. Thus for monovalent metals we may divide 
up the energy of each electron as follows j 

Kf. twk""OLl'‘lni. ( 1 * 1 ) 

The second term rei)r(‘sents the Fermi energy, due to the* motion of 
the electrons through the lattice; nc is a nuiiKTical factor (cf. p. SI) 
constant for small k. is the energy (kinetic and [>otcntiaI) ol* an 
electron at rest in the lattice, and is the characteristic energy of the 
SchrOdinger equation 


subject to the condition that dip/dn should vanish at tin* boundary of 
the atomic polyhedron. Eq is shown in Fig. 33 on p. 78 plotted for 
sodium against the atomic radius Tj, defined, as elsewhere in this 

book, by 4 ^^:} _ „ volume per atom. 

To o))tain the energy of the crystal we must sum (13) ov(ir all the 
electrons in the metal, obtaining, as shown in Chap. II, § 4.5, 


for the energy per atom. 


E ^ E^^Ep, 


(14) 


2.2. Correlation between the positions of the electrons. The energy 
E thus obtained is something of a hybrid; it is neither the energy 
obtained from Hartree’s equations nor from Fock’s,J because we 
have taken account of the correlation between the electrons in an 


t This, of course, only applies to monox’^alent metals. 


J Ci\ Chap. II, § ],:i. 
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incomplete way. Before discussing the solution of Fock’s equation, 
wc shall obtain the complete solution of HartreH‘\s equations, i.e. the 
energy calculated using the simple product (11). We shall not calcu¬ 
late the effect on the wave functions, which is probably small, but 
only on tlie energy; we shall in fact assume that the wave functions 
may be replaced by plane waves, so that the charge distribution 
throughout the crystal is uniform. 

With the simple product (11), each electron is uniformly distributed 
throughout the crystal; an electron in any atomic polyhedron, there¬ 
fore, moves in the field not only of the ion but also in that of a uni¬ 
form negative charge distribution. The j)otential energy of an elec¬ 
tron in any polyhedron is, thus, instead of F(r), 


F(r)-L 


3e2 






The two additional terms give the potential energy function at a 
distance r from the centre of a sphere of radius and with charge 
—e uniformly distributed throughout its volume. The other poly- 
hedra, as before, make practically no contribution to the potential. 

Since 101^ is assumed to be constant, this gives an additional term 
in the energy 



0 


0-6e2/ro. (15) 

The factor | enters, because the interactions between each pair of 
electrons must be counted once only. The addition of the term (15) 
gives then the energy in the Hartree approximation. To this we must 
now add the (negative) contribution due to the ‘hole’ round each 
electron, which we shall see gives a negative contribution of about 
the same amount. This will now be considered. 

In the preceding section we have used for the wave function a 
8im])le product (11); a better approximation will be to write for 
T*(ri,r 2 ,.- ) an antisymmetrical wave function from the functions 
ifjjcit) already obtained, and to use it to calculate the energy from 
formulae (8), (9). If this is done, it is easily seen that the kinetic 
energy, equation (9), is unaltered, because the are orthogonal. 
The only term affected is that involving which gives the inter¬ 
action of the electrons one with another. For consider two electronic 
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wave functions suppose that the (‘lectrons 

in these states have parallel spins. Then T must be antisymmetrical 
in Fi and Fg, and the term in the energy corresj)onding to the inter¬ 
action between these electrons is 

-■~1 — dr^dr^. (16) 

M ^21 

This does not represent the electrostatic interaction of two charge 
densities second factor in the integrand becomes 




Fki. 56. Hole in charge distribution round a giv(‘n electron.! 

A. Parallel spin. B, Antiparallel spin. C. Both spins coniliinod. 
J*{r) is the relative prol)ability j)er unit \'olurne that another electron 
with the spin specified will be found at a distance ?* i'roni the given 
electron. 


small when IF^—Fgl is small; electrons with parallel spins thus tend 
to keep away from one another, and the potential energy therefore 
smaller than it would otherwise be. 

To obtain an estimate of the extent to which the electrons kee]) 
apart we proceed as follows: writing r ^ iFj — Fgl, we denote by 
P(r) the quantity obtained by summing 

over all j and averaging overall k; then P{r)drjil is tlie probability 
that a given electron will be found in the volume element dr at Fo, if 
we know that an electron is at Fj. If ijij, and are replaced by plane 
waves, the summation can be carried out. We obtain J 
P(r) ^ 1 —9(sinf—^cos^)7^^®, 
where ^ = 3^7rV/f2^ ^ l*92r/ro, 

so that Pisafunctionof r only. P thus gives the density of charge with 
parallel spin at a distance r from a given electron. Pis shown in Fig. 50. 

t From Slater, Rev, Mod. Rhys. 6 (1934), 228. 
t Wigner and Seitz, first reference, p. 807. 
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The extra energy due to the electrons witli j)arallel spins keeping 
apart isf 

no 

Kp "= j = -0-458eYr„. (17) 

Tile factor \ arises because each jiair enters once only, and also 
because only ])airs with parallel s])ins are to be considered. 

lOleetrons with anti[)arallel spins keej) apart also, but not to the 
same extent, the ])r<jbability that both electrons occupy the same 
point being finite, as shown in Fig. 50. The same effect also occurs 
in many-electron atoms, as shown by the work of HylleraasJ and 
Hethell on helium. For medals the effect has been investigat(‘d by 
Wigner,tt whom the curve shown in Fig. 50 h is eliu^; the ceirrelation 
is h^ss, the greviter the velocity of the el(H.;trons. Wigiuu* finds the extra 
energy fo l>c 

with h given by 

ro — 1 2 5 10 (atomic units) 

h - 0*05 0 075 0-13 0-175. 

Wigner estimate's these values to be corre'ct to within 20 per cent. 

The corrections tei the energy calculateel in (4iap. II, § 4.5, 
w4iie;h are intreieluced here are thus: 

Interaediein energy ofele'ctrem with other e^lectrons in its own cell, 
wit h nei e^eirre'lation: O-Oe-Zr^,. 

Decrease* in ene'rgy elue* to ‘Fermi’ hole be'tween ele‘ctrons with 
paralle‘1 spin: --0-458^'^/?^. 

Decrease* due to heile for ele^ctrons with antiparallel spin: — b(rjrQ. 
IVital (0-14-'/>)c“/r„ AA\ say. 

Note? that AA is tlie* increase in the^ te^tal eme'rgy, and thus the 
decrease* in tlui sublimation e'liergy. I’he* folle>wing are the numerical 
value's: 



Li 

AV/ 

K 

(Ui 


At IS • . • 

3-45 

4-21 

ry2,\ 

2-82 

:M8 

( (utoniic units). 

:b27 

:boo ! 

4-o:> 

2G7 

301 

/>. 

(MO 

Oil 

(M3 

0-08 

OOO 

AK (c\v.) .... 

03 

0-2 1 

O^O.l 

00 

o-4r> 


t VVij<nnr aad Snit/., Hwnid roferorn'e, p. ;‘il2. J Zeits.f, 48 (1028), 460. 
II Ibid. 57 (t029), Klfj. ft Fh!/s. Rev. 46 (1034), 1002. 
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It will be seen that the sum of the correcting terms is not very 
large, so that in fact the approximation of Chap. II, § 4.5, is fairly 
satisfactory. 

Application to Ferromagnetism 

The result illustrated in Fig. 50, that electrons with parallel spins keep 
apart from each other more than ekxd-rons with antiparallel s}>ins, shows that 
the elecrtrostatic intf^raction energy between electrons with parallel spins 
will he algebraically less than that betwe^on electrons with antiparallel spins. 
These electrostatic forces therefore tend to make the electrons set themselves 
with their s[)ins parallel, as in a ferrornagnet. The opposing tendency is of 
C'ourso the ‘Fermi force’; the kinetic energy Kp (equation (14)) would be much 
greater if the ele<drons had jjarallel spins. 

Hlocdif has calculated the tendency to ft^rromagnetism represented by 
terms of the type (17); ho neglechxl, however, the correlation between 
electrons with antiparalk;! .spin, and therefore found too great a tendency to 
hirromagnetisrn. Th(^ matter has been discusse<l further by Wigner.J It has 
not yet ])roved ])ossible to show with this model under wliat conditions 
ferrornagruitism will occur.H We can, however, say that the correlation forces 
will in all cases increase the j)aramagnetism, which will thus bo greater than 
the value obtained by neglecting the correlation (cf. (’hap. VI). 

Correriion to the Fermi energy. It has been assumed above that 
th(‘ Fermi energy corresjtonding to any electronic state k is a function 
of |k| only. Tliis is fu’obably a fair approximation for all the occupied 
states of monovalent metals, and probaltly does not affect the total 
energy much. On the other hand, for metals and alloys containing 
more tlian one valence electron ])er atom, the corrections to the 
Fermi eiungy due to the gaj)s for forbidden energy values are very 
important for determining the crystal vStructurc. This is discussed 
in (Chapter 

Correction to the potential energy introduced by replacing the atomic 
polyhedron by a sphere. The energy of the lowest state has been 
calculated on tlie assumption that the atomic polyhedron could be 
replaced Ijy a s])h(Te. The error in the kinetic energy thus introduced 
has been estimated by Wigner and Seitztf found to be extremely 
small. The error in the imtential energy may be calculated as 
follows :J4 near the sinface of the polyhedron the charge density is 
practically uniform. Hence the difference AE between the poten- 
tial energy of the real lattice and the potential energy when the 

t f. Phjfs. 57 (1929), 545. J Loo. oit. {l^hys. Rev. 46). 

I! Sco, howov'fr. Slater, PhyN. Rev. 49 (1936), 537. 

ft Luo. oit., rofert)rioo. Appendix I. 

Loo. oit., Hoeurid reference, Apjx^ndix II. Fuchs, Proc. Roy. Soc. A, 151 (1935), 585. 
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polyhedron is replaced by a sphere is equal to the difference between 
the energy of a lattice of positive point charges in a uniform sea of a 
negative charge, and that of an equal number of positive point charges 
each surrounded by a uniform sphere of negative charge. 

The energy of the uniform sphere is 

(19) 

The energy of the lattice of point charges embedded in the nega¬ 
tive charge distribution may be calculated by a method due to 
Ewald,t and is given below: 

I 

Faoe-controd lattico j - 0-89586 
Body-contr€^d lattice X —0-89593 

For sodium and co})per the corrections Ej — E^ amount to 0-026 
and 0-0*1 electron volts respectively, and may thus be neglected. 

2.3. Interaction between the closed shells of the atomic cores. In the 
preceding work we have considered only the interaction between the 
ions considered as point charges. We have also to calculate: 

(1) The van der Waals attraction between the ions. 

(2) The exchange interaction due to overlapping of the closed 
shells of the ions. This will always give a repulsion. 

Methods of calculating the van der Waals attractive energy are 
discussed in § 1.1. The constant C has been calculated for a number 
of ions by Mayer and Helmholz,J Mayer,|| and Mayer and Levy,ft 
from the absorption spectrum of the free ions. The values obtained 
are given bejow, and also the resulting energy per ion in the metal. 


Element i 

Li\\ 

.Vail 

All 

§ 

1 


r«tt 

AgW 

Cx 10®" ergs c-m.« 

van der Waals energy, e.v. 

0-073 

1-68 

24-3 

59-4 

152 

0-41 

67 

per atom 

0-00035 

0-(W)24 

0-010 

0-016 

0-026 

0-007 

0-54 


The ‘exchange’ repulsion between alkali ions (closed p shells) lias 
been estimated by Born and Mayer4J Mayer and Helmholz,|||| and 
Huggins and Mayerftt from fhe heats of vaporization and compressi- 


t Cf. Ann. d. Physik, 64 (1921), 253. 
11 J, Chem. Phya. 1 (1933), 278, 330. 
tt Zeita.f. Phya. 75 (1932), 1. 
ttt «/. Chem. Phya, 1 (1933), 693. 


0-00407/ ' 


t Zeita.f. Phya. 75 (1932), 19. * 
tt Ibid. 647. 

III! Ibid. 19. 
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bilities of the alkali halides. These authors find for the mutual 
potential energy of two ions at a distance r apart 

W (20) 

where p ^ 0-345 x 10 ® cm., and the other constants have the values 
given in the following table: 


A ;< ergs. ..... 
r^xl0®cui. ..... 

Energy of ions in metal (4 IF), o.v. per atom 


Li I Na I K i Fb | Ch 

2 i l-2r) I 1-25 I l-2r) I 1-25 

I 0-475 ! 0-875 | M85 j 1-320 I 1-455 

! 0-01 I 0-01 i 0-01 : 0-00.5 i 0-005 

I _ 1_ _\ 


The resulting energy is shown also, and is seen to be very small, 
though owing to the rapid decrease with distance the effect on the 
elastic constants is not nQgligible. 

For copper the interaction between the ions (closed d shells) has 
been calculatcdf by a statistical method using Hartree's wave func¬ 
tions (cf. Chap. II, § 1.2), with the following result, r denoting the 
distance between the ions: 


r (atomic unitfi of length) . . . . | 4-5 i 5-0 

Energy per ion pair ie(r) (Rydberg unitB X 10^) | 33-0 I 15-0 


5*5 ; 

5-6 

2-67 ' 

1-51 


3. Results 

3.1. Alkali metals. In these metals the wave functions of the inner 
shells overlap very little (cf. Fig. 57), and so, except for the van der 
Waals attraction between the closed shells, the binding energy of the 
lattice consists almost entirely of the energy of the valence electrons 
in the field of the ions. 

For lithium and for sodium detailed calculations have been made 
by the methods of this chapter. The results obtained are as follows: 


Binding energy (kilo-cal. per gm. atom) 
Lattice constant (A. U.) 
Compressibility (kg. cm.® X 10*) 



Na 

1 LI 

obs. 

26-9 

38-9 

calc. 

26-1 

33-8 

obs. 

4-23 

v 3-46 

calc. 

4-62 

3-53 

obs. 

10 

— 

calc. 

16 

1 


The observed values are extrapolated to apply to the absolute zero 
of temperature. 

The agreement for the binding energy is better than appears from 


t Fuchs, loc, cit. 
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the table, because the binding energy is the difference between — Eq, 
the energy of an electron in the lowest state (that of the 1‘ree atom 
being taken to be zero), and Ej,., the Fermi energy, and, as the 
following table shows, these quantities are comparable. 


i 

1 TA 

Na 

A' 

[ Uh 

Vs 

Binding enf*rgy (exp.) kilo-cal. per gm. atom 

Fermi <*n('rgy (calc. IVoni formula (19) of Chap. II) 

1 46 
64-5 

.30 

44-0 

26-5 

27'H 

25-0 

24 

21-0 


3.2. Noble metals, Cu, Ag, Au. The metals differ from the alkalis 
in that the cores (closed d shells) overlap much more than the closed 

}) shells of the alkalis (cf. Fig. 57), 
so that the rc'pulsive force between 
the ions, other than the Coulomb 
force, comes into play. This does 
not have much effect on the total 
lattice energy; but owing to the 
very rapid increase of this force 
with decreasing distance it has a 
predominating effect on the lattice 
constant and compressibility. One 
may jneture these metals as com¬ 
posed of hard sj)heres {the ions) held 
together by the Coulomb attraction 
between the ions and the valence 
electrons. The close-packed struc¬ 
ture of these metals may also be 
accounted for on this model (cf. 
Chap. V, § 3.2). 

Fig. 58 shows the energy of the valence electrons, the energy of the 
ions, and the total energy, as calculated by Fuchs for copper. We 
give also the compressibility, calculated with and without exchange 
interaction between the ions. 



Fio. 57. Charge densities of ionfi of 
Cu and K, calculated by Hart roe.f The 
unit of 1^12 is the reciprocal of the atomic 
volume in the metallic state; 2r^ is the 
distance between nearest neighbours and 
the radius qi tlie atomic sphere. 



Observed 

Calculated 

With ionic 
interaction 

Without ionic 
interaction 

Compressibility of copper (kg. cm.’^x 10**) 

0-70 0-69 

2-6 


t References are given, in Chap. II, § 1.2. The radial extension of Hartreo’s wave 
functions is probably too groat, and so the overlap shown too large. 
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Thus, if one does not take into account the exchange repulsion 
between the ions, the compressibility obtained by the Wigner-Seitz 
method is much too large. Similar results are obtained for the other 
elastic constants (cf. § 4). 



0 1 2 3 r 4 

Fig. 68. Energies of Cu and Ag (calculated). 

I. Lowest electronic state. 


II. Total imergy of valen<;e electrons. 

III. Repulsive energy of ions. 

IV. Total ene^rgy of metal (IIH-III). 

The points marked A, B refer to a discussion of Chapter Vll. 

3.3. Transition metals. No calculations of the binding forces in 
these metals have yet been made; we believe, however, that for such 
metals as Co, Ni, Pd, Pt, where the d shells are nearly full, the 
cohesive forces are of the same nature as in copper, silver, and gold; 
that is to say, that the attractive forces are due to the electrostatic 
interaction between the positively charged ions and the ‘conduc¬ 
tion electrons’, i.e. electrons with similar wave functions to those 
for copper. The repulsive forces, similarly, are due to the ‘exchange’ 
repulsion between the nearly closed d shells, the radii of which must 
therefore determine the interatomic distance. The ‘exchange’ 
attractive forces between the positive holes in nearly closed d shells 
are responsible for the ferromagnetismf in nickel and cobalt, and 

t Cf. Chap. VI, §§ 5 and 7. 

359S.17 „ 
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since the ferromagnetism disappears at a temperature comparable 
with 1,000'^, these forces can only contribute an energy of about 
l,000fc ^ e.v. per atom. They are therefore without appreciable 
effect on the binding energy. 

There are two i)OS8ible reasons for the smallness of these exchange 
forces; firstly, the sign of the exchange integral is sometimes positive 
(Ni) and sometimes negative (Pd); we may tlierefore expect it to 
be small numerically in either case; secondly, in a nearly closed 
shell, tlie repulsion between electrons in doubly occupied states will 
prevent any considerable overlap between the few unpaired electrons.f 

On the other hand, for transition metals where the d level is less 
than half full, the d electrons may well play a decisive part in forming 
the cohesive forces. Evidence in favour of tliis view may be drawn 
from the observed values of the constant y, which measures the rate 
of change with volume of the vibrational frequency kQjh of the atoms 
(cf. Chap. I, § 4). The alkalis and alkaline earths have comparatively 
small values of y: Li M7; Na 1-25; K 1-34; Rb 1*48; (Js 1*29; Ca 1*3; 
>Sr 0*93; Ba 1-1; the noble metals and the platinum triad have 
much larger values: Cu 1-96; Ag 2-40; Au 3*03; Ni 1*88; Pd 2*23; 
Pt 2*54. This is to be expected, because in these metals the atoms 
are held in position by the repulsive ‘exchange’ forces between the 
ions, which increase, very rapidly with decreasing distance; therefore, 
when the metals are compressed, the atomic frequencies rise rapidly. 
Transition metals in which the d shells are not nearly full, however, 
have values of y more comparable with those of the alkalis, e.g. 
Mo 1*57; W 1*62 (see also p. 173), 

3.4. Divalent metals. Under this heading we include the alkaline 
earths Mg, Ca, Sr, Ba, and the elements Zn, Cd, Hg. No detailed 
calculations have been made for these elements. The metals Zn, 

t This does not happen in a nearly closed p shell, such as that in chlorine. A p wave 
function has one of the forms (cf. Chap. II, § 1.1) a: /(r), y f{r), z /(r), and therefore 
vanishes in a plane and has its largest amplitude in the direction perpendicular to 
this fdane. In a chlorine atom, therefore, which contains five p electrons, there will 
be two electron pairs with their maximum charge densities in, say, the x and y 
directions, and one unpaired electron with its maximum density in the z direction. 
If another chlorine atom approac^hes from the x or y directions, it will be repelled; 
but if it approaches from the z direction, and if its unpaired electron has its maximum 
density in this direction, then the two unpaired electrons may form a bond, resulting 
in a stable molecule Clj. The other electrons, having only a small charge density in 
the z direction, do not give a large repulsive force. 

A d wave function, on the other hand, has the form xy f{r) (cf. Chap. II, § 1.1). It 
is therefore small in one direction (along the z-axis) and large in a plane. 
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Cd, and Hg have much smaller binding energy than Cu, Ag, and Au, 
as the following table shows: 

Binding energies in kilo-cal.jgm. atom. 

Cu 76 I Ag 64-5 1 An 83 

Zn 32-5 1 Cd 28 | Hg 18-5 

This may perhaps be attributed to the much greater Fermi energy 
contributed by two valence electrons (cf. Chap. II, § 3), which of 
course decreases the binding energy.! On the other hand, the binding 
energies of the alkaline earths are greater than those of the corre¬ 
sponding alkalis (cf. Chap. I, § 5). 

The problem of the transition between the van der Waals forces 
and the metallic forces has not yet been worked out. For divalent 
metals they are of the same order of magnitude. London,! using 
data due to Wolfsohn,l| has calculated from formula (2) of this 
chapter that the interaction energy of two mercury atoms at a 
distance R (A.U.) apart is 159i?"® e.v. Hence (formula (4)) the 
binding energy of a mercury crystalft is 31 kilo-eal./gm. atom which 
is greater than the experimental value of 18*5. 

4. The elastic constants 

In the preceding sections we have shown how to calculate the 
energy of a crystal as a function of the atomic volume; from these 
calculations the compressibility can be deduced. We shall now show 
how to calculate the other elastic constants. 

For cubic crystals there are, besides the modulus of uniform com¬ 
pression, two independent elastic constants; we may define them by 
considering the following two types of distortion, in both of which 
the volume is unchanged : 

(1) Compression and expansion parallel to two of the cube edges, 
the volume being kept constant (cf. Fig. 59). If a denotes the lattice 
constant, ca the increase in the length of the cube edge, and W the 
energy per atom of the crystal, then the elastic constant 

. IdW 
^ 2 ac2 

specifies the resistance of the crystal to this distortion, 

t Cf. Feinberg, Phya. Zeita. d. Souyetunion, 8 (1935), 407. t Loc. cit, 

|j Zeita. f. Phya. 63 (1930), 634. 

tt This is calculated for the face-contro<l cubic structure, but the energy for the 
actual rhombohedral structure should not differ greatly. 
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(2) Uniform shear parallel to one surface of the cube. If we denote 
by y the angle of distortion shown in Fig. 59, the corresponding 
elastic constant is l d^W 

^=2 V 



Fig. 59. Two independent diatortions of a cubic crystal. 

We define further 

2 Fo ’ 

where x is the compressibility and Dq the volume per atom. 

The usual elastic constantsf are connected with Ay B, and C 
by the following equations: 

A/CIq = Cji Ci 2 j 2BI^1q == C 44 , 2(7/tio 

The change in the energy of a metal crystal on distortion is due 
partly to the valence electrons and to their electrostatic interaction 
with the ions, partly to the exchange interaction between the ions 
themselves. The change in the energy of the electrons has been 
calculated by Fuchsf on the assumption that, in distortions in 
which the volume of the crystal is unchanged, only their potential 
energy is altered. This is justified because the wave function of the 
lowest state is extremely flat (cf. Fig. 34) at the boundaries of the 
atomic polyhedron, and so the undistorted wave function satisfies 
the boundary conditions approximately at the surface of the distorted 
polyhedron. The Fermi energy, moreover, is assumed to be a 
function of the volume only. 

Since for Li, Na, and Cu (the metals investigated) the charge 
density near the edges of the unit polyhedron is about — the 
change in the potential energy of the valence electrons on distortion 
will be the same as that of a lattice of positive point charges 
embedded in a uniform negative charge distribution This 

may be calculated by a method due to Ewald;|| the results are, 

t For the definition of c,., for instance, Geckelor, Handb. d, Phys, 6 (1928), 407. 

J Proc, Roy. Soc. A, 153 (1936), 622. |1 Ann. d. Phys. 64 (1921), 253. 
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denoting the contributions from this source to A and B by 
and Bqi, in ergs per atom 


Lattice 

Face-centred \ 

Body-centred 


0-2115 

0-19941 e» 

£.1 

0-4739 

0-3711 


where a is the lattice constant. 

We may note that for an isotropic solid lA = B, The distortion 
A is thus much easier relative to B than would be the case for an 
isotropic solid. 

If the exchange interaction energy of the ions is known, the 
calculation of their contributions to A and B is elementary. The 
force between two ions falls off so rapidly with distance that only 
ions which are nearest neighbours need be considered. If then W{r) 
is the energy of a pair of ions at a distance r apart, the following are 
the contributions to A and B: 



Face-centred 

Body-centred 


, dm , dW 

« dW 

■^ion 

. -L ’r_ 

^ dr^ ^ dr 

( 2 ;>) 


, dm , dW 

, , dW 


“ ,/r» ^ ‘ dr 



For copper and the alkali metals the values of the contributions 
to A and B from the exchange interaction may be calculated from 
(22) using the forms given in § 2.3 for W{r). A small correction is 
also introduced by the van der Waals attraction. In the following 
table we show the contributions to A and B from the various sources. 
The quantities shown are AjQ.Q, BfO.^ in dynes/cm.10^^; tliey give 
the change in the energy per unit volume of the metal, j 



Cm 

Ain„ 

2B/no 

Na 

AIQo 

2B/Q„ 

Electrostatic energy of valence elec¬ 
trons and ions, from (21) 

0-573 

2-57 

0-J43 

0-532 

Exchange repulsion between ions, from 
(22). 

4-5 

6-3 

-0-002 

0-057 

van der Waals attraction between ions, 
from (22) ..... 

-0-012 

-0-034 

0-000 ■ 

-0-003 

Total ...... 

5-1 

8-8 

0-141 

0-580 

Observed ..... 

4-7 

7-5 

— 



t Wo are grateful to Mr. Fuchs for informing us of certain errors in his published 
values, which have been corrected in this table. 
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The observed values for Cu are those of Goens.t 
It will be noticed that for copper the predominating term in the 
elastic constants is the exchange repulsion between the ions, whereas 
this term is relatively unimportant for sodium. Similar results are 
obtained for lithium and potassium. 

For the alkalis no experimental values exist; it is, however, possible 
to calculate, from the constants obtained, the Debye characteristic 
temperature for low tcm])eratures, where oc satisfactory agree¬ 
ment with experiment is obtained.f 

4 . 1 . The Cauchy relations. If a lattice is considered as a system of 
point centres of force, certain relations between the elastic constants 
can be derived. These are known as the ‘Oauchy relations'. For a 
regular lattice the only such relation is Cjo or in terms of 

X, A, ^ IA + 2B. 

The compressibility is therefore given in terms of the elastic con¬ 
stants A and B which define the resistance of the solid to shear. 

It is obvious that no such relation can be derived for metals. 
Several terms in the expression for the energy of the crystal, such as, 
for example, the Fermi energy, have been explicitly assumed to 
depend on the atomic volume only, and to remain unchanged in a 
shear where the volume is unchanged. Such terms will be important 
in calculating the compressibility, but can have no effect on A and B. 

It is, of course, in agreement with experiment that the (Jauchy 
relations are not satisfied by the elastic constants of metals. For 
copper, for instance, — 11*^, C44 = 61 x 10^^ dynes/cm.- 

5. Work function 

The work function represents the work required to move an 
electron from a point inside to a point outside a metal. Theoretical 
discussions have been given by Frenkel,|| Tamm and Blochinzev,tt 
Fr5hlich,J J and Wigner and Bardeen.|||| The work function, being a 
property of the metal surface, lies, however, outside the scope of 
this book. 

f Zeitfi.f. Instrnmenlenkunde^ 52 (1932), 167. 

t Cf. Fig. 4, where the observed and calculated values of 0^ are shown. 

II Zeits. /. Phys. 49 (1928), 31. Certain of Frenkel’s conclusions have been 
criticized by Bethe, Handh. d. Phys. 24/2 (1933), 427. 
tt Zmts.f. Phi/A. 77 (1932), 774. 
tt ni/x- Zeil^. d. Sowjetnnion, 7 (1035), 509. 

Illl Phyn. Itev. 48 (1935), 84 ; 49 (1930), 653. 
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6. Alloys 

Very little work has as yet been done on calculating the energy of 
an alloy as a function of the composition, except for that of Jones 
relating the electron-atom ratio to the crystal structure. This is 
discussed in the next chapter. We do not, for instance, know how 
to calculate the energy of copper dissolved in silver, from which 
could be calculated the limits of solubility. 



V 

THE CRYSTAL STRUCTURE OF METALS AND ALLOYS 

1, Introduction 

The chief purpose of this chapter is to describe the form of the 
‘Brillouin zones’l for the structures of all the known metals and 
some alloys. The Brillouin zones will be considered in relation to the 
number of valency electrons per atom of the metal or alloy. For 
atoms with no incomplete shells we mean by this the number of 
electrons outside a closed shell, e.g. one for copper, five for bismuth, 
etc. For alloys we mean the average number, e.g. ^ for CuZn. For 
metals with incomplete shells the number cannot be specified unless 
we have independent evidence of the number of ‘positive holes’ in 
the d shell (cf. Chap. VI, § 5). 

It is of particular interest to consider a zone which could just 
contain all the available valence electrons. As we have seen in 
Chap. Ill, § 1, if such a zone were full the crystal would be an 
insulator. If the ‘overlap’ into the next zone is small, the crystal 
is a poor conductor. Another property associated with a small over¬ 
lap is, in certain cases, a strong diamagnetism. 

We shall discuss in this section, as far as is possible at present, the 
reasons why the different metals and alloys have their particular 
crystal structure. We shall find that, other things being equal, the 
structure is preferred in which the ‘overlap’ out of the first Brillouin 
zone is as small as possible. By this principle it has been found 
possible to account for the well-known Hume-Rothery rules. Other 
factors are discussed also, such as the relative size of the atoms. 

2 . The Brillouiix zones for various crystal structures 

The Brillouin zones for a simple cubic lattice were considered in 
detail in Chap. II, § 4. In this section we show how to find the 
zones for any structure. 

Let Ui, ag, Ug be the three vectors which map out the unit cell, and 
let bi, bg, b 3 be another set of three vectors which satisfy the relations 

(a^j, bjyj) == -=1 (t?- = m) 

= 0 {n m). 


t Cf. Chap. II, § 4.3. 
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The set of points Wibi 4 -^ 2 b 2 +^ 3 b 3 , where take all integral 

values (including zero) form what is known as the ‘Reciprocal 
lattice’. The potential at any point r in the space lattice 

may be expanded as a Fourier series 

V(r) - 2 j;e 2 n/(nr)^ 

where n is a vector denoting one of the points of the reciprocal 
lattice, and is thus defined by n so that 

(n, r) nj^Xi-\-7L,X2+7i^x.^; 

the summation is over all points of the reciprocal lattice. 

According to the theorem of Blochf the wave functions for an 
electron moving in such a crystal have the form 

(//;,. (1) 

where k is a vector in the reciprocal s})ace.J When the components 
of k referred to the axes bj, bg, bg are integers, k will coincide with a 
})oint of the reciprocal lattice. 

The planes across which the energy changes discontinuously are 
most easily found by apiJi’paching the ]>roblem from the stand[)oint 
of nearly free electrons.|| The perturbation theory is used here in a 
purely formal manner to obtain the equations of the planes of energy 
discontinuity; these are, of course, exact. It is not used to obtain 
approximate energies and wave functions. 

Corresponding to (1) we have the free-electron wave function 

ifj^ ==: e27rj(kr)^ 

Forming the matrix of V with respect to these functions, we find 

(k|K|k') = 0 

unless k' = k+n. (2) 

The discontinuities in the energy occur when two states having 
initially the same energy combine under the influence of F, i.e. when 
jk'l^ ™ |k|^; or, according to (2), when 

(nk)+J|np=.0. (3) 

The positions of these planes in the reciprocal lattice are very easily 
visualized. Imagine the point ni, joined to the origin by a 

t Cf. Chap. II, § 4.1. 

X In thig chapter k is equal to 1/A. instead of 2Tr/A as elsewhere in this book. 

II Cf. Chap. II, § 4.2. 

3685.17 


X 
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straight line; draw a plane perpendicular to this line through the 
mid-point. This plane is then represented by equation ( 3 ) where the 
components of n are taken to be the numbers 

? 2'29 ^ 3 * 

If the coefficient in the development of 
the potential is zero, the states k-fn and k 
will not combine under a periodic potential 
and there will therefore be no plane of energy 
discontinuity corresponding to this value of n. 
If the structure contains s atoms per unit 
cell, and the positions of these atoms in the unit cell are given by 
the vectors ?;,a 2 , w’^ag, we call the array of terms (u^,v^,Wf) the 
Basis with respect to the axes a^, a 2 , ag. If, as is frequently the case, 
one structure is referable to two or more types of axes, there will be 
two or more different bases. For a structure with s atoms per unit 
cell, the Fourier coefficients of the potential may be written 

.<9 

If all the atoms in the unit cell are identical, then all the coefficients 
which have the same value of n are equal, .so that 

Inhere ^ (4) 

1 

is the well-known structure factor, which is the principal factor 
determining the intensity of X-ray reflection from a set of planes in 
the real crystal with the Miller indices ^ 3 )- Hence, if the 

structure factor vanishes, there is no energy discontinuity across 
the corresponding plane in ^-space. 

In addition to knowing the form of the Brillouin zones, we mtist 
know how many electronic states a zone contains. For this purpose 
we must know the number of states per cubic centimetre of metal and 
unit volume of fc-spacc. The number of states per cubic centimetre 
in an element dk dkj.dk of i-space depends only opt. the 
number of unit cells in one cubic centimetre of the crystal, as can be 
seen immediately from the way in which k is defined in the construc¬ 
tion of the Bloch wave function. JThe number of states does^ npt 
depend upon the form of the potential V within the unit cell. We 
can therefore find the density of states in ^JrSpace by considering the 



(n,n^rf^) 
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special case where K is a constant. In this case k is e^qual to tlie 
momentum of the free electron divided by h. Hence the volume of 
phase space corresponding to a volume rfk of A'-space and a real 
volume V of the metal is FA^(/k; and since there are two staU‘S to 
each cell of volume h? in phase-space, it follows that in a volume rfk 
of A:-space and unit volume of metal there are just 2rfk electronic 
states. In other words, the density of states in fc-space is e(jual to 2. 

It has already been explained that the quantities N{E)dE, i.e. 
the number of states lying between energies E and E-}~(iE, and 
the effective number of free electrons, are of considerable 
importance in determining certain physical properties of a metal. 
Both these quantities are very largely determined by the form of tlie 
first few Brillouin zones. To obtain these functions exactly would 
require a complete determination of the stationary states of the metal 
by some such method as that of Wigner and Seitz. The mere know¬ 
ledge of the form of the l^rillouin zones and of the number of loosely 
l>ound electrons per atom which have to be fitted into these zones 
can, however, supply interesting information. For example, if a 
metal forms a well-marked fairly symmetrical zone containing just 
as many states as there are available valency electrons, then one is 
safe in deducing that N^,ff will be small, i.e. tliat the effective number 
of free electrons is much less than the actual number of valency 
electrons. 

We give in the following section the geometrical details of the 
zone structure for all the commonly occurring crystal types in metals 
and alloys. Only thovse zones are considered whose boundaries lie 
close to the surface of the Fermi distribution of the electrons. For 
example, if we have a metal with 7i valency electrons per atom, we 
give the details of the smallest zone which will contain these n 
electrons. The form and size of a zone depends on the crystal 
structure alone, and so may easily be found. On the other hand, 
the exact forms of the energy surfaces within such a zone, and in 
particular the magnitudes of the energy discontinuities across its 
boundaries, depend on the field within the crystal, and have not at 
present been calculated accurately (cf. Chap. II, § 4). 

• The rules for constructing the Brillouin zones are simple. First, 
from the known lattice form one writes down according to (3) the 
equations of all the planes of possible energy discontinuity. Secondly, 
from the known basis of the unit cell, one determines the structure 
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factor. All planes for which this factor vanishes are excluded, and 
from the remainder the forms of the various zones are obtained by 
simple geometry. In the case of some complicated alloy structures, 
it is often suificient to pick out the planes of small indices with large 
values of by noting the strong lines in the X-ray powder photo¬ 
graph of the alloy; this method is available even if the structure is 
not known. 

2.1. Structures referable to cubic axes. We denote a set of planes 
in fc-si)ace by means of the same notation which is used to denote 
sets of planes in a crystal lattice; for example, {^ 1 ^ 2 ^^ 3 } denotes all 
those planes for which the components of n in equation (3) take the 
values ±^< 52 , ib^ 3 * A particular jdane is denoted by the corre¬ 
sponding symbol, for example There is one significant 

difference: in the real lattice the symbol (^^^ 2 ^ 3 ) denotes a whole 
set of parallel planes, whilst in ^-space this symbol refers to one 
j)articular plane at a certain fixed distance from the origin. The 
normal distance from the origin to a i)lane nf) will be written 

that, if a is the lattice constant, we have, for cubic lattices, 

We give below the sets of planes which will be required later in this 
chapter, the number of planes in each set, and their normal distances 
Vn.n^u, from the origin. 

! Number of jdanes i 


Planen 

in the set 


{1001 

' ^ 

1/2 

{110} 

12 

\I-\12 

{111} 

8 1 

V3/2 

{200} 

« 1 


{220} 

12 

1 ^''2 

{330} 

12 

3/\2 

{411} 

24 

> 3/V2 


Type Al.f Face-centred cubic lattice. There are 4 atoms in the 
unit cell, with the basis 

( 000 , | 0 |, 1 ^ 0 ). 

t The HymholH whirh donoto the structural typos aro those used by Ewald and 
Hermann in the Strukturhericht. The order in whicdi the different structures are 
considered in this chapter is not, however, the same. 
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The structure factor according to (4) is therefore 

l+cosiT(»2+«.3)+cos7r(«34-ni)+coS7T(Wi+W2), 

which gives »Sioo = <S'jio = 0; = aS^oo -= 4. 

The zone marked out by the planes {111} and {200} is shown in 
Fig. 61. 



Fio 61 Zone for fate tontrofl cubie lattice 


Volume 

Afomic 

Number of htates 

Ratio of uiHcnbed 
.sp/irn to total 

of zone 

vobmu 

pci atom 

volume 

4 

rP 


7tV3 



- 0 681 

a® 

4 

2 1 

8 


Some details of the form of the zone are given in the following 
table. The point A is the mid-})oint of a hexagonal face, B the mid¬ 
point of a square face, and C is one of tlie points which arc farthest 
from the centre of the zone The energy which free electrons would 






Surface of (sphere 





with volume half 

Points 

A 

B 

C 

that of zone 

ka 

0-866 

1 

1 118 

0 782 

ICn 

8 64 

11 ^>2 

14 40 1 

7-04 

Energy in 1 Ag 

! 6-76 

9 02 

11 27 i 

5-r>i 

volts for 1 All 

6 79 

9 06 

11-32 1 

5-53 

tCa 

3 64 

4 Hr, 

6 06 i 



have at these points in ^^-s])ace is given, and also the energy of free 
electrons at the surface of a sphere which contains one half of the 
volume of the zone, and hence one electron per atom. For mono¬ 
valent metals with face-centred cubic structure this last energy will 
be very nearly equal to the actual energy at tiie surface of the Fermi 
distribution. 

The following metallic elements liave the facc-centred cubic 
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structure: Ca, Sr, Ce, Th, Fe, j3Co, Kh, Ir, Ni, Pd, Pt, ("u, Ag, Au, 
^l„Pb,i8La. 

Type a 2. Body-centred cubic lattice. There are two atoms in the 
unit cell, with the basis 

(000, ii i). 

The structure factor is therefore 

l+COSTrK+Tljj + ^^a). 

>§100 = 0 , ™ 2 . 

c 



Fig. 62. Zone for body-centred cubic lattice. 

The first zone, therefore, is that marked out by the planes {110}. Its 
form is shown in Fig. 62, and its volume, etc., below. 


Volume of 
zone 

Atomic 

volume 

Number of states 
per atom 

Ratio of inscribed 
sphere to total 
volume 

2 

a® 


rr 



2 

0-740 

o® 

2 


3V2 


A is the centre of a face and is one of the points which are nearest 
to the origin of the zone. Not all the corners of a regular dodeca¬ 
hedron are equivalent. The points C and B lie at different distances 
from the origin. The points C are at the greatest distance from the 
origin, as the following table shows. 






Surface of sphere 





with volume half 

Points 

A 

B 

C 

that of zone 

ka 

0-707 

0-866 

1 

0-620 

Energy in 
volts for 

6-12 

4;05 

9-19 

6-08 

12-25 

8-11 

4-71 

3-12 

vK. 

2-77 

4*16 

5-55 

2-13 


The inscribed sphere of the first zone for the body-centred cubic 
structure would just contain 1*480 electrons per atom, whilst the 
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inscribed sphere for the face-centred cubic structure would contain 
only 1*360 electrons per atom. 

The following elements have a body-centred cubic structure: 
Li, Na, K, Rb, Cs, Ba, jSZr, V, Nb, Ta, Cr, Mo, W, aFe. 

Type A 4. Diamond structure. This structure is based upon a 
cubic lattice, and there are 8 atoms in the unit cell, with the basis 

The structure factor may be written 

nj = 2|C05ij7r(Wi + m2 + W3)|{I+C0S7r(M2+m3) + 

+cos 7r(%-f Wj )+ COS 7r(ni+7?.2)}, 

giving the values 


{n, n^n^y 

100 

no 

111 

200 

210 

211 

220 

221 

1 222 

311 


0 

0 

4V2 

0 

0 

0 

» i 

0 

I 0 

1 4V2 


The volume of the zone bounded by the planes {220} is 16/rt^, and 
since the atomic volume is a^/8 it follows that this zone contains 
just 4 states per atom. The elements which take up this structure 
have 4 electrons external to a closed shell, and are non eonductors. 
It follows, therefore, that in these structures the four available 
electrons just completely fill the zone. The form of the zone is 
identical with that shown in Fig. 62. The only elements which have 
the diamond structure are the following: 

C (diamond), Si, Ge, Sn (grey). 


2.2. Structures based cm a hexagonal lattice. 
Hexagonal structures are usually referred to 4 
axes whose unit vectors may be called a^, Ug, 
ag, c. The first three are coplanar and inclined 
to each other at angles of 120°, as shown in 
Fig. 63, and the fourth is perpendicular to the 
plane which contains the first three. We may 
write _ |a2| = |a3| = a, |c| = c. 



Fig. C3. 


Then (di)B2) — (^2»^3) — (^35^1) — 

The volume of the unit cell of the simple hexagonal lattice is ^VSa^c. 
A set of reflecting planes is then denoted by a symbol of four letters 
[hj k, 1). The advantage of this system, known as the Bravais-Miller 
method,*}* is that a set of equivalent planes can be represented by a 


t Tutton, Crystallography and Practical Crystal Measurement^ Chap. XX, London 
(1922). 






160 CRYSTAL STRUCTURE OF METALS AND ALLOYS Chap. V, § 2 
single symbol, which is not possible if the usual three rectangular 
axes are employed. 

A simple hexagonal lattice may be regarded as two interpenetrating 
orthorhombic lattices (see Fig. 64 ), and for the purpose of constructing 
the Brillouin zones it is convenient to consider 



it in this way. We shall consider, therefore, 
three rectangular axes whose unit vectors are 
Aj A2 A.,, where - a, Ao - V 3 a, A3 -- c. 
Any vector r in the lattic^e may be denoted 
with reference to either system, so that 
r (Xj Rj -f-0^2 ^3 ^ 

tile relations between the coordinates olo, 
and fio, ^3 being 

A 2 ^ 2 ’ ^2 2^2^ Pz ~ 


If we denote by o', y, z lengths measured in cm. along the axes 
Aj, Ag, A3, the Fourier series which re])resents the electrostatic 
potential in a simple hexagonal lattice may be written 


V = 2 I^cos 2 i 77 (wi 4 -^ 2 )^^p|-^^ 


n^x n^y 

A I' A \ A 


The equations of the planes of energy discontinuity in i-space are 


iM 2\2 
2 \a/ ’ 


The perpendicular distance from the origin to a plane denoted by 
the symbol {n-^n^n^) will be writtenwhere 


......+ 5(5 


A particular hexagonal structure is usually described by giving 
the basis referred to the hexagonal axes (as for example in the 
Strukturbericht), i.e. by giving the coordinates for each 

atom T in the unit cell. By means of equations ( 5 ) the corresponding 
basis referred to rectangular axes may be obtained at once, and also 
the structure factor for any set of planes 

= co82j7r(Wi+n2)2exp{27riOi'^>«i+^^'^>m2+^<^>W3)}, 


where the summation is over all the atoms of the unit' cell. 

The following table gives the set of planes which are commonly 
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required to find appropriate Brillouin zones for the hexagonal 
structures: 


i 

Number 

Distance 

Notation referred to 

Planes 

in set j 

Pn^n^rii 

orth orh omh ie axes 

{ITO, 0} 

6 1 

\l-JZa 

(110) (020) 

{211} 

6 

Ija 

(200) (130) 

{no, 1 } 

12 


(021) (111) 

(000, 2} 

2 

lie 

(002) 

{000, 3} 

2 

3/2c 

(003) 

{000, 4} 

2 

21c 

(004) 


Type A3. The hexagonal close-paxked structure. This structure 
contains 2 atoms in the unit cell, with the basis, referred to hexagonal 

(000, §H). 

According to (5) the basis referred to rectangular axes is 


(000, iH), 

and the structure factor 




'S^n.n.n. = C08i*|7r(Wi + n2)(l 

giving 

I'^(110,0) I — I'^{000,1)1 ~ 0, |'S^(iTo,i)l = 

The form of the zone bounded by the 20 
planes {110, 0}, (110, 1}, (000, 2} is shown in 
Fig, 65. The number n of states per atom 
included within this zone is given by 


000 , 2 } I 


= 2 . 


n 


2 - 




4\c 


i-ip 

4\c 


( 7 ) 


The hexagonal prism bounded by the planes 
{110, 0} and {000, 2} would contain just two 
electrons per atom. 



Fio. 65. Zone for hexa¬ 
gonal close-packed lattice. 


Element 

eja 

n 

E^ volts 

Ejg volts 

Zn 

1-861 

1-799 

7-126 

6-171 

Cd 

1-890 

1-805 

5-668 

4-766 

Be 

1-585 

1-731 

9-594 

11-478 

Mg 

1-625 

1-743 

1 4-882 

i_1 

6-547 


The table shows c/a for certain hexagonal metals, and the energies 
^ fr®® electron at the points A, B. eja = 1-63 corre¬ 
sponds to closest packing. The metals which take the close-packed 

3605.17 


V 
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hexagonal structure have in general two valency electrons per atom, 
the electrons therefore overlap beyond the first zone. The table 
shows that, for metals for which cja > 1*63, whilst the 

reverse is true for the metals of the second group, for which cja < 1 '63. 
It is probable that for the metals of the first type the electrons will 
overlap at the points J5, but for metals of the second type there will 
will be no overlap at these points. This difference in the electron 
distribution in fc-space of the two types is without doubt intimately 
connected with the differences which these groups show in electrical 
and magnetic properties. 

Type A 8. The selenium structure. The selenium structure is based 
on a hexagonal lattice with 3 atoms in the unit cell and a basis 

(000, uu\\ 2uu\). 

Referred to rectangular axes the basis becomes 
(000; lu\ul\ lulul), 
and the structure factor is 


= C0847r(Wi + « 2 )[l+exp{27rl(—| mW2 +^^ 3 )} + 

+exp{2jTi( - I WKi— I un-i +§ %)}]. 
The following table gives the structure factors for various sets of 
planes: 


. 

! 


w 1 

Se 

u 0.217 

Te 

u 0-269 

{110,0} 

V(34-4 cos 27ru 4-2 cos ^ttu) 

0 

1-41 

0-725 

{211.0} 

V( 1 4-8 cos* 


103 

2-52 

(000, 2} 

0 

0 

0 

U 

{000, 3} 

3 


3 

3 



Fig. 66. Zone for selenium 
structure. 


are given below, 


The form of the zone bounded by the planes 
{ 2 TI, 0} and (000, 3} is shown in Fig. 66.- The 
volume of this zone in fc-space is 6V3/aV., and 
since the atomic volume in the selenium struc¬ 
ture is ah^l2\/3, it follows that this zone con¬ 
tains just 6 states per atom. The elements 
Se and Te are semi-conductors with high 
specific resistances, from which it follows that 
the 6 available electrons external to a closed 
shell in these atoms just fill this BriUouin zone* 
Details of the lattice and of the zone structure 
are the wave numbers of the points A, B. 
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1 a 

r 

Ica 

kg 

Energy of free electrons 


eja 

X 10* cm . 

X 10* cm. 

at A [electron volts) 


4-34 

114 

1 0-230 

0303 

7-94 

Te 

4-44 

1-33 

j 0-225 

0-254 

7-60 


Type A 9. The graphite structure. This structure is based on a 
hexagonal lattice with 4 atoms in the unit cell, and with the following 
basis referred to hexagonal axes 

(000, ooj, HO, ty). 

Referred to rectangular axes, the basis is 

(000,00i0A0,|y), 

and the structure factor 

The value of the structure factor for some planes of low indices is 
given below: 



{iTo. 0} 

-{211,0} 

{000, 1} 

{000, 2} 

S 

L_i.. 

4 

0 

4 


The zone which contains 4 electrons per atom is bounded by the 
planes {2Tl, 0}, {000, 2} and its form is shown in Fig. 67. For graphite 
a = 2*46 X 10~® cm., c/a — 2*76, and 
therefore kj^ — 0*406, = 0*147 in 

units of cm.”^ X 10®. The flat nature 
of this zone is not surprising, for 
the binding in graphite across the 
cleavage planes is exceedingly weak. 

In terms of the Bloch theory (case of graphite structure, 

tight binding) this means a very small band width in the direction 
of the principal axis. The energy discontinuity across the planes B 
may therefore be expected to be large. 

The only other substance known to possess the graphite structure 
is boron nitride, BN. This compound, like graphite, has 4 valency 
electrons per atom, which will also just fill the Brillouin zone shown 
in Fig. 67. 

\ 

2.3. Structures based on orthorhombic lattices. An orthorhombic 
lattice is one of three unequal rectangular axes. The sides of the unit 
cell may be called a, 6, c. The general equation for the planes of 
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energy discontinuity in ifc-space is 

=!((?)+(?)+(?)■) <*> 

and the structure factor is obtained in exactly the same way as for 
the cubic structures. The normal distance from the origin of 

a plane {n^n^n^) is given by 


^((5) +(t) +( 7 ))^ 


Type A 5. White-tin structure, tetragonal system. In this structure 
two sides of the unit cell are equal, a = b. There are four atoms in 
the unit cell, with the basis 


The magnitude of the structure factor is therefore given by 

— 2{14-cos7miCos^7m2+cos7r(w2+%)(cosi7m3+co8 7mi)}^ 
The only planes with small indices (2 for which the structure 

factor does not vanish are the following: 



{101} 

! {200} 

{211} 

{220} 

{112} 

]‘!Li 

2V2 

* 4 

2V2 

4 

4 


The symbol {^1^2^31, used to denote a set of planes in a tetragonal 
lattice, is meant to denote only those planes for which the third place 
in the symbol is either n^ or h^. For example, the plane (110) does 
not belong to the group {101}. 

Tin has four valency electrons, but the physical properties of 
white tin, for example its electrical conductivity, indicate that the 
effective number of free electrons is much less than four. This must 
be due to the existence of a zone which contains about four states per 



atom. Such a zone is formed by the group of planes (101), its form 
is shown in Fig. 68. The values of lk| at the two points A and B are 
0*380 X 10« cmr\ = 0*205 x 10« cm.-^ 
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The volume of this zone is 



and, since the atomic volume is \a^c, it follows that the number of 
states per atom included is equal to 



For white tin a — 5*84 x 10 ~® cm., c — 3*15 x 10 ~® cm. The number 
of states per atom within the zone is therefore 4*24. It should be 
noticed that this zone is not uniquely defined, as are the first zones 
belonging to the simple structures, such as, for example, the body- 
centred cubic structure. In the present case there are other planes 
of energy discontinuity which intersect the zone just described, so 
that other surfaces may be found which also enclose approximately 
4 or 5 states per atom. 

2.4. Structures based on a rhombohedral lattice. A rhombohedral 
lattice is one in which there are three equal crystallographic axes 
inclined to each other at the same angle a which is different from 90*^. 
A face-centred cubic structure forms a simple rhombohedral lattice 
for which a = 60°. If a;, y, z represent distances measured along 
the axes, the Fourier series for the potential may be written 

V = ZKexpj— ^Ka;+»jj/+n32)| 

and the general equation for the planes of energy discontinuity in 
i-space may be obtained in the way already explained. The equa¬ 
tion is 

(2wi—nji—n3)t^+V3(n2-»3)i:y++ 

{(wf+»|+n|)(l+co8ot) —2(^3n3+ W3TC,+ w ,«3) COBg} ^ ^ .g. 

~^2a (l + 2cosa)-y(l—cosa) 

In this equation ky, refer to rectangular coordinates in i-space. 
A plane in A:-space specified by the indices lies parallel to 

the set of planes in the space lattice with the Miller indices 
where the indices refer, of course, to the oblique rhombo¬ 

hedral axes. The volume of the unit cell in a rhombohedral lattice is 
a®( 1—cos £x) V( 1+2 cos a). 

a is the length of the side of the unit rhombohedron. 
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Type A10. The mercury structure. This structure is a simple 
rhombohedral lattice for which a — 70° 32', cos a = and a = 3-00 
A.U. It will appear rather like a distorted face-centred cubic 
structure. The planes of energy discontinuity are given by the 
equation 

2 

(2wi—n2-n3)ik^+V3(n2— 

3 

+ --{2(nf+n|+M^)—(«2M3+«3 »i4-WiW2)} == 0 . 

OCi 

The first Brillouin zone associated with this structure is bounded by 
the set of planes {100}, (111), and {101} in which all the indices are 
positive or all negative; for example, (lOT) does not form a face of 
the zone. The nature of the zone is shown in Fig. 69. For a = 60°, 
the first two sets of planes would mark out an octahedron and the 
third set a cube. It is seen that the zone is a distorted form of that 
shown in Fig. 61. The following details determine the form of the 
zone. Let 0 be the origin, then 

OA = OB - 3/2V5a, OC = V6/2V5a, DF ^ FH ^ 2V3/10a, 
FO = Sl5a, OK = 6V3/10a. 

The number of states per atom included within this zone is equal to 

2, and the number within the inscribed 
sphere, which touches at the points 0, is 
equal to 47rv'2/15 “ L185. 

The free electron energies at the 

points A and C are as follows (in electron 
volts): 

= 15, Ec = 5-0. 

Type A 7. The bismuth structure. This 
structure is based on a rhombohedral lat¬ 
tice for whicha = 57°16',anda = 4‘74A.U. 
The unit cell contains two atoms with the basis 

(000; 2u,2u,2u), 
and the structure factor is 

^n,n.n, = 2 cos{27m(»i+Wa+Ws)}. 

The structure is almost a simple cubic structure, for the latter would 
be exactly realized if one were to set a = 60° and u = In the 
actual bismuth structure the two face-centred lattices of which a 



Fig. 69. Zone for mercury 
structure. 
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simple cubic is composed are displaced slightly relatively to each 
other. 

The metals which take the bismuth structure have 5 valency 
electrons per atom, and the physical properties of these metals 
suggest that the effective number of free 
electrons is very small. This implies the 
presence of an almost completely filled 
zone. We are therefore interested in a zone 
which contains 5 states per atom. The form 
of this zone is shown in Pig. 70. The sides 
parallel to the principal axes of the zone 
are formed by the planes {ITO}, whilst the 
3 planes forming the top of the zone and 
the 3 planes forming the bottom of the 
zone are respectively the sets {221} and Fin. 70. Zone for biHmutii 
{221}. The structure factors for the bound- 

^ J the ocrupiod as ox- 

ing planes are given below; piainod in ciiaptor VJ. 



1 f' 

' 1 • 

1 

1 ^ 
■tr 


U 


1 Hr 




1 

\ 









Bl 

Sh 

A>s j 

Simple, cubic 
fttnicfure 

(X 

57° 16' 

56° 36' 

54° 7' 1 

60° 

u 

0-237 

0-233 

0-226 

1 0-25 

*^281 

0-794 

1-018 

1-369 i 

! 0 

C - 1 

*^110 

2 i 

2 1 

2 * 

_ 1 

2 


It is to be observed that if there were no distortion from the simple 
cubic form, i.e. if u were equal to there would be no energy dis¬ 
continuity over the planes {221}, but that even a small relative dis¬ 
placement of the two face-centred lattices can produce a large value 
of aS' 221* The physical properties of bismuth, particularly the dia¬ 
magnetism and the effects of very small traces of other metals in 
solid solution on the electrical conductivity and the diamagnetic 
susceptibility, show that the valency electrons in bismuth almost 
completely fill some Brillouin zone. When this is the case, the greater 
the energy gaps over the zone boundaries the lower will be the total 
energy, other things being equal.f In this way, then, we can see a 
simple reason for the relative displacement of the two face-centred 
lattices; it represents merely the tendency of the total energy to 
diminish as far as possible. 


t This may he seen by reference, for example, to Fig. 22 (a). The energy of electrons 
just below an energy gap is depressed. 
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2.5. Some typical cMoy phases. A solid phase of an alloy is charac¬ 
terized by a particular lattice structure. The different atoms are in 
general distributed at random through the lattice, and their relative 
concentrations vary within the range of homogeneity of the phase, 
but each lattice point is occupied by an atom of some sort, and the 
lattice type remains the same throughout the range of the phase. 
The magnitudes of the lattice parameters, in general, vary slightly 
and continuously with the composition throughout a phase. 

A number of commonly occurring phases consist of structures 
which have already been described in connexion with the crystal 
structure of the elements. Most metals will form solid solutions with 
other elements. The structures of these solid solutions are identical 
with the structures of the solvent metal. An interesting phase which 
is not a solid solution but has a simple structure is the j3-phase 
characterized by a body-centred cubic lattice. This phase usually 
occurs when there are approximately 1*5 valency electrons per atom. 
For example, in the Cu-Zn system it occurs at approximately 50 
atomic per cent. Cu. 

Two other phases with structures that have already been described 
are the so-called c- and 7^-phases with hexagonal approximately close- 
packed structures. The €-phase, which occurs when the number of 
valency electrons per atom is approximately 1*75, belongs to the 
type for which cja < the 77 -phase, which is really a solid solution, 
belongs to the type for which cja > 

2 . 6 . The y-structure.'\ This is a rather complicated structure based 
on a cubic lattice with 52 atoms in the unit cell. The structure factor 
has been jvorked out by Bradley and ThewIis,J and we give below 
their values for the reflecting planes of small indices: 


nj n*n3 

{110} 

{200} 

{211} 

{220} 

{300} 

{222} 

{321} 

{400} 

1 {330} 

{411} 

S 

0-32 ; 

0 

0*32 

0 

0-32 

1 

2-68 

j 105 

0 

8*85 

5-63 


The form of the zone marked out by the planes {330} and {411} is 
shown in Fig. 71; altogether there are 36 faces. This zone contains 
exactly 90 states per unit cell of 52 atoms, or 1*731 states per atom. 
Since this phase invariably occurs when the valency electron to 
atom ratio is in the neighbourhood of 21/13 (== 1*615), it follows that 
the zone is almost completely full. The symmetrical nature of the 

t Cf. Jones, Proo. Boy. Soc. A, 144 (1934), 226. 
t Ibid. 112(1926), 678. 
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zone is seen from the fact that the inscribed sphere contains 
97r/13V2 (= 1-54) states per atom, i.e. 88*4 per cent, of the total con¬ 
tent of the zone. 

The following alloys are known to form 
a phase having this structure: Cu-Zn, 

Ag-Zn, Au-Zn, Cu-Cd, Ag-Cd, Au-Cd, 

Au-Hg, Ag-Hg, Cu-Si, Cu-Al, Cu-Sn, 

Fe-Zn, Co-Zn, Ni-Zn, Rh-Zn, Pd-Zn, 

Pt-Zn, Ni-Cd, Na-Pb. 

The P-Mn structure. This is a cubic 
structure with 20 atoms in the unit cell. 

The structure factor has been given by Zono {or y-structure. 

Preston,f whose values for the planes of low indices are given 
below: 


Wi na njj 

{100} 

{110} 

{111} 

{200} 

{210)1 {211} j 

{220} {300} {221} j {310} 

{311} 

S 

0 

0*63 

10 j 

.i 

1-38 j 0-63 

1-26 1 0 j lO-l 8-23 

6-41 


The planes { 221 } and (310) form a zone with 48 faces whose form is 
shown in Fig. 72. The volume of this zone is 971/60a^, and, since the 
atomic volume is a®/ 20 , it follows that the 
zone contains 9*71/6 (= 1*62) states per 
atom. The number of states per atom 
contained within the inscribed sphere of 
the zone is equal to 97 r /20 — 1*41. The 
known alloys which have this structure, e.g. 

AgjAl, have an electron to atom ratio of 3/2, 
which is the same as that for the jS-body- 
centred cubic phase. 

The following are the substances so far 72. Zono for ^-man- 

ganese structure. 

known which have this structure: ^-Mn, 

Ag 3 Al(i 8 '), Cu~Si(y), CoZng, AU 3 AI. 

2.7. The fluorspar structure. There are a number of metallic com¬ 
pounds which possess this structure; they have interesting physical 
properties. They are the following: MggSn, MggPb, MggSi, MggGe, 
LigS, NagS, CugS, CugSe, BcgC. The valency electron to atom ratio 
for this set of compounds is 8 / 3 . 

The structure is based on a cubic lattice with 12 atoms in the unit 




3Q9S.17 


t Phil. Mag. 5 (1928), 1198. 
Z 
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cell. It has the following basis 

Sn (000, OU, 10.1, i |0), 

Mfr -4- n } 1 I S J ? 3*14 

-t \ 444) 4r44» 444’ 444/' 

The structure amplitude factor may therefore be written in the form 

S {-4n + 2i?„COS |7^(7^^ + n2^-/^3)}(l+COS7^(?^2-h■%) + 

+CO.S 7T(n.^-i-n^) + COS Tr{n^’\-n2)}, 

where and are Fourier coefficients referring to the Sn and Mg 
atoms respectively. 

The volume of the zone marked out by the planes {220} is 16/a^, 
and therefore, since the atomic volume is a^/12, there are just 8/3 
states per atom enclosed within this zone. Its form is identical with 
that shown in Fig. 02. As the number of available valency electrons 
is just equal to the number of states within the zone, we are led 
to expect a small conductivity. Actually the pure compounds arc 
found to be almost insulators.f That the high resistance is really due 
to a completed zone, and not due to polar binding, is shown by the 
fact that the molten alloy, where the zone structure is destroyed, has 
about the same conductivity as,’ for example, molten Sn, 

3. Factors determining the crystal structure 

3.1. The Hume-Rothery rule. Hume-RotheryJ was the first to 
])oint out that certain alloy structures with narrow ranges occur at 
a definite electron-atom ratio; the y-structure, which occurs at the 
ratio of 21 valence electrons to 13 atoms, is perhaps the best-known 
example. 

In Chap. I, § C wc discussed the factors that determine the 
boundaries of a i)hase. We plotted the free energy F against c, the 
concentration, and found (cf. Fig. 9) that, if F increases suddenly as 
the concentration passes a given value, this concentration will mark 
the boundary of the phase that includes the pure metal and both 
l)Oundaries of any narrow intermediate phase. Any such sudden 
increase of F must be due to the term E(c), the energy at the absolute 
zero of temperature. Although no precise calculation of E(c) as a 
function of c has yet been carried out, we shall show below that it is 
possible to estimate quite simply the value of the concentration for 
any particular phase beyond which E{c) may be expected to show a 

t Norbitry, Trans. Far, Soc. 16 (1921), 570. 

X The Metallic State, p. 328, Oxford (1931). 
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rapid increase. These critical concentrations are then to be com¬ 
pared with the observed phase boundaries. 

We have shown in Chap. II, § 4.6 how to construct a function 
2N(E) giving the number of states per unit energy range. The form 
of 2N{E) for those states lying within the first Brillouin zone is 
indicated roughlyf* in Fig. 73. N(E) is given by the following general 


formula 


2N(E) 


1 r r (IS 

J J IgradAY 


wtiere the integration is over the surface in /j-s])ace for which tlui 
energy is equal to E, The area lying between tlie curve and the 
/i'-axis is equal to the total number 
of states within the zone. As the 
composition of an alloy within a 
single phase changes, the form of 
the N(E) curve may also change, 
but the area which it encloses 
remains constant. The maximum fio. 73. Den.sity ufstates in a Hriilouin 
A (Fig. 73) occurs approximately 

for that value of the energy for which the energy surfaces just touch the 
boundaries of the Brillouin zones, J because grad E is then very small 
and therefore leads to large values of N{E). If we calculate the total 
energy of the electrons as a function of the number per unit volume, 
we shall find, therefore, that the energy increases esi)ecially ra])idly 
when the electrons fill up the band to just beyond the point A 
(Fig. 73), for example, as shown by the shaded area. The number 
of electrons required to do this is given by the number which would 
fill the inscribed sphere of the Brillouin zone. This number, which is 
most conveniently expressed as a number of electrons per atom and 
denoted by is then to be compared with the electron-atom ratio 
of the phase boundary. The values of for the a-, jS-, and y-phases 
are respectively 1*362, 1*480, and 1*538. 

The following table gives the electron-atom ratio of the boundaries 
of a-, )3-, and y-phases. The boundaries of the ^-jihase invariably 
depend in a marked way on the temperature. The width of the phase 
becomes smaller as the temperature decreases, and in many cases a 



t The general form of this eurvo is given by interpolating between the limiting 
o^OH discussed in Chap. 11, § 4.(1. 

* X For the body-centred cubic structure investigated on p. S5 the maximum occurs 
at exactly this point. 
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temperature is reached at which the boundaries meet each other. It 
is the electron concentration corresponding to this composition 
which is given in Table VI. In some alloys, e.g. Au-Cd, the j3-phase 
appears to have a considerable range of homogeneity even at room 
temperatures. This may be due partly to the extreme slowness 
with which thermal equilibrium will be established between different 
phases at low temperatures. 


Table VI 


Alloy 

Electron-atom 
ratio of maximuyn 
solubility in 
a-phase 

Cu-Zn 


Cu-Al 

1-408 

Cu-Ga 

1-406 

Cu-Si 

1-420 

Cu-Ge 

1-360 

Cu~Sn 

1-270 

Ag-Cd 

1-425 

Ag-Zn 

1-378 

Ag-Hg 

1-35 

Ag-In 

1-40 

Ag-Al 

1-408 

Ag-Ga 

1-380 

Ag-Sn 

1-366 

(theoretical) 

1-362 


Alloy 

Electron-atom 
ratio of the 

P-phase boundary 
with smallest 
electron 
concentration 

Cu-Zn 

1-48 

Cu-Sn 

1-49 

Cu-Al j 

1-48 

Au-Zn 

1-48 

Au-Cd 

1-49 

Au-Al 

1-370 

Ag-€d 

1-50 

Cu-Si 

1-49 

Uf, (theoretical) 

1-480 


Alloy \ 

1 Electron-atom ratio of 

1 the y-phase boundaries 

Cu-Zn 

1-58 

1-66 

Cu-Cd 

1-60 

1-67 

Cu-Sn 

1-67 

1-67 

Cu-Al 

1-63 


Ag-Zn 

1-58 

1-63 

Ag-Cd 

1-59 

1-63 

Ni-Zn 

1-52 

1-76 

Uf. (theoretical) 

1-638 



This table has been constructed by assuming that the various 
atoms contribute to the total number of valency electrons in the 
alloy according to the following scheme: 

Metal Cu Ag An Zn Cd Hg A1 In Ga Sn Si Ge Ni 


Valency electrons ^ 
per atom 


112223334440 


The fact that nickel contributes no valency electrons is particularly 
to be noted. In Chap. VI, § 4 it is shown that the elements Ni, Pd, 
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Pt contribute no valency electrons in alloys with Cu, Ag, and Au, so 
long as the electron-atom ratio is greater than 0*6. 

As we have stated, Hume-Rothery first pointed out that particular 
alloy phases invariably occur at the same valency electron to atom 
ratios. He proposed the rules that the j8-phase is associated with an 
electron-atom ratio the y-phase with and the €-phase (hexa¬ 
gonal closest packed) with l.'\ The preceding theoretical considera¬ 
tions show the importance of the electron-atom ratio in determining 
the phase formation. The precise ratios expressed as fractions do 
not, however, appear to have special significance. 

It will be noticed that the explanation of the bismuth structure 
given on p. 167 is essentially the same as that advanced here for 
the Hume-Rothery alloys. J 

3.2. Size of ions. The elements Cu, Ag, and Au have the close- 
packed cubic structure, while the alkalis are body-centred. For 
metals with only one electron per atom, the influence of the BriUouin 
zones on the energy is small; according to Fuchs|| the energies of 
the valency electrons in the two structiures will differ, for equal 
atomic volume, by only about 10“^ e.v. per atom. As we have 


Metal 

Atomic 

number 

Structure 

Metal 

Atomic 
, number 

Structure 

Cu 

29 

cubic close-packed 

Ag 

47 

cubic close-packed 

Ni 1 

28 

»» ♦* >> 

Pd 

46 

»» »> »» 

Co 

27 

hex. ,, ,, 

Rh 

45 

f9 9f 

Fe 

26 

body-centred cubicf f 

Ru 

44 

hex. „ 

Mn 

25 

cubic tt 

Mo 

43 

body-centred cubic 

Cr 

24 

body-centred cubic 

Nb 

42 

»» »f >9 

V 

23 

ff ft 9t 


— 

. 


Metal 1 

^ Atomic number 

Structure 

Au 

79 

cubic close-packed 

Pt 

78 

99 9* 99 

Ir 

77 

99 99 99 

Os 

76 

hex. ,, ,, 

Re 

75 

99 99 99 

W 

74 

body-centred cubic 

Ta 

73 

99 »> 


t The occurrence of the c-phase appears to coincide with the complete filling of the 
inner BriUouin zone appropriate to the structure (cf. Chap. V, § 2.2). 

t Cf. Chap. Ill, § 8.3 for some remarks on the colour of the brasses Cu-Zn. 

II Proc. Roy. Soc. A. 151 (1936), 686. 

tt Cubic close-packed modiUoation (y-Fe) above 920® C. 

The structure is complicated, but is nearly body-centred. 
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seen, however, in the nohle metals, the closed d shells of the ions 
must be regarded as touching, and the intense repulsive forces between 
them come into play. This repulsion between the ions obviously 
favours close packing. Fuchs has calculated that the energy per 
atom of copper in the body-centred structure w'ould be 0-1 c.v. 
greater. 

This conclusion is strengthened by an examination of the crystal 
structure of the transition metals; wlum the d shells are nearly full, 
and may be expected to rei)el each other, the structure is close- 
packed; as, however, the number of vacant places in the d shell 
increases, presumably decreasing the repulsion, other structures occur. 
This is shown on p. 173. 

Note added in proof. 

A discussion of the energy of the alloy phases similar to that of this chapter 
has recently been given by Konobejewski, Atm. d. Physik, 26 (1930), 97. 



VI 


HEAT CAPACITY AND MACNETK^ PROPERTIES OF THE 
METALLIC^ ELECTRONS 


1. The Fermi distribution law 

In the preceding chapters we have considered the l)ehaviour of the 
electrons in a metal at the absolute zero of temperature. We have 
found that there are a series of possible stationary states for an 
electron; the number of these stationary states, per unit volume of 
the metal, having energies between the values E, E-\-dE has been 
denoted (('hap. II, § 4.6) by N(E)(iE. We have seen that the Pauli 
exclusion ]:)rinciple forbids more tlian two electrons to be in any one 
stationary state; it follows that, at the absolute zero of temperature, 
all states with energy below a certain maximum energy are 

doubly occupied, and the higher states empty. given by the 

equation 

2 [ N{E)dE^N, (1) 

0 

where N is the total number of electrons per unit volume. 

At finite temperatures there will be a number of electrons with 
energies greater than according to the Fermi-Dirac statistics, 

the probability! that a given quantum state of energy E is occupied 
is given by the ‘Fermi-Dirac distribution function’ 


m = 


1 


( 2 ) 


the number of electrons having energy between E and E~\-dE is thus 


2N(E)f(E)dE = 


2N(E)dE 


( 3 ) 


C is here the thermodynamic potential per electron, so that 

^ ™ u-Ts-l-pVj 

where u, s, and v are the internal energy, entropy, and volume per 
electron. It is therefore a function of the temperature and may be 


t For a proof of tho Fermi-Dirac distribution law cf. Sommerfcld and Bethe, 
d, Pht/s* 24/2 (1933), 339, or Fowler, SkUyttical Mechanics, Chap. 21. 
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determined from the equation 

2 f N(E)f(E) dE = N, (4) 

the integration being over all energies for which N(E) is finite.t 
At finite temperatures the constant ^ is approximately, but not 
exactly, equal to the maximum electronic energy 
absolute zero of temperature. It follows that, for all ordinary metals 
and all temperatures T up to the melting-point, we may writef 

kT^l 

It follows, therefore, that /is approximately equal to unity for values 


of E less than and falls exponen- 



V ''.5o«r 

tially to zero for E greater than 




as illustrated in Fig. 74. 


\ 


We note that, for E—^^kT, 

- 


L 

the number of electrons per energy 




range dE is, from (2), 


1 


2N{E)e-(^-^^lf^^dE. 

■i 


05 '• 

0 f/S ' 

5 The variation with energy of the 


Fio. 74. Fermi distribution function / number of electrons at a given tern- 
for the electrons in a metal. The elec- , . n nr n- 

irons in states for which EH is greater perature 18, therefore, Maxwellian, 

than unity are ‘excited’. The functions and the variation with tempera- 
are calculated for k 'l = kT = approximately SO, if one takes 

JS7 = ^ as the zero of energy. 

We note also that the number of electrons in states with energies 
greater than f is, if N(E) may be taken as constant in the range 
considered, oo 

( 6 ) 

Such states may be termed ‘excited’ 

1.1. Calculation of 1. The constant I which occurs in the Fermi 
distribution function (2) is not exactly equal to except when 
r = 0. At other temperatures it may be calculated from equation 

t Compare the classical (Boltzmann) distribution law 

/cl - 

where the constant (7 must be determined by (4). If ^ is the free energy, Q = 

t At a temperature of 1,000° C. kT is equal to an energy of iSr of an electron volt ; 
Emt^x is 1*53 e.v. for Cs, 6-7 for Ag. 
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(4). In order to solve this equation let us consider the integral 

CO 

I = jS(E)-^F{E)dE, ( 6 ) 

0 

where F is any function which vanishes for E =- 0. By partial 
integration one obtains 

OO 

0 

Now dfjdE is a function which vanishes except in the neighbourhood 
of E ^ (cf. Fig. 74). We therefore expand F(E) by Taylor’s 
theorem, 

F{E) ^ + + + 

and obtain from (7) 

+ + (B) 

where 



0 0 0 


It is easily seen that Lq~ — 1, = 0, and, writing (E~l^)/kT -- e 

and remembering that 1, 


_ (kT)^ F €^d€ 

— 00 


(> 


(kTy-. 


We see therefore from (6) and (8) that 

00 

j f{E)^F{E)dE = F{0+~(kTr-F''(Q+-- (9) 

^ E 

In our case we set F(E) = J N{E) dE, 

0 

and hence obtain from (9) for the total number of electrons per unit 
volume ^ 

N = 2 j f(E)N{E) dE 2 j N(E) dE 

If now we subtract equation (1) from the equation above, we obtain 
N(E)dE+’jitT)i^ =0. 

Eiamx * 


Aa 


3Ai»fi.l7 
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But we have seen that small, as is also the second term in 

this equation; we may therefore write, to a sufficient order of accuracy, 


whence we see that, if T is not too large, 


( 10 ) 


Since at low temperatures ^ tends to shall write for JS^^ax 

in our subsequent work. 


2. Specific heat 

From Fig. 74 we see that, at temperatures much lower than 
the number of electrons in excited states is proportional to 
kT I Co and the mean energy of excitation is proportional to kT. The 
extra energy of the electron gas at a temperature T, due to thermal 
motion, is therefore proportional to {kT^jCo- Differentiating with 
respect to T, we see that the specific heat, per electron, is of the 


which is much less than the classical value ^k, so long as kT is small 
compared with Cq- 

We shall now obtain exact formulae for the specific heat. 

We require an expression for the total energy of the electrons (the 
lowest energy of the Fermi distribution being taken as zero). This 
is equal to 00 

£ = 2 J N(E)f(E)E dE. 

0 

For low temperatures, kT f^is may be evaluated at once from 

equation (9), by putting F(E) equal to J N(E)E dE; we obtain 

0 

00 ^ 

2 f N{E)f{E)EdE = 2 f N{E)E dE + 

i ^ 3 \ dE JeH 

Of the two terms on the right, the first may be written 

{. 

2jN{E)EdE +2iC-UComo)- 
0 

The first of these two terms is equal to the energy of the electrons at 
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the absolute zero of temperature; the second, by (10), is equal to 

t2 






whence we see that £1 is equal to 

2fN(£)EdE+i^W(^„)(kTf. 

0 

To obtain the contribution to the specific heat at constant volume, 
we must divide by the density p and differentiate with respect to T; 

we obtain (11) 

where N(I^q)Ip is the number of states per unit energy range at the 
surface of the Fermi distribution for unit mass of metal. 

In the particular case of free electrons, or of a band that is nearly 
empty, we may write N{E) = OWE, (12) 

where C is a constant. 

In this case we have, by integrating (12), N = and hence 

iV(Co) = Wo. (13) 

Writing kTQ == the specific heat may be written in the form 

c,- Irr^nkTIT,, (14.1) 


where n (~ N/p) is the number of electrons per unit mass; for the 
atomic heat we havet 

Inhi^RTIT,, (14.2) 


where Uq is the number of free electrons per atom and R the gas 
constant. 

For high temperatures an asymptotic expansion may be givenJ in 
powers of TJT, and is 

For intermediate values of T/TJ,, may be obtained by numerical 
integration, and is shown in Fig. 75. 

We call Tq the ‘degeneracy temperature’ of the electron gas. 


t Stoner, Phil. Mag. 21 (1936), 145, has given the expansion in ascending powers 
of TITq to a further term; he obtains, subject to (12), 

^ inhi, R[TI%^2-96{TIT,)\,.]. 

For arbitrary N{E)f Be(3 Proc. Roy, Soc. A, 154 (1936), 656. 

J Stoner, loc. cit., or Mott, Proc. Camb. Phil. Soc. 32 (1936), 108. 
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Formulae (14) and (15) are true also for a band that is nearly/uH, 
so that instead of (12) we have 

N(E) = 

N will then refer to the number of unoccupied states (positive holes) 
per unit volume, and will be equal to {E^--E^^^jk\ we may call 
the degeneracy temperature of the positive holes (i.e. of the 
unoccupied states). 



0 0-5 1-0 1-5 T/Tq ZO 

Fig. 75. Heat capacity per electron of a degenerate electron gas. 


The specific heat has also been calculatedf for a case when N{E) 
vanishes except in a finite range. If one takes for E 

E~ —\B(QOBky.a-\-QOf^kya'\-Qo^k^a), 

which is the formula for the s band in a simple cubic lattice, J then 
E varies between the limits If there is one electron per atom, 
so that the band is half full, then one may obtain, writing B = 

C,^5-6SRTIT^ {T<^Tj,) 

It will be seen that -> 0 as T -> oo. 


2.1. Numerical values. If the energy is given in terms of the wave 
number by the formula E = o(h^k^l2m, then (cf. Chap. II, equation 


(19)) 


To = Ufc - 


(3N\l 

^ Smk \ 77 / ’ 


(16) 


where N is the number of electrons per unit volume, a is unity for 
free electrons. Assuming one electron per atom and setting a = 1, 


t Unpublished. 


t Cf. p. 68. 
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the following are the theoretical values for certain metals: 

Li Na K Cu Ag Au 

To X 10-3 (degrees) 55 36.5 24 82 64 64 

We see, therefore, from (14) that the contribution to the atomic 
heat from the electrons is small in normal metals, if the electrons 
behave as ‘free electrons’; for silver at room temperatures it is about 
0*04 cal./degree, whereas that due to the lattice vibrations is about 
6 cal./degree. We shall see, however, in § 5 that in the transition 
metals the positive holes in the d shells give a much larger contribu¬ 
tion. 

Explicit formulae for the heat capacity of the electrons in terms 
of N are, from (14) and (16), 

__ ^ir^mk^T /3iVU A 

[nj p' 

or, with a = 1 as for free electrons, 

Gy = 3-26 X 10~^n^(A/p)^T cal. per degree per gm. atom (17) 
{A — atomic weight, p = density, nQ = number of electrons per 
atom). 

For comparison we give the formula for the heat capacity due to 
lattice vibrations, which is, at low temperatures, 

Gy = 468(T/02>)® cal. degree per gra. atom. (18) 

For silver (0^^ = 215^K.), formulae (17) and (18) give at 2 °K. 

^ (electrons 0-00031 

^ (lattice vibrations 0-00037. 

2 . 2 . Comparison with experiment. As we have seen, for normal 
metals the specific heat due to the free electrons is negligible in 
comparison with that due to the lattice vibrations except at very 
low temperatures (~ 2 °K.). In order to test the formula (17), it is 
natural to choose elements which are not supraconductors; because 
in supraconductofs ther^ is a discontinuity in the specific heat at the 
transition point. 

Keesomf and his collaborators have measured the specific heat of 
the non-supraconductive elements Ag and Zn between 1-7^ K. and 
4°K. They have found that the specific heat is greater than that 
given by extrapolating the Debye T® law. It was, however, difficult 

t Cf. Keosom*and Kok, Phyaica, 1 (1934), 770, where references to earlier work 
are given. 
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to calculate the part of the specific heat due to the free electrons, 
because at somewhat higher temperatures Debye’s 0 is not quite 
constant.t However, by extrapolating to lower temperatures the 
part of the 0 curve belonging to higher temperatures, the part of the 
atomic heat due to lattice vibrations was estimated, and subtracted 
from the observed atomic heat. The values obtained for silver are 

shown in Fig. 76. The full line shows 
the specific heat of the free elec¬ 
trons calculated fronl (17) assuming 
one free electron per atom. The ap¬ 
parent falling off at the higher tem¬ 
peratures is not yet established with 
certainty, since the atomic heat of the 
free electrons is only a small part of 
the total heat at these temperatures,! 
and, as we have stated, the calcula¬ 
tion of the energy of vibration depends 
on an extrapolation from higher tem- 
^ ^ ^ peratures. 

Fig. 76. Linear term in the atomic i • *1 i i • tjt 

heat of silver. Zn shows a Similar behaviour; Jvee- 

® observed (Keesom and Kok); gom and Kok (loc. cit.) estimate that 

full line calculated from formula (17). i x *^. 1 . • x 

' the best agreement with experiment 

would be obtained by assuming rather less than one free electron per 

atom in formula (17). 

Critescu and Simon|| have observed for Be a maximum in the 
neighbourhood of 11°K., which is probably to be attributed to the 
behaviourx)f the metallic electrons, but is not in agreement with (14). 

Transition metals are discussed in § 5.2; they have an electronic 
specific heat much larger than that of normal metals. 

The specific heat of supraconducting elements shows a discon¬ 
tinuity at the transition point. Below the transition point the ele¬ 
ments investigated, tin,ft thallium,ft lead,and bismuth,!! follow 
the law far more accurately than the non-supraconductors. For 
thallium, for instance, the value of 0£, at 1*3 is 78-82^ and at 2-36° 

t Probably for the reason discussed in Chap. I, § 1,2. 

} About 18 per cent, at 4^ K., as compared with 50 per cent, at the lowest tempera¬ 
tures measured, 1’67° K. || Zeite.f. Phys. Chem, B, 25 (1934), 378. 

Cf. Keesom and Kok, Physica, 1 (1934), 175, where results for thallium and 
references to earlier papers are given. 

Cf. Keesom and van den Ende, Comm. Leid. 203d (1929); 213c (1931). 
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(the transition point) 77-23. Directly above the transition point 
0 J 5 is 80-36. No term in the specific heat proportional to T appears 
therefore to exist. Interesting conclusions have been drawn from 
this fact by Kok.f 


3. Magnetism; introduction 

With respect to their magnetic properties, solids may be divided 
into three classes. These are: 


(1) Strongly paramagnetic substances, having a susceptibility 
dependent upon the temj>erature. The rare earths and their salts 
are the best-known example. The strong paramagnetism is due to 
the presence of a free, or nearly free, magnetic core in the atom. The 
volume susceptibility is given for cores in doublet S states l)y the 
Langevin-Debye formula^ ^ 2 

kT^ 


(19) 


{N = number of magnetic cores per unit volume, /x — magnetic 
moment of core.) The discussion of this tyjie of magnetism lies 
outside the scope of this book.|| 

(2) Feebly paramagnetic or diamagnetic substances. This class 
includes the great majority of metals. The atomic susceptibility 
(XlO®) varies from —273 (Bi) to 555 (Pd). The dependence on 
temperature is usually small. The paramagnetic metals Pd, Mn, etc., 
form an intermediate class between (1) and (2). 

(3) Ferromagnetic substances. This class includes only Fe, Co, 
and Ni and certain alloys and compounds containing these metals 
or Mn or Cr, and some of the rare earths. They will be discussed 
in § 7. 

In the ferromagnetic metals, we know from the gyromagnetic 
effect that the magnetic carriers are electrons (Land6 jr-factor equal 
to 2). The interaction forces between the cores are therefore suffici¬ 
ently strong to quench the orbital momentum of the incomplete 
shells, so that they are not free to turn in a magnetic field. It is highly 
probable that even in the most paramagnetic metals of class (2), such 
as Pd, the interaction between the incomplete shells is at least as 

t Nature, 134 (1934), 532. 

t We omit the factor 3 usually given in the denominator, so that, for the moment 
of an electron, we must take c/i/2mc instead of 'yJ3ehl2tnc. 

11 Cf., for example, Van Vleck, Electric and Magnetic Susceptibilities, Oxford (1932). 
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strongf as in the ferromagnetic elements, though of a different sign, 
so that the coupling between spin and orbital motion is broken down 
and the orbital motion quenched. When an external field is applied, 
therefore, some of the spins will turn over, giving rise to paramagnet¬ 
ism, but there is no question of this happening to any of the orbits. 
This ‘spin paramagnetism’ is discussed in the next section. The 
orbital motion will not, however, be unaffected by the field; currents 
will be induced, leading to an induced moment. For closed shells 
these induced currents always give diamagnetism. For any electrons 
which can contribute to an electric current (incomplete shells, valence 
electrons, etc.) the contribution to the magnetism may be of either 
sign, but is usually negative. This susceptibility due to orbital 
motion is discussed in § 6. 

4. Weak spin paramagnetism 

Pauli J was the first to point out that electrons in a metal, obeying 
the Fermi-Dirac statistics, would yield a small paramagnetism, in 
general approximately independent of temperature. This was the 
first application made of the neWly discovered Fermi-Dirac statistics 
to the theory of metals. This paramagnetism will now be discussed. 

We denote by fi the Bohr magneton 

^ = eKI2mc. 

Then, in an external magnetic field H, the energy of an electron can 
take two values: either — JV/x if the spin points parallel to the field, or 
+///X if it points atitiparallel. If there is nothing to prevent it, an 
electron with antiparallel spin will turn its spin parallel to the field, 
the energy 2Hfi being transferred to the lattice vibrations. In a metal, 
however, this is impossible for most of the electrons, because the 
states with parallel spin are already occupied. At any finite tempera¬ 
ture r, however, a small number of electrons will be in excited 
states. The number of such electrons is of the order: 

T/Tq X total number of electrons, 

as formula (5) shows, where Tq is the Fermi limiting temperature 
(cf. § 2), equal to about 64,000° for silver, though much less for the 
positive holes in the d shells of the transition metals (cf. § 5). Now 
each of these electrons will behave, qualitatively, as it would in the 
classical theory, and thus give a contribution to the susceptibility 


t Cf. §§ 6, 7, 


t Zeits.f. Phys. 41 (1926), 81. 
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of about fjL^l’kT (cf. § 3). The volume susceptibility of the metal is 
thus approximately Nfi^lhTg, where N is the number of electrons per 
unit volume. The susceptibility is therefore independent of tem¬ 
perature, so long as T is small compared with T^. 

It is to be emphasized that the electrons in an insulator make no 
contribution to the spin paramagnetism, because, in any Brillouin 
zone which contains any electrons, all the states are occupied. 

We shall now obtain the exact formula for the susceptibility. At 
the absolute zero of temperature the calculation is elementary. The 
occupied electronic states are those which have least energy, so that 
in the absence of a magnetic field there will be two electrons in each 
state with energy less than the maximum energy ^*^d no 

electrons in higher states. If now a magnetic field II is imposed, 
electrons with their spins parallel to the field have their energy 
lowered by an amount and electrons with their spins antiparallel 
raised by the same amount. We denote byt N{E)dE the number of 
electronic states, per unit volume, in the energy range E to E-\-(lE, in 
the absence of a field. Then, when the field is applied, the number of 
states with sj)in parallel to the field in the energy range E to E~\-dE is 

]SI{E+H^)dE, 

and the number with spins antiparallel is 

N(E~Hfx)dE. 

As in the absence of the field, all states with energy up to a certain 
maximum ^ will be full. The magnetic moment ct per unit volume 
will then be given by 

a = [N(E+Hti)-N(E-Hfi)]dE, (20) 

ii + ltn 

which gives a = fx j N(E)dE, 

Co 

Even for the strongest fields obtainable, 300,000 gauss, ///x is only 
1-7 X 10"^ e.V/, and so we may write ///x < and hence 

u == 2^/xW(Co); 

the volume susceptibility is therefore 

K = 2fxWaoh ( 21 ) 

t N(E) is the number of states, 2N{E) the number of electrons. Cf. Chap. II, 
§ 4.6. 

3595.17 3 
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where N{E) is the number of quantum states per unit energy interval 
and per unit volume of the metal. 

At finite temjieratures the magnetic moment is, by analogy with 

( 20 ), 

= [N{E+Hti)-N(E-Hix)]f(E) dE, 

where /(A/) is the Fermi distribution function (§ 1). Since // may be 
taken to be small, this gives for the susc€>ptibility 




OO 

jm 


dN{E) 

dE 


dE. 


For temperatures not too large, a calculation similar to that of 
§ 2.1 givest 

/c = 2p2iV(^o)[ 1 + ~ ^ ] • (22) 

In the particular case of free electrons, or of a nearly empty zone 
(cf. Chaj). II, § 4.6) when N{E) — C^E, formula (22) becomes^ (cf. 


equation (13)) 


" 2 kT. 


- 

12W-J’ 


(23) 


where kT^ = and N is the number of electrons per unit volume. In 
this case, also, we may obtain a formula for tlie susceptibility valid 
for large TjT^, viz.|| 


kT 


fi- 2 
.y(27r)\T) J 


(24) 


The value of k for intermediate values may be obtained by numerical 
integration, and is shown in Fig. 77. 

Formulae (23) and (24) are true also for a nearly fuU zone, where 
N{E) = C^J{Eq—E), if kT^ E^—I^q and N refers to the number of 
unoccupied states (positive holes) per unit volume (cf. p. 180). 

If the energy is given in terms of the wave number k by 
E = cxfi^k^l2m (cf. Chap. II, § 4,6), then Tq is given by (16), and the 
volume susceptibility at low temperatures is, from (23), 




For free electrons a := 1. 


-n- 


(26) 


t Cf. Sommorfeld and Bethe, Handh. d, Fhys. 24/2 (1933), 476. 
t Stoner, Proc. Roy. Soc, A, 152 (1936), 672, equation (6.1), gives an expression for 
the variation of k with H. 

11 Mott, Proc. Camb. Phil. Soc. 32 (1936), 108; Stoner, loc. cit. 
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rhysically the temperature dependence of k can be described as 
follows: At low temperatures, as we have seen, the number of 



Fig. 77. Theoretical susceptibility of an electron gas. 

I. Exact. II. Cla^ssical. III. Formula (23). 

electrons which are free to turn in the field is proportional to T, and 
by (19) the susceptibility per electron inversely proportional to T. 
At temperatures comparable with however, the electron gas 
becomes non-degenerate and all the electrons (or positive holes) are 
free to turn; their number cannot therefore increase, and hence the 
susceptibility decreases as the temperature rises. 

4.1. Numerical values. For the conduction electrons in such metals 
as copper or silver or the alkali metals we may assume qualitatively 
that the electrons behave as though they were free,t i-e* a,s if the 
periodic field of the lattice could be neglected; putting a == 1 in 
(25), we thus have for the volume susceptibility 

fc =- hSSxlO-^ipnJA)^, (25.1) 

or for the atomic susceptibility 

1.88xlO-%J(A/^)i. (25.2) 

Here A is the atomic weight, p the density, and the number of 
electrons per atom. With Wq ~ 1, this gives k = 10~® for copper, with 
comparable or smaller values for all the other elements. 

For the d electrons in the transition elements, JJ, is much smaller 
than the value given by (16), and the magnetic susceptibility there¬ 
fore greater. This is discussed in § 5. 


t Cf. Appendix I. 
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4.2. Comparison with experiment. Comparison of formulae (23) or 
(25) with experiment is difficult, for the following reasons: Firstly, 
there is often considerable divergence in the experimental values of 
K, which may be ascribed to the presence of ferromagnetic impurities. 
Secondly, in order to obtain the ‘susceptibility of the conduction 
electrons’, one must subtract from the observed susceptibility the 
diamagnetic (and therefore negative) contribution of ions, which is 
not always easy to estimate accurately. The susceptibility of the 
ions is often numerically greater than that of the conduction electrons. 
Thirdly, in order to obtain the spin paramagnetism, one must 
subtract from the observed values the theoretical diamagnetic 
susceptibility of the conduction electrons (cf. § 6). For perfectly 
free electrons this should be exactly one-third of the spin para¬ 
magnetism; but this relation is not even approximately true unless 
the ‘effective mass’t of the electrons in the lattice is nearly equal to 
that of a free electron. 

(a) Alkali metals. Table Vll gives the calculated susceptibilities, 
taken from the article of Sommerfeld and Bethe (p. 475; Sornmerfeld 
and Bethe give volume susceptibilities), and the observed values, 
taken from Stoner {Magnetism and Matter, p. 509, London (1934)). 

Table VII 


Mass susceptibility 10® of the alkalis 



Li 

Na 

K 

Rh 

Ca 

Density . 

. 

0'534 

0-97 

0-86 

1-52 

1-87 

Spin susceptibility calc, from (25), with 






a ~ 1. , 


1-5 

0-68 

0*60 

0-32 

0-24 

Diamagnetism of conduction electrons. 






calc, from (43) 


-0-5 

- 0-23 

-0-20 

-0-11 

-0-08 

Diamagnetism of ions (obs.)}: 

-01 

-0-26 

-0-34 

-0-33 

-0-29 

Total susceptibility (calc.) . 

0*9 

0-2 

0-06 

- 012 

-015 


/Honda and Owenjl 

0-5 

0-51 

0-40 

0-07 

-010 

Observed suscepti¬ 
bility 

Sucksmithtf 
McLennan, Ruedy, 

! 

0-59 

0-51 

007 

-0-05 

and CohentJ 


0*59 

0*45 

0-17 

4-0-20 


iLanellll. 


0-65 

0*54 

0-21 

-f 0-22 


t The effective mass is defined on p. 95. 

t Deduced from the measurements of Ikenmeyer, Ann. d. Phyaik, 1 (1929), 169, 
on the alkali halides, except for Li where it is calculated by wave mechanics. 

[I Ibid. 37 (1912), 657. 
tt Phil. Mag. 2 (1926), 21. 
nil PAytf.i?cv.35(1930), 977. 


tt Proc. Roy. Soc. A, 116 (1927), 468. 
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We see that, except for lithium, the observed susceptibility is 
algebraically greater than the calculated susceptibility by an amount 
less than, but comparable with, the calculated spin susceptibility. 
We may conclude from this, either that N{E) is greater and hence the 
breadth of the Fermi distribution less than would be the case for free 
electrons, or that ‘correlation’ forcesf are important and increase the 
paramagnetism (cf. ('hap. IV, p. 141). In view of the considerations 
summarized in Appendix I, we believe that N{E) is not much greater 
than for free electrons, except perhaps for lithium, and that the diver¬ 
gence between theory and experiment is due to the correlation forces. 

The dependence of the susceptibility on temperature has been 
investigated by SucksrnithJ and found to be small. For Na, for 
example, x increased from 0*585 at 0° to about 0*61 at the melting- 
j)oint (97*5'^('.), where it fell to 0*59. The small change in melting 
shows that the magnetism does not depend much on the crystal 
structure. It has been suggested by Stoner|| that the increase with 
temperature is due to the thermal expansion, which is of course 
greater for Na than for less compressible metals. 

(6) Metals Cu, Ag, Au, Mg, Ca, Sr, Ba, Al, Pb. Estimates of the 
diamagnetism of the ions have been made by Scfmrnerfeld and Be the, 
loc. cit. 475, and by Stoner, loc. cit. 511-14. For all these elements 
except Ba the paramagnetism of the conduction electrons obtained 
by subtracting this from the observed values lies between 1*5 and 
2*5x10"*® per cm.®, whereas the values calculated from (25) give 
from 0*6 to 1 X 10~®; this again we believe to be due to correlation 
forces, especially since, for the di- and trivalent metals, the formula 
(20) of Chapter II for N(E) will represent an over-estimate (cf. Fig. 
40). Ba has a larger susceptibility (6*6 x 10 ® per cm.®). The suscepti¬ 
bility of some of these metals is discussed further under diamagnetism. 

5. The transition metals 

5.1. General discussion. The free atoms of these metals have an 
incomplete d shell either in the ground state or (in the case of 
palladium) in excited states of small energy. In the solid state they 
are distinguished by ferromagnetism or by strong paramagnetism, 
and by comparatively low electrical conductivity. 

t These forces are sometimes referred to as ‘exchange’ forces, or ‘interchange’ 
forces. We prefer to keep this term for discussions which start from the London- 
Heitler approximation, e.g, § 7.5. 

t Phil. Mog. 2 (1926), 21. 


II Proc. Ro\j, Soc. A, 152 (1935), 672. 
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In this chapter we shall confine our attention for the most part to 
the triad, nickel, palladium, and platinum, which come before copper, 
silver, and gold in the periodic table. The other metals have been 

investigated less fully from a theoretical 
point of view. 

Fig. 78 shows the lowest excited states 
of nickel; those of platinum and palla- 
diumf are similar. It will be noticed 
that states with the electron configura¬ 
tions and 3d^® exist within 

a range of 1*5 e.v. This is less than the 
binding energy per atom of the metal 
(4 e.v.). It follows that, in the metal, the 
wave function for each atom will he a sum 
of the atomic wave functions corresponding 
to several states with different electron con¬ 
figurations, Thus if j/rg, ^0 represent 
atomic wave functions formed by the 
superposition of states with the con¬ 
figurations 

3d84s2, 3d»45^ 3dio, 

respectively, the wave function in an atom of the solid will be of 

the form a i , a i , a t 

^2 ^2 + ^1 ^1 + ^ 0 ‘ Ao - 

The mean number per atom of electrons in s states is then 


10 


0-5 


-»/) 

- ZI1*0 

(3d/(4s)’ 

Fig. 78. Excited states of 
nickel, in electron volts, with 
two, one, or no ‘holes’ in the d 
shell. 


2\A^\^+\A^\^. (26) 

With such a wave function, at any moment of time some of the 
ions in the crystal will be closed d shells, others will have one positive 
hole and others two. The number of ions with two positive holes 
will be equal to ^he number with one to and so on. 

It is characteristic of these metals that the radius of the wave 
function of the d state is considerably smaller than that of the 
8 state, as shown in Fig. 57, where the wave functions of Cu are 
shown, which will be similar to those of Ni. Our discussion of their 
properties will be based on the assumption that, in consequence, 
nearly all the binding energy is due to electrons with « wave functions, 
the 'exchange’ interaction between the d wave functions being much 


t For Pd the state is the lowest. 
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smaller, less than 1 e.v. per atom (cf. Chap. IV, § 3.3). The strong 
interaction between the s electrons almost quenches their magnetic 
moment, the s electrons contributing to the metal only a small spin 
paramagnetism of the type discussed above. On the other hand, the 
weakness of the interaction between the incomplete d shells makes 
possible the strong paramagnetism of palladium and of platinum 
and the ferromagnetism of nickel and of similar elements. 

A discussion on the lines of the London-Heitler theoryf of the 
cohesive forces of a metal such as nickel, based on a wave function 
of the type (94), has not yet been given; a discussion of the ferro¬ 
magnetism has been given by WolfJ and will be referred to later. 
We shall give here a discussion|| based on the Bloch theory (Chap. II, 
§ 4), which, though unfitted without important modificationsfl for 
a quantitative calculation of the energy, yet gives a qualitatively 
correct account of a variety of phenomena. 

The Bloch theory is essentially a one-electron theory, the inter¬ 
action between the electrons being neglected except in so far as it 
can be represented by a static field. We assume, therefore, the exist¬ 
ence in the nickel atom of independent 3d and 4^ states lying close 
together. When, however, the atoms are brought together into a 
lattice, each quantized state broadens 
out into a band of allowed energies 
(Fig. 79); but, because the 3d orbits 
(wave functions) are small (see above), 
the broadening of the d band will be 
considerably less than that of the s 
band. The density of statesl||| N(E) in 
the two bands will therefore appear as 
in Fig. 80; the number of states, 

J N(E) dE, is five per atom in the d 
band and one in the s band. We see 
that the density of states is much greater in the d band than in the 
s band. 

Since in nickel or in palladium there are ten electrons to be shared 
between the two zones, it is clear that, if in a crystal of N atoms the 



Fig. 79. Allowed energies as a func¬ 
tion of interatomic distance (d). 


t Cf. Chap. IV, § 1.2. t Zeits.f. Phys, 70 (1931), 619. 

II Mott, Proc. Phys, Soc. 47 (1936), 671. 

tt the correlation between the positions of the electrons (cf. Chap. IV, § 2.2). 

tt Cf. Chap. II, § 2. 

nil N{E) is defined in Chap. II, § 4.6« 
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number of s electrons is pN, there is also an equal number pN of 
positive holes in the d zone. For copper, on the other hand, with eleven 
available electrons, the experimental evidence shows that the d band 
is full (cf. Appendix I), and there is thus one s 
electron per atom. The occupied states in the 
two metals are shaded in Fig. 80. 

There is a good deal of evidence that for 
nickel, and also for the similar metal palla¬ 
dium,f the number p of positive holes per atom 
is 0*55-0*6. This evidence will be reviewed 
below. Also for cobalt there are about 0*7 ^ 
electrons and 1*7 positive holes in the d band. 

We shall see in § 7.3 that for nickel, at any 
rate, \A^ \ in equation (26) is considerably larger 
than 1 ^ 1 1; in most ions of metallic nickel there 
will therefore be two positive holes or none. 
As Fig. 78 shows, the energy of these positive 
holes depends markedly on whether their spins are parallel or anti¬ 
parallel; Fig. 79 is therefore an over-simplification; in reality, any 
d ion may be excited into a state where the ‘holes’ have antiparallel 
spins, the work required for this being of the order of a volt. 

X-ray absorption edge 

Perhaps the mo.st direct experimental evidence of tlie truth of the hypothesi.s 
that in transition elements thei*f^ are empty d .stakes with very large N{E) is 
provided by the work of Veldkamp on the X-ray absorpt ion edge of the metals 
tantalum and tungsten. This is discussed in Chap. Ill, § 9.2. 

5.2. Specific heat. We have seen in § 2 that at ordinary tempera¬ 
tures the conduction electrons in a metal such as copper form a 
nearly degenerate gas, and make only a small contribution to the 
heat capacity, of the order per gm. atom 

~ 0*00015r cal. degree. 

The assumption, however, that for the d electrons the density of 
states is much greater than for the s electrons, leads to the conclusion 
that, if the d band is not full, it will make a much larger contribution 
to the specific heat. 

For Ni, Pd, and Pt, since the number (0*55-0*6) per atom of 
d states which are unoccupied is small compared with the total 



Fig. 80. Derwity of 
states N{K) in nickel and 
copper. 


t For platinum we have no definite evidence. 
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number (ten), it will probably not involve serious error if we assume 
for the d band near the surface of the Fermi distribution 

N{E) - C^(E,~E), (27) 

where Eq is the maximum energy of the d band. With this assump¬ 
tion we may apply the formulae of § 2 to the positive holes in the 
d band. We denote by kT^ the energy interval between E^ (the head 
of the band) and the highest occupied state at the absolute zero of 
temperature. We may then apply formula (14); we obtain for the 
extra term in the atomic heat due to the electronsf 

AC; iiT'/TJ) cal. per gm. atom 

for temperatures J' small compared with 

Keesom and ClarkJ have measured the atomic heat of nickel 
between 1*1 and 19*0''K. and, subtracting the estimated contribu¬ 
tion due to the lattice, find an additional term equal to 0 001744T 
cal. per gm. atom. This gives for TJ,, assuming to be 0-6 (cf. p. 197), 
To == 3,470° (nickel). 

This result is discussed further in relation to the ferromagnetism in 
§§7.4, 7.6. 

Simon and Pickard|| have measured the specific heat of palladium 
in the same range, and find an additional term 0*0031 T cal. per gm. 
atom, giving a value of To> with = 0*55 (cf. p. 199), 

Tq — 1,750 (palladium). 

Two other methods of estimating Tq for this element are discussed in 
Chap. VII, §§ 7 and 14, which give values of of the same order of 
magnitude. 

The low values of Tq will have the further result that the electron 
gas (or rather the positive hole gas) becomes non-degenerate at com¬ 
paratively low temperatures, so that each ‘positive hole’ contributes 
an amount \k to the specific heat. As Fig. 75 shows, at a temperature 
the specific heat per particle has risen to 1-25Z:, so that we should 
expect at this temperature that the additional specific heat would 
be = 1*25 X 0*6 xJS = 1*5 cal. pergm. atom. 

t We shall see in § 7 that a further term, proportional to T^, must be added to the 
heat capacity of ferromagnetic materials at low temperatures, representing the heat 
required to demagnetize the body. This has not been observed at present. The 
existence of the two additional terms was first pointed out by Epstein, Phya. Rev, 
41 (1932), 91. 

t Physicat 2 (1935), 513; see also Clusius and Goldmonn, Zeita, f. phys. Chem, B, 
31 (1936), 237. || Pickard, Nahire, 138 (1936), 123. 

3596.17 r! n 
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We give below the measured atomic heats of palladium and 
platinum compared with those of copper, silver, and gold: 


Observed atomic heats at constant volume (Cy), in caL degree per 

gm. atom 


T° G. 

Pdf 


Cut 1 

■Ag% 

AuX 

600 

6*594 

6*38 

6*2 ! 

6*0 

6*0 

900 

7*072 


! 

6*13 

, . 

1,000 

7*146 

6*65 

6*5 1 


6*12 

1,300 

7*251 


1 



1,500 

7*232 


1 



1,600 


6*8 

•• i 

i 



The values, especially for palladium, rise considerably above the 
corresponding values for the noble metals;|| they are not, however, 
as great as the low value of JJ, for palladium suggests, since at 1,000° C. 
the ‘positive hole gas’ should be practically non-degenerate, giving 
an excess specific heat 0*6 xfi? 1-8 cal. per gm. atom. It is not 
certain, however, what effect the coupling between the positive holes 
discussed above will have on the specific heat. 

Nickel has a very considerable excess specific heat above the Curie 
temperature of about 1*3 cal. per gm. atom. This is discussed further 
in §7.4. 

5.3. Paramagnetism. Palladium, platinum, and sonie of the other 
transition metals are strongly paramagnetic. There is no direct 
proof that this paramagnetism is entirely due to spin; but we know 
that spin is responsible for the ferromagnetism of nickel both below 
and above,the Curie point (cf. § 7.1), and these paramagnetic metals 
are probably similar in this respect. 

No calculations of the magnetic susceptibility of such substances 
based on the London-Heitler model have yet been given. If we use 
the Bloch model, and make the assumption (27) above, then the 

t j€WJger and Rosenblurn, Proc. Amsterdam Acad. 33 (1930), 467. Holzmann 
(Festschrift J. Siehert, Hanau (1931)) obtains rather smaller values for Pd, viz. 6*6900 
at 800° C., 6*7544 at 900° C. 

X The mean of several detenninations, cf. Eucken, Handb. d. exp. Phys. 8 (1929), 

1 , 221 . 

II For tungsten also the atomic heat rises above the classical value, and accord¬ 
ing to Magnus and Holzmann (Ann. d. Physik, 3 (1929), 685) reaches the value 6*44 
at 900° C. Both for tungsten and for platinum it has been suggested that the effect 
is due to the anharmonic terms in the potential energy of the lattice waves, cf. Chap. 
I, § 2, but it seems to us probable that it is mainly due to the electrons, as explained 
here. 
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susceptibility is given in terms of a single parameter To (cf. (23)) if 
the number Uq of elementary magnets per atom is known. 

In Fig. 81 we show the observed values of 1 Jxa for palladium and 
platinum, and also for nickel. The theoretical curves are the same as 
those shown in Fig. 77, with iIq, here the number of positive holes in 
the d shell, equal to 0*6 in both cases, and with the following values 

Pd Pt 


for T^: 


500° K. 


1,500° K. 



Fig. 81 . Reciprocal of atomic susceptibility for Pd and Pt. 

Observer. 

• Guthrie and Bourland.f -f Foex (different specimens).}: 

O Vogt. II X Onnes and Oosterhuis.ff 

Full lines are theoretical curves obtained as explained in text. 

Inset: reciprocal of atomic susceptibility of nickel (}:}:). 

The agreement is good considering that the theoretical formula con¬ 
tains only a single unknown parameter Tq, being determined from 
other data. On the other hand, we believe that this value of is too 
small and that the agreement is mainly accidental, for the following 
reason. 

The parameter IJ, determines also the specific heat; as we may 

t Phys. Rev. 37 (1931), 308. t J. d. Phys. et le Rad. 4 (1933), 517. 

II Ann. d. Phyaik, 14 (1931), 1. tt Comm. Leiden, 67 (1914). 

Honda and Takagi, Science Reports T6hoku, 1 (1911), 229. 
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see from Fig. 75, at a temperature equal to the electronic heat 
capacity per particle has already risen to the value thus at 

room temperature we should expect an additional qontribution to 
the heat capacity of 

0*6 X l‘2R !r=: 1-4 cal. per gm. atom, 

which is not observed (cf. p. 194). 

We believe, then, that the susceptibility of the transition metals 
is due to electrons in the comparatively narrow d bands, but that, 
especially for Pd and Pt, the large susceptibility can only be accounted 
for by the terms in the energy which are neglected in the approxima¬ 
tion used here. These terms are discussed in Chap. IV, § 2.2 under 
the heading of ‘correlation forces’;f it was shown there that, owing 
to the tendency of electrons with parallel spins to keep away from 
each other and thus to lower the energy, these terms always increase 
the susceptibility of a metal, if they do not make it ferromagnetic. 

5.4. Alloys of the transition metals. The magnetic properties of 
alloys of the transition metals have, of course, been extensively 
investigated. We can discuss here only certain results which are of 
especial interest in view of the theoretical considerations of this 
chapter, f 

(a) Alloys of nickel. We take for an example the copper-nickel 
series. These alloys form a face-centred cijbic lattice with no super¬ 
structure for all compositions. The copperi atom (Z — 29) contains 
one electron more than nickel {Z = 28). Therefore, to a first approxi¬ 
mation, if a nickel atom is replaced by a copper atom in an alloy 
we may suppose that the lattice is unaltered except that an extra 
electron is added. 

Now the addition of extra electrons to the nickel lattice will raise 
the energy of the surface of the Fermi distribution. In Fig. 80 the 
point marked A will be moved to the right. As Fig. 80 shows, 
the density of states in the d band is very much greater than in the 
8 band. Therefore, nearly all of the extra electrons will go into the 
d band so long as there remain any vacant places in it. We know 
(p. 222) that the number of vacant places in the d band of nickel is 

t We prefer not to refer to them as ‘exchange forces’, since they are quite different 
from the ‘exchange integral’ which occurs when we start from the London-Heitler 
approximation (§ 7.5). 

i Most of the considerations of this section are taken from a paper by Mott, 
Proc. Phys. JSoc. 47 (1936), 571. 
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equal to the saturation moment in Bohr magnetons, namely 0*6 
per atom. Hence, in an alloy of which the atomic composition is 
60 per cent, copper, the d band will be just full. In the pure nickel all 
states below A in Fig. 80 are occupied; in the alloy with 60 per cent, 
copper all states below J5, and in pure copper all states shaded in 
Fig. 80. Thus in an alloy with x parts of Cu to 1 —-x of Ni the number 
of holes in the d shell is 

0-6—a: {x < 0-6), 

0 {x> 0-6). 

We should expect, therefore, the saturation moment of the copper- 



Fig. 82. Atomic moments in nickel alloys in Bohr magnetons per atom. 

The number of electrons outside an inert gas shell in the atoms shown is: 

Mn Fe Co Ni Pd Cu Zn Al tSn 

1 8 9 10 10 11 12 13 14 

nickel aHtays to be T)**6—a: Bohr magnetons per atom. That this is 
the case has beert^shown experimentally by Alder,*}* whose results are 
shown in Fig. 82. One would expect the alloys with more than 
60 per cent, copper to be diamagnetic or weakly paramagnetic; 
actually they are fairly strongly paramagnetic, probably owing to 
small traces of undissolved nickel. 

Similarly, if an atom of Fe, Co, Pd, Zn, or Al be substituted for 


t Dissertation^ Zurich (1916). 
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a nickel atom in the alloy, we may suppose the number of electrons 
to be increased by —2, —1, 0, 2, 3, respectively, the extra electron 
being always added to, or subtracted from, the d band, for the same 
reason as before. None of these metals dissolve in nickel to an un¬ 
limited extent without change of structure, but for small concentra¬ 
tions the saturation moment is found,f as for Cu-Ni, to agree with 
the assumption that it is equal to the number of holes in the d band, 
as shown in Fig. 82. 

(b) Specific heat of Cu-Ni alloys. Grew J has found that the excess 
specific heat AC^ above the Curie point (cf. § 7.4) tends to zero 
approximately at the same composition as the magnetization; this is 



Composition (atomicper cent nickel) 


Fig. 83. Excess specific heat of copper-nickel alloys according to Grew. 


shown in Fig. 83, where is plotted against atomic composition. 
Since, as we shall see below, the excess specific heat is due to the 
presence of positive holes in the d band, this gives additional evidence 
for the hji^pothesis that, for alloys with more than 60 per cent, 
copper, the d band is full. 

The optical properties of Cu-Ni alloys are discussed on p. 126, 
and the electrical conductivity on p. 271. 

(c) Alloys of platinum and palladium. The alloys of these two 
metals with copper, silver, and gold have been extensively investi¬ 
gated. || The alloys of palladium with silver and gold form a con¬ 
tinuous range of solid solutions and no superstructure has been 
observed; the alloy with copper can be obtained both with and 

t Sadron, Thiae, Strasbourg (1932). t Proc. Boy. Soc. A, 145 (1933), 621. 

II The susceptibility of Au-Pd has been measured by Vogt {Ann. d, Phyeik, 14 
(1932), 1), Ag~Pd and Cu-Pd by Svensson (ibid. 14 (1932), 699), Au-Pt by Johansson 
and Linde (ibid. 5 (1930), 762). 
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without a superstructure (cf. Chap. I, § 7). In the platinum alloys 
there are ‘Mischungsliicken’; for this reason we shall discuss the 
palladium alloys. 

Fig. 84 shows the susceptibility of the palladium-gold series of 
alloys plotted against the atomic composition. It will be seen that 


XaxW^ 



Atoms, per cent 

Fia. 84. Atomic susceptibility of gold-palladium and platinum- 
palladium alloys according to Vogt. 

the susceptibility drops to the small negative value for gold at about 
the composition 55 per cent. gold. Pd~Pt is also shown. The curves 
for Pd-Cu and Pd-Ag are similar. For the Pt-Au alloys! fhe transi¬ 
tion from the paramagnetic to the diamagnetic alloys is less sharp. 

The theoretical explanation is similar to that given for the copper- 
nickel alloys. Each atom of gold contributes an extra electron which 
goes into the d band, as long as there is any room there; when the 
d band is full the alloy is diamagnetic. We deduce that there are in 
palladium 0-55 positive holes in the d band per atom, and thus about 
the same as for nickel (0-6). 

According to equation (21) the paramagnetic susceptibility should 
be proportional to where written for ^q. The curve 

of Fig. 84 may thus be taken to show the variation of N{E^^^) with 
atomic composition x. The experimental curve has roughly the form 

~ (0-55~-^c)2 (28) 

t Vogt, loc. cit. 2i5. 
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The thermal expansion coefficients of Ag~Pd and Cu~Pd alloys, 
when plotted against atomic composition,f show a kink at about 
50 per cent. Pd, indicating that there is some change in the rate of 
change of the binding forces at this composition. This is just what 
we should expect from our theory, since the number of s electrons is 
constant up to about 55 per cent. Cu or Ag, and the s electrons are 
mainly responsible for the binding forces. 

(d) Palladium and hydrogen,. Palladium absorbs hydrogen very 
strongly; the hydrogen atoms do not replace those of palladium in 
the lattice, the exact location of the H atoms being unknown. J 
The paramagnetic susceptibility decreases and finally disappears 
when tl^e metal absorbs hydrogen, as shown in Fig. 85, which is due 



Fig. 85. Atomic suscoptibility of the system Pd-H, plotted against 
the ratio of the number of H atoms to the number of Pd atoms. 

® Biggs.ll —• Aharoni and Simon.ft Ql Oxley.Jt o Svens8on.|ll| 


to Svensson (ref. below). We may deduce that the hydrogen 
electron goes into the d shell, thereby decreasing the number of 
positive holes and hence the paramagnetism. 

We know that the palladium atom has 0-55 holes per atom in the 
d shell, and since the susceptibility drops to zero when there are 
about 0-55 hydrogen atoms to each palladium atom, we may deduce 
that the dissolved hydrogen atom is completely ionized, unlike the 
silver atoms discussed in the last section, which keep part of their 
8 electrons, 

t Johansson, Ann. d. Physikj 76 (1925), 445. 

t Cf. Hanawalt, Phya. Rev. 33 (1929), 444, for the effect on the lattice constant, etc. 

II Phil. Mag. 32 (1916), 131. ft Zaits.J. phys. Chem. B, 4 (1929), 175. 

tt Proc. Roy. Soc. A, 191 (1922), 264. i!j| Ann. d. Phyaik, 18 (1933), 294. 
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6. Diamagnetism of the conduction electrons 

According to the laws of classical mechanics the diamagnetic 
susceptibility of a free-electron gas is zero. This appears to have been 
shown first by Bohr.I The proof depends on the fact that, whether 
a magnetic field is present or not, the energy of (‘ach electron is j)rO“ 
portional simply to the square of its velocity, and the velocity does 
not change in a magnetic field; the expression for the energy (more 
generally for the free energy) does not therefore contain the field, 
and the magnetic moment vanishes. A theorem due to Van Leeuwen J 
shows that the moment vanishes, according to classical mechanics, 
even if the electrons move in a field which varies from point to point. 

These results arc not valid if we apply quantum mechanics to the 
motion of the electrons, as was first shown by Landau.|| According 
to quantum mechanics, the state of motion of a free electron can be 
specified by the three components of its velocity only if no magnetic 
field is present. In the presence of a field an electron moves in 
circular orbits round the direction of the field, and the energy of 
motion is quantized, according to familiar laws. Any attempt to 
determine the three components of the velocity of an electron at a 
given instant would disturb it, and might cause it to jump from one 
quantized state to another. It follows that we cannot know the 
energy and velocity of an electron at the same time. We cannot 
therefore argue, as in the classical mechanics, that the energy is 
a quadratic function of the velocity, and must investigate the 
magnetic moment in another way. 

Throughout this section we shall obtain the magnetic moment 
a from the free energy F by means of the formula 



Our aim is therefore to calculate the free energy. 

6.1. Diamagnetism of free electrons. We consider first a gas of free 
electrons, the lattice field being neglected (approximation of Chap. 
II, § 3). 

Let the magnetic field H be parallel to the 2 ;-axis. An electron can 

t Bohr, Dissertation^ Copenhagen (1911). Cf. the diwrnssion by Van Vlork, lo<;. <*it. 
100 . 

{ Dissertation, Leiden (1919), Cf. also Van Vleck, loc. cit. 94. 

}| Zeiis.f. Phys. 64 (1930), 029. Cf. also Darwin, Proc. Camb. Phil. Soc. 27 (1932), 
86, Teller, Zeits.f. Phys. 67 (1930), 311, and Stoner, Proc. May. Soc. A, 152 (193o), 672. 
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describe a circular orbit of any radius perpendicular to this field 
with frequency eHl2^mc. 


Tliis circular motion may be resolved into two simple harmonic 
oscillations at right angles. According to the quantum theory, the 
only values which the energy of a particle vibrating with this 
frequency can have are given by 




eHh 

27rmc 




where Hs a positive integer. The state of motion of an electron is 
therefore completely determined when we know Z, the com])onents 
of the velocity parallel to Hy and the position of the centre of the 
orbit. Clearly the energy is independent of the ])osition of the orbit, 
so that, if is the component of the momentum parallel to H, we 
may write for the total energy E, 

E = (30) 

where p is the Bohr magneton defined by 

/X = efil2mc. 

The quantum state I is degenerate, even if is known. We require 
an expression for the number of quantum states with given quantum 
number I and for which p^ lies in the range p[ to p[ \~dp[. If we assign 
two states to each cell of phase-space, the number re(|uired will be 
equal to the number of states for which, in the absence of a field 


Tx < I>z < P'x+dp'^. 

If V is the volume of space occupied, and if we write p%-{-Py — the 
corresponding volume of phase-space is clearly 

2TTVpdpdp^ = iirV pmU dp^. 

Allowing two states for each cell of phase-space, this gives for the 
required number of states, substituting for /x, 

2VeHdpJch^, (31) 

(a) A non-degenerate electron gas. We consider first a non-degener¬ 
ate electron gas, as in this case the calculation is particularly simple. 
We have to calculate the magnetic moment a at a temperature T of 
an electron gas containing N electrons per unit volume, neglecting, 
of course, the moment due to the electron spin, a is obtained from 
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the free energy F by equation (29). Since the gas is non-degenerate, 
we use classical statistics; the number of particies which have 
energy at temperature T is thus proportional to and the 

entropy of the state with total energy IJ ^ given by 


S - klog 


N\ 


(32) 


' r-ti! Tig! ...n,•!...’ 

where k is Boltzmann’s constant.f Making use.of Stirling’s formula 
in the approximate form 

logiV! - iV^log(iV^/e), (33) 

and of the equation N we obtain easily the well-known 

i 

formula 


where 


F U-TS - -kTNlogZ, 


(34) 


Thus, from (29), we have for the magnetic moment 


G^kTN-^AogZ. 
dH ^ 


(35) 


According to (30), (31), and (34) we obtain 



ch^ ^ 


eVH ^J(27TmkT) 
ch^ sinh^^/A:T)’ 


Hence from (35) 



Therefore, when Hfi kT, the susceptibility k per unit volume may 


be written 


_ _ 1 Nfi^ 

“ 3 kT 


Since fi = ehl^Ttmc, this susceptibility vanishes when we make the 
transition to the classical theory by putting h equal to zero. 

The spin paramagnetic moment of a non-degenerate electron gas 
under the same conditions, viz. fiH << kT, is given by (ef. § 4) 

/c = Ny,^lkT. 

For small fields, therefore, the diamagnetic susceptibility is numeri¬ 
cally just one-third of the spin paramagnetic susceptibility. 


t The Boltzmann distribution law is obtained by making the expression (32) for 
8 a maximum for a given total energy and fixed N. 
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(b) A degenerate electron gas; Landau s formula. Since electrons 
o])ey the Fcnni-Dirac statistics, the entropy of the electron gas, 
according to the quantum theory, is not given by (32) but by the 
following formula: 




Z^\ 


(36) 


where z,- denotes the luimbfT of states with energy and ni the 
number of electrons in these states. When S is a maximum for a 
given total energy LI ^ and for a given number of electrons 
jV, wx‘ hav(^ the result 


1 

g(A'—’ 


(37) 


wdiieh is the well-known Fermi-Dirac distribution law (cf. § 1). From 
(3(3), (37), and (33) we obtain for the free energy 

F -- Nl --hT 2 (38) 


The ])arameter ^ may be debTinined in t(Tms of N, the number 
of electrons ]X‘r unit volume, by the equation^ 

dF/c;C 0. (39) 

The fr(‘e energy of a degenerate electron gas in the presence of an 
external magnetic field is therefore, according to (30), (31), and (38), 

a( 

F Nl- 2 f l«g| 1 f e'^- djK. (40) 

Th(‘ summation can be evaluated by means of Euler’s formulaJ 
which, to the degre(‘ of approximation required here, states that 

Ifil+l) - ^/(■0</.r -.’,!/V)i^ (41) 

J a 

(t 

This formula is applicable only when the function f(x) is approxi¬ 
mately linear in tlie range (ah) between any two values of x which 
differ by unity: in other words, when 

/(•M-i)-/(.r-i) /V) ?/(•»•)• 

Tl)(‘ iufogiMnd in (40) varies a])pi-<‘cial)l_v in a range of 1 equal to 
k Tjfili at .some points in the interval 0 • ' x. Euler's formula in 

the form (41) may therefore only he applied to evaluate F when 

fiif <?: I T. 


t Cf.s I. 


t Brtmiwifh, Tln unj of Jnjinite Series, p. 238 . 
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Under these conditions wc obtain, according to (40) and (41), 


00 oo 

F Nl-^'liHkT J 

on 

'w J 


4“ 


27rm, 
3/?4 


dpz 


By a suitable change of variables the integrals may be put into the 
following more convenient forms 


F = JVC- kT J log(e<« l)x* dx + 

0 

7r(2m)» „ J r x-idx 

+ 3 A« J 

0 

The integrations may be carried outf and the results expressed as 
series of ascending powers of kT, Wc only require the first terms, 
which are readily obtained, giving 


F 


= N^- 


Wn(2m)^t^ , 2n(2mn^^ 

15/r^ 3*3 ' ^ ' 


(42) 


By (29) we have for the magnetic moment 


fdFX d 


dC 

dH' 


The second term vanishes, by (39); substituting from (42) we have 


therefore 


477 




Since we only need cr to the first i)ower of //, we may replace ^ by its 
value when H 0, which we shall write According to (39) and 



a formula already obtained in t’hapter II.J Hence 



This formula w^as first obtained by landau (loc, cit.). StonerU has 
given a formula for the rate of variation of k with T and //. 

t Of. Fowk^r, Stathtical Merhanic^^ ]). 544. 

X Equation (19); Awl iik*ntical. 

II IVoo. Jiuy. AV. A. 152 (1935), 672. 
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We see, as for a non-degenerate gas, that the value of k, for small 
fields, is numerically equal to one-third of the spin paramagnetic 
susceptibility (cf. § 4). Note, however, that this result is only valid 
for ‘free’ electrons, i.e. when the effective mass is approximately 
equal to the mass m of a free electron. It must not be applied, for 
instance, to the positive holes in the d shells of transition metals 
(cf. equation (56) below). 

(c) plication of Landau s formula to real metals. It would appear 
from the preceding section that the diamagnetism of free electrons, 
degenerate or otherwise, depends essentially on the existence of 
discrete energy values, for if I is regarded as a continuous variable and 
the summations arc replaced by integrations, the free energy becomes 
independent of H. However this conclusion is not really correct. 
Indeed, if the diamagnetism depended u})on the existence of a set 
of sharply defined energy levels such as (30), the theory could have 
little practical significance, because such a set of levels could not 
exist in a real metal, where the electrons are continually being 
disturbed by the heat motion of the lattice. The average time 
between two collisions of an electron with the vibrating lattice is 
of the order of magnitude sec., a result which is easily obtained 
from the observed electrical conductivity.*}* On the other hand, the 
period of an electron moving in a field of one kilogauss is approxi¬ 
mately 3x10“^® sec. Thus, even in a moderately high magnetic 
field, an electron can perform only a very small part of its orbit in 
the time between successive collisions caused by the heat motion. 

If T is the average time between two collisions, the coupHng between 
the atoms of the lattice and the electron is such that one can only 
define the individual energies of the electron and the vibrating atoms 
with an uncertainty A/r; only the total energy of the electron and 
the atoms is exactly determinable. Hence, in place of an energy 
spectrum consisting of a series of sharp lines Ei = 2yiH{l-\-\)^ there 
will in reality be a series of lines of approximate width hjr. The form 
of these lines we may assume to be given by a function ^(o?) which 
has a maximumat x == 0 and for which 

00 

J <j>{x) dx — 1 . (44) 

— CO 

<l){x) should fall rapidly to zero for x > hjr. In the former calcula- 

t Cf. Chap. VII, § 6.3. 
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tions we have tacitly assumed that r = oo, thereby giving the 
properties of a 8 function. 

We shall now show that this does not affect the diamagnetism 
provided that kT > hjr. If we write for the energy 

E = Ei+p^l2m, (45) 

we may put for the number of states which lie in the interval Ei to 
Pg to instead of (31), 

N{E,)dE^dp, = 2 <f>{Ei-2pH{l+ \)}dE^ dp._. (46) 

We have already pointed out that for all values of H such as are 
ordinarily employed in susceptibility measurements, e.g. up to 
30 kilogauss, hjr ^ [xH. Hence it is legitimate to apply Euler’s 
summation formula (41) directly to (46); we obtain 

N{E^) = J ^(x) dx + 

— 00 

Substituting from (45) for E, (38) may be written 

00 00 

F = nt-kT J dp, j dE\, (48) 

- - 00 — 00 

and, substituting for N{Ei) from (47), we obtain by partial integra¬ 
tion with respect to E^ (making use of (44)) an expression for F, which 
is essentially identical with (42), and leads therefore at once to 
Landau’s formula for the diamagnetic susceptibility. There is one 
necessary assumption involved in passing from (48) to (42). The 
assumption is that log[l-\-exp{(l^-~-E^—p^l2m)/kT}] does not vary 
appreciably with E^ in a range A/r. In other words, it is necessary that 

kT^hlr, (49) 

The condition (49) for the applicability of Landau’s formula to 
metals was first deduced by Peierls.f 

6.2. Effect of the lattice field on the diamagnetism. It is not possible 
in the case of electrons in a periodic lattice to proceed directly by 
finding the stationary states in an external magnetic field, as was 
done for free electrons. The appearance of the lattice potential in 
the wave equation makes such a procedure wholly impracticable. 

Peierls| has obtained a formula for the diamagnetic susceptibility 

t Ztit8,f, Phys, 80 (1933), 763. J Loc. cit. 786. 




dx\ 

/T. 


(47) 
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by a method which does not involve a detailed knowledge of the 
stationary states. Using wave functions obtained for the limiting 
case of tight binding,| he has deduced the following formula for the 
volume susceptibility: 

2/ rr I (b^E 

3\47rcA/ JJ W^AE\\bkl bi^f, ^ 

where the integration is over the surface of the Fermi distribution. 
This formula reduces to Landau’s expression (43) when E ~ h^k^j2m 
(free electrons). 

We shall not give a general proof of Peierls’s formula; we shall, 
however, obtain ab initio a formula for the susceptibility in a certain 
special case which is of considerable interest. This is the case (cf. 
p. 83) in which the surfaces of constant energy in /:-space form a 
family of similar ellipsoids. We shall suppose that the magnetic 
field is in the direction of one of the principal axes and choose the 
coordinates so that this direction is that of the ^"^-axis. We may 
write, therefore, in the absence of a field 

In Chap. Ill, § 2 we have shown that the velocity of an electron is 
given by the equation 

V ~ ^grad^ (52) 

Tl 


and that an external force F produces an acceleration according to 
the formula ^ ^^ 3 ^ 

The X and y components of the force on an electron moving in the 
magnetic field H are, by (52), ehHoL^kyjmc and —ehHoL^kJmc, respec¬ 
tively. Hence the equations of motion are, by (53), 

eH 


me ^ 


ky — 


me 


ocik^ 


differentiating with respect to the time we obtain 






0 , 


(54) 


where ” ehj2mc, 

with a similar equation for ky. The equations (54) are formally the 

same as the classical equations of motion in a magnetic field, and 

t Cf. Chap. II, § 4.4. 
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differ from those for a free electron only in having /a' in place of 
for the magnetic moment. 

The formulae for the diamagnetism of free electrons (§ 6.1) may 
therefore be applied, and we may write for the energy levels 

E, = 2fi'H(l+l). (55) 

The number of states which have a given value of I and lie in a 
range to k^-^-dk^ may be shown, in the same way as for free 
electrons, to be 

The expression for the free energy of the electrons is therefore identical 
with (40) if /Lt is replaced by /i' and the integral is multiplied by 
(a^agaa)”^. The magnetic moment, therefore, is given by 


__ 47r(2m)t 

and, since in this case according to (39) we have 

. (3N\h u 


the diamagnetic susceptibility per unit volume is 

Note that the suffix 3 refers to the direction of the magnetic field. 
This result could have been obtained by substituting (51) into 
Peierls’s formula (50). 

Note that if = atg == ag = a, one obtains 

K = aKi, (57) 

where is the value (43) for free electrons. Thus small a (large 
effective mass) gives small diamagnetism. Contrast the behaviour 
of the paramagnetic susceptibility (equation (25)), which becomes 
large when a is small. 

The formula (56) is of interest because it may be applied with fair 
approximation to certain actual metals. It has already been shown 
that in most metals, with the exception of the monovalent group, the 
surface of the Fermi distribution overlaps the first Brillouin zone. 
A simple idealized case is shown in Fig. 86, where the curved lines 
represent in i;-space the boundary of the Fermi distribution of 
electrons, and the straight lines planes of energy discontinuity. In 

8595.17 


W A 
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the neighbourhood of the points A and B the surfaces of constant 
energy approximate closely to a family of ellipsoids. The suscepti¬ 
bility of the electrons in the regions beyond A and B taken together 
may be calculated by means of formula (56). N in (56) would then 
refer to the number of electrons per unit volume of the metal which 
lie in the regions beyond A and JS. As for all structures planes of 
energy discontinuity occur in pairs symmetrically placed with respect 
to the origin, when the overlap is small it is always possible to regard 
the ‘overlapping’ electrons as forming a number of ellipsoidal dis¬ 
tributions in /i:-space. (56) may then be used to give a good idea of 
the magnitude of the diamagnetism in such cases. The value which 

N takes may be estimated from other 
physical properties of the metal. 

The values of the parameters a 2 , ag 
were discussed in Chap. II, § 4.5. We 
found that, while ag oc^ are comparable 
with unity, is given approximately by 

l + ^EJAE, (58) 

where Eq is the energy of a free electron 
at the point A in Fig. 86 (6-10 e.v.) and 
AE the energy gap. If AE is of the order of 1 e.v., we see that, in 
the region near the energy discontinuity where formula (58) holds, 
oci may be as great as 30 times ag or ag. It follows, therefore, from 
(56) that electrons in states near A, B will make large contributions 
to the diamagnetism in the direction of the 2 /-axis, but small ones 
only in the direction of the x-axis. 



6.3. Comparison with experiment. For comparison with experiment 
we shall use the susceptibility per unit mass, x- Landau’s formula 
(43) gives 

Xi, ~ —0-623nJp~M~lx 10“® c.g.s. units, (59) 

where is the number of free electrons per atom in the metal, p is 
the density, and A the atomic weight. We have already seen that 
free electrons give a paramagnetic effect due to electron spin, which 
is just three times as great as the Landau diamagnetism. The con¬ 
tribution of the free electrons to the total susceptibility is thus 
21x1,1. In Table VIII we give the observed susceptibilities for a 
number of diamagnetic metals in the liquid and solid phases, and for 
comparison a calculated susceptibility obtained by adding together 



Chap. VI, § 6 DIAMAGNETISM OF THE CONDUCTION ELECTRONS 211 
the contributions from the ions and the conduction electrons, 
assuming the latter to be perfectly free. The table shows that the 
susceptibility calculated in this way gives approximately the 
observed value in the liquid phase. In certain metals, notably Bi, 
Sb, and the y-alloys, the susceptibility in the solid state is far greater 
than the calculated value assuming free electrons. This we believe 
to be due to the fact that in these metals the conduction electrons 
slightly overlap an almost full Brillouin zone (cf. Chap. V). We shall 
consider the cases of the y-phase alloy Cu-Zn and the pure metal Bi. 

Table VIII 

Mass susceptibility of diamagnetic metals in solid and liquid phases^ 
compared with Landau's formula 


i 

Metal 

x.xio« 

{observed) 

X(X10« 

' {observed) 

^0 

XlXlO' 

1 j{x<"' + 2|Xi|} 

x*"’x]0'! xio' 

Ag i 

-0-26 

' -0-28 

1 

-0-027 

-0-391 

-0-336 

Au 

-0-15 

-017 

1 

-0-015 

-0-296 1 

' -0-266 

Zn 

-0-157 

-009 

2 

-0-053 

-0-236 

-0-131 

Hg j 

-015 

! -0-18 

2 

-0-024 

-0-237 

-0-189 

Ga 

-0-23 

i -004 j 

3 i 

-0-067 

-0-183 1 

-0-049 

Ge 

-O-IO 

i -0-30 

4 

-0-077 

-0147 j 

4-0-007 

Pb 

-0-12 

! -0-08 

4 1 

-0-033 

-0-163 j 

- 0-097 

Sb 

~0’55 

-0-04 

5 

-0-061 

-0-167 ! 

- 0-045 

Bi 

-1 02 

I -008 

5 1 

-0-039 1 

1 -0140 

-0-062 

Cu-Zn (y-brass) 

-0*77 

-0-10 

1-66 , 

-0-046 

-0-259 

-0-351 


Xg = mass susceptibility of solid 
Xi — mass susceptibility of liqiud 
n® ~ number of valency electrons per atom 
Xj^ — mass suscept ibility accoixling to Landau’s formula (.59) 
x(n) ™ mass susceptibility of ion with Hq positive charges. 

The values for the y-phase alloy refer to the limit of the phase with high electron 
concentration. The value given for x^^^ is average value. 

The y-phase alloys obey the Hume-Rothery rule; a discussion of 
their electronic structure is given in Chapter V. According to some 
recent measurements of C. S. Smith,f the mjiss susceptibility of the 
y-phase of the alloy Cu-Zn increases linearly from —0*23 x 10“® e.g.s. 
units at the copper-rich end of the phase, where the electron-atom 
ratio is 1-58, to —0*77 x 10"® e.g.s. units at the zinc-rich end, where 
the electron ratio is 1*66. The form of the Brillouin zone (Fig. 71) 
shows that we may expect overlapping of electrons to occur when 
the electron ratio is somewhat greater than B54, which suggests that 

t P%fiictf,6(1934), 47, 
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the increasing diamagnetism is mainly due to the electrons lying 
beyond this zone, A rough quantitative test can be made of this 
hypothesis. As there are 36 faces on the zone, all equidistant from 
the origin, we have to consider 18 ellipsoidal distributions of the type 
considered in § 6 . 2 . A short calculation, taking into account the 
proper orientation of the axes of the ellipsoids, gives for the sus- 
ceptibilityf 

0-623X12-5 (n',\U«ioc,)\ 

^*3* \I8/ 4 ^ " ’ 

where aj, ag, 0^3 are defined above, referring to the direction normal 
to a plane of energy discontinuity; Uq is the total number of electrons 
per atom overlapping the Brillouin zone. Assuming a value of 1 e.v. 
for the energy discontinuity and calculating the a’s by formula (58), 
we obtain ^ = “^-Ol x 10 “®(no)^, if at the zinc-rich end of 
the phase the value of n'o is of order 0 05 (in the whole range of 
the phase the electron-atom ratio varies by 0-08), we obtain for the 
susceptibility approximately —0*74x10"®. The strongest evidence 
in favour of this view of the origin of diamagnetism of these alloys 
is that the molten alloy, in which the zone structure is lost, has a 
comparatively small susceptibility. 

Bismuth may be considered from a similar point of view.J The 
Brillouin zone containing five electrons is shown in Fig. 70. Electrons 
will overlap at the points A, and positive holes will exist at the 
points B, We require first to know the number Uq of overlapping 
electrons per atom. 

Bismuth contains 5 valence electrons, lead or tin 4, and tellurium 
6 . Therefore, in a bismuth alloy containing x per cent, of tin or lead 
atoms {x small), the number of valence electrons is decreased by 
lx per cent. Similarly, in an alloy with tellurium, the number of 
electrons will be increased. Now Goetz and rocke,|| and also Shoen- 
berg and Uddin,*!'*}’ have measured the magnetic anisotropy of these 
alloys, i.e. the ratio xxlxw between the susceptibilities perpendi¬ 
cular and parallel to the principal axis. They find that the admixture 
of 0*1 per cent, of Sn or Te atoms makes a large difference to the 
magnetic anisotropy, as the following table shows. 

t Cf. Jones, Proc. Eoy, 80 c. A, 144 (1934), 225. 

t Ibid. 147 (1934), 396. 

IJ Phya, Eev, 45 (1934), 170. 
tt Proc, Hoy, Soc* A (in press). 
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Magnetic anisotropy of alloys of bismuth with tin and tellurium 


Atomic per cent. 

Atomic, per cent. 


XI/Xn 

Te 

Xl/Xii 

0*01 

1-470 

0-01 

1-329 

003 

1-570 

0-03 

M97 

0*09 

1-803 

0-09 

0-903 

0-81 

2-965 

0-27 

0-697 

2-43 

4-655 

1 _' j 



One must deduce that the number of overlapping electrons per 
atom, is of the orderf Similar results have been obtained for 

the electrical conductivities of these alloys.J The fact that Xi/xii 
increased by the addition of tin, but decreased by the addition of 
tellurium, suggests that the positive holes are responsible for x± 
the overlapping electrons for xij. 

For the overlapping electrons we take the energy surfaces of the 
form (51), with the wave vector jiarallel to the principal axis. 
Then xii is given by (56), with referring to the direction of the 
principal axis. With Uq as obtained above, formula (56) gives the 
right order of magnitude for the susceptibility when (a^ ~ 

Assuming 0:3 ~ 1, this gives aj ^2 ~ 3 X 10^. Such a highly eccen¬ 
tric form for the surfaces of constant energy is surprising, but, as we 
shall see below, the magnetic behaviour of bismuth at low tempera¬ 
tures leads to the same conclusion. 

With these values of a we have, for the energy interval between 
the bottom of the second zone and the surface of the Fermi dis¬ 
tribution, 

where Qq is the volume per atom and|| Uq ~ \n^. For the velocities 
hocikjm, etc., we have 

= n^ (x*(o£i cxg a3)*(3/7Tflo)*A/2m. (60) 

It would be tempting to attribute the large value of ^ 

very small energy-gap, and to assume it to be caused only by that 
component of a referring to the direction perpendicular to the plane 
of energy discontinuity (cf. equation (58)). Formula (60), however, 
shows this hypothesis to be untenable, since it would give the 

t We believe that the estimate 10~* given by Jones, loc. cit., was too large. 

t Cf. Chap. VII, § 14. 

II Cf. Fig* 70; no is the number of electrons in each overlapping ellipse. 
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component of v in the same direction much greater than the corre¬ 
sponding value for free electrons. We must therefore assume 


0C2 ~ 2 X 10^, 0^3 ~ 1. 

The surfaces of constant energy are thus cllipsoidvS with two short 
axes, and the long axis pointing in the direction of the crystal- axis 
(cf. Fig. 71). 

Formula (56) shows that, with these values of over¬ 

lapping electrons will make a negligible contribution to the com¬ 
ponent xi perpendicular to the direction of the principal axis, xi 
must therefore be due to the positive holes in the first zone. We have 
not been able to make any estimate of the energy surfaces for the 
positive holes; since x.lIxw^^ about 1'6, they must, if they are ellip¬ 
soids, be even more eccentric. 

The magnetostrictionf of single crystals of bismuth may also be 
discussed with the same model; for details the reader is referred to 
the original paper 4 


6.4. Diamagnetism at low temperatures and high fields. Peierls|| has 
discussed the diamagnetism of electrons in metals under conditions 


such that 


tiH > tcT. 


As a preliminary study he considers the idealized case of a two- 
dimensional electron gas at the absolute zero of tem))erature. Follow¬ 
ing him we may imagine a magnetic field perpendicular to the plane 
of the gas. The stationary states have the energies 


-- ixH{2l+l), 


As for an actual three-dimensional gas (cf. p. 202), we may suppose 
that each energy level Ei is degenerate and has a statistical weight 
proportional to //, which we may write jS//, where jS is a constant of 
the same type as the coefficient of// in (31). Let there be N electrons, 
which, according to Fermi statistics, will completely fill the r lowest 
states and partly fill the (r-f- l)th state, where r is given by 


r^H < N < (r+l)^i/, 

except of course when filljN >1. 

The energy of the rth state is fiH{2r~~l), since the energy of the 
first state is /a//. The total energy U is e(iual to the energy of the 


t Kapitza, Proc. Roy. Soc. A, 135 (1932), 537. 

t Jones, loc. cit. 411. |j Zeita.f, thya. 81 (1933), 186. 
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electrons in the fully occupied states, which is 

1 

and the energy of the N~r^H electrons in the (r+l)th state, which 
is fiH{N—rpH){2r~{~l)j giving a total of 

U iJLH[{2r+l)N~~pHr(r+l)l 
Hence the total moment a is given by 

/x[(2r+l)A^-2r(r+l)i3//]. (61) 

Fig. 87 shows the average moment ojN plotted as a function of 
pHjN according to (61). It is a discontinuous function, each branch 



Fia. 87. Magnetic moment of a two-dimensional metal plotted against field. 

corresponding, by (61), to one value of r. When > 1, the first 

state (r = 0), whose energy is /xZf, is not completely full, and the 
total energy, therefore, is NfxHy and the average moment —fx. The 
discontinuities in ajN arise in the following way: when H is so great 
that pH > N, all the electrons lie in the state of lowest energy. The 
total energy is therefore fiHNj and the moment is independent of 
the field. As H decreases a field strength is reached for which 
pH = N ; for any further decrease in the field some electrons move up 
into the next highest level. At this point, therefore, the derivative 
of the energy suddenly becomes negative. 

For an actual three-dimensional electron gas, for different values 
of the temperature, Peierls has calculated the magnetic moment a as 
a function of fJiH/^Q, where is the energy at the top of the Fermi 
distribution. He obtains the result 

-(2e^o)» UH U 

kT[ 

Fig. 88 shows the function/for 2P = 0 plotted against (mHICq- 










008 
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The difference in form between the two curves of Figs. 87 
and 88 is due to the fact that, in the three-dimensional gas, the 

energy of an electron can vary con¬ 
tinuously by changing its momentum 
in the field direction, as equation 
(30) shows. 

If the field H is very great, only 
the state Z — 0 (equation (30)) will 
be occupied by electrons. This cor¬ 
responds to the part of the curve 
in Fig. 88 lying to the right of 
IiHUq ~ 0*4. For a given value of 
the difference of energy between 
the states Z ~ 0 and Z ~ 1 is 2/xJff. 
Hence the condition that the first 
state only should be occupied is that 



-0-04h 


- 008 *- 


Fig. 88. Diamagnetic moment of 
a degenerate electron gas at the 
absolute zero of temj)erature. 


should lie in the range given by 

0 < pH 2m < 2fjiH; 

in other words, that should be numerically less than the quantity 

Pa, = 

But from (31), under the same conditions, we have for the total 
number N of electrons per unit volume 

N = 4eHpJch\ 

Hence, eliminating from the last two equations, we obtain the 
following equation for the field at which the second level begins 


to fill: 


N 




f- 


(62) 


'^rr\ch j 

For values of H greater than this critical value, the moment at a 
given field strength is easily calculated. The total energy according 
to (30) with Z — 0 and p^ = p^ is 


W = pNH- 


24m 


\ e / 




and therefore the average moment per electron is 

m (chY 1 

The negative moment de<jreases, therefore, as the field decreases, as 
is shown in Fig* 88. 
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To obtain the magnetic moment as a function of H for low but 
finite temperatures requires a laborious calculation. Fig. 89 shows 

or 



Fig. 89. Magnetic moment of a degenerate electron gas at a finite 
temperature {IcTJ^q -- 0-16). 

the result of such a calculation according to Peierls. This calculation 
may be compared with the experimental results of de Haas and van 
Alphen,*!* who have measured the specific magnetic moment of very 
pure single crystals of bismuth at different field strengths. For low 
fields and high temperatures the moment varies linearly with Hy giving 
a definite diamagnetic susceptibility independent of the field. At 
high fields and low temperatures, however, the moment varies with 
the field in the manner shown in Fig. 90. In these experiments the 
magnetic field was always at right angles to the direction of the 

“30 


-20 

s 

4 

-to 


5 ^ to KxW^Oauss 

Fig. 00. Magnetic moment of bismuth as a function of the t'xternal 
field at 14*2® K. (observed by de Haas and van Alphen). 

----- Field perpendicular to binary axis. 

- Field parallel to binary axis. 

principal axis of the bismuth crystal, and Fig. 90 corresponds to two 
definite settings of the binary axes relative to the field direction, 
t Co?nm. Leiden, 212 a (1930); Froc. AmatenJam Ac, 33 (1930), 1106. 
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When the magnetic field was parallel to the principal axis the 
moment was found to be directly proportional to the field strength; 
in other words, for this direction bismuth was found to behave 
normally. 

The similarity of the curves in Figs. 89 and 90 suggests that Peierls’s 
theory is essentially correct. A more critical test is provided by the 
calculation of the position of the first bend in the moment-field 
curve, which occurs H crL kilogauss. We have seen that this 
bend occurs when the electrons completely fill the first level [I ~ 0) 
and just begin to fill the second level for which Z = J. Assuming 
free electrons, therefore, the required critical value of H is given by 
equation (62). Applied to bismuth this equation gives H ^ 6 5 x 10^ 
kilogauss, a value of entirely the wrong order of magnitude. 

The model for bismuth discussed in § 6.3 gives, however, a much 
lower value of the critical field. We believe the susceptibility 
parallel to the principal axis to be due to 'overlapping’ electrons; for 
such electrons the critical field may be calculated in a way similar 
to that by which (62) was obtained. We find 

\7T \hcj aj 

setting A' — 2*84x10^®, which corresponds to 10“^ electrons per 
atom, and giving cxg) «3 l^he values assumed in § 6.3, this gives 

H S5 kilogauss. 

This is not so much larger than the 20 kilogauss observed for the 
perpendicular field. Actually no effect has been observed in the 
parallel dnection, the field 85 kilogauss not having been reached. 

We note that the critical field is determined by the quantity 
(aiocJal)^IN\ while the paramagnetism itself depends on (cxiag/^a)^'- 
It is not therefore possible to determine N' uniquely, unless we make 
some assumption about one of the coefficients a. 

It has not yet been possible to make a theory applicable to the 
case when the field is perpendicular to the axis. It should be noted, 
however, that xi > X\\ so we should expect the critical field to 
be even less for this case. 

6.5. Effect of cold work in the diamagnetism of metals, Honda and 
Shimizuf reported in 1930 that they had observed large changes in 

t Nature, 126 (1930), 990. 
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the diamagnetic susceptibilities of metals Cu and Ag when subjected 
to cold work, which was interpreted as being the result of the conse¬ 
quent internal strains in the lattice. Later, however, Kussmann and 
Seemannf showed that it was in fact due to the presence of minute 
quantities of iron, which were brought out of solid solution in the 
metals by the cold work and which therefore acted as a ferromagnetic 
impurity. Recently ShimizuJ has reported a very small residual 
effect which must presumably be due to lattice distortion. 


7. Ferromagnetism 

Ferromagnetic materials are believed to be ‘spontaneously magnet¬ 
ized’ ; that is to say, any small block of magnetic material of volume 
dr is believed to have a magnetic moment, I dr, where / depends on 
the temperature. This hypothesis has to be reconciled with the fact 
that an ordinary piece of iron, for example, can exist in an apparently 
unmagnetized state. It is therefore generally accepted that any 
apparently unmagnetized block of ferromagnetic material is divided 
into ‘domains’, each domain being spontaneously magnetized in a 
direction uncorrelated with that of all the other domains. The 
evidence for this view, and the size of the ‘domains’, will not be 
discussed here;ll in this chapter we discuss mainly the magnitude of 
the spontaneous magnetization and its dependence on temperature. 


7.1. Nature of the elementary magnets. Below the Curie point, we 
know from the experimental work on the gyromagnetic effectff that 
in iron, cobalt, and nickel the Land6 g^-factor is 2; above the Curie 
point, the investigations of Sucksraithf f on an alloy of copper and 
nickel lead, within an accuracy of 10 per cent., to the same result. 
We may assume, then, that in most ferromagnetic materials the 
orbital motion makes no contribution to the magnetic moment, but 
that the magnetism is entirely due to the spins of electrons. The 
electron has an angular momentum but, as we shall see below, 
there is evidence that pairs of electrons may be coupled together in 
the same atom with their spins in the same direction, as are, for 
instance, the electrons in an atom in a triplet state. We shall there¬ 
fore assume for our elementary magnets an angular momentum jh, 


where 


3 - i 1, 4,..., 


t Zeita.f. Phys. 77 (1932), 6S7. J Science Reports T6hoku^ 22 (1933), 915. 

11 Cf., for example, Stoner, Magnetism and Matter, p. 120, London (1934). 

ft Cf. Stoner, loo, cit. Jt Phys. Acta^ 8 (1935), 206. 
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according as one, two, or three electrons are coupled together, and a 
magnetic momentf 

jgfi {fi ^ ehl2i7ic; g = 2). 

In a magnetic field H the energy of the elementary magnets can 
take the values 

—w.jHgfji (wj j,j—l,..., -j), 

the energy of a single electron having thus two values, that of a pair 
of electrons, three, and so on. 

7.2. The Weiss molecular field. The important phenomenological 
theory of WeissJ has proved of great value in correlating experi¬ 
mental observations. We discuss here only the form the theory takes 
when modified 11 by the quantum theory, since this form is obviously 
appropriate when the magnets are electrons. 

We consider a ferromagnet containing N elementary magnets per 
gramme atom. Then, according to Weiss, in an external field H the 
mean magnetic field acting on any elementary magnet is not H 
but a field in the same direction as H and as the magnetization, 

'■y H, H+A,, 

where a is the intensity of magnetization per gramme atom and 
A is a constant characteristic of the material.The ‘field’ Aa is called 
the molecular field and A the molecular field constant. Its origin was 
first explained by Heisenberg on the basis of quantum mechanics 
(see below). To obtain agreement with experiment one must assume 
Act ~ 10 ^ gauss, and hence Act^ H for all fields up to the value of 
300,000 gauss which is the greatest yet obtained. 

At the absolute zero of temperature all the elementary magnets 
point along the direction of the field j), however weak H may 

be. The intensity of magnetization is therefore 

. Neh . 

ao = Nfxgj = ~j (63) 

independently of the field. 

At the absolute zero the work required to change the quantum 
number to — 1 is 

^(H+Acto), 

t Cf. the footnote on p. 183. 

XJ.de Fhys. 6 (1907). 661. 

II Stonor, Phil. Mag. 10 (1930), 27; 12 (1931), 737. 

ft The usual notation for the ‘held’ is NI ; hence A = N/(volumo per gm. atom). 
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and hence at low temperatures, where is small, we have by 

Boltzmann’s law, „ 

a * ' ^ 

At low temperatures the right-hand side is small, and hence the 
magnetization has nearly the saturation value, again almost inde¬ 
pendently of the held. The hypothesis of Weiss thus accounts for 
the spontaneous magnetization. 

At higher temperatures an elementary calculation gives| 


a 2j+l ^,{2j+l)a 1 ,, a 

- = coth ■'J. - - coth - , 

^3 


(65) 

( 66 ) 


2j 2j 

where a ~ iigj{H~\-X(T)jkT. 

In the particular cascj — this reduces to 

a/o-Q = tanha. (67) 

These equations have to be solved for a. When a 1, (65) gives 


( 68 ) 


^0 ^3 

In the absence of a field the spontaneous magnetism therefore 
disappears at the Curie temperature 9 given by 

m 

or, writing gj^i ^ /xq — moment of each carrier, 

Aaofi„ 


0 


(70) 


3j k 

Below the Curie jioint the spontaneous magnetization deduced from 
(65) in the absence of a field is given in Table IX. 


Table IX 



a/co 

T/0 


3 - 4 

Observed (nickel) 

00 

100 

100 

1*00 

01 

100 

1 0000 

0*997 

0*2 

0-99 

0*9999 

0*901 

0-3 

0-99 

0*9974 

0*979 

0-4 

0-97 

0*9856 

0*961 

0-5 1 

0-93 

0*9575 

0*937 

0-6 

0-87 

0*9073 i 

0*895 

0-7 

0*80 

0*8287 

0*837 

0-8 

0*67 

0*7104 

0*742 

0-9 

0*49 

0*5256 

0*595 

1-0 j 

0-0 

0*00 1 

1 

0*0 


t Cf. Stoner, Magnetism and Matter, p. 354. 
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Above the Curie point the atomic susceptibility is, by (66) and (68), 


^ C 

- T-B’ 


(71) 


where 


j+1 


(72) 


3j k 

The energy per gm. atom due to magnetization is 

(73) 

and hence the contribution to the atomic heat due to demagnetiza¬ 
tion 

(74) 


n __ 

dT 


-Aor^ erg degree. 


7,3. Review of the experimental material and comparison with the 
Weiss theory, 

(a) Numerical values of the saturation moment Gq at low temperatures. 
According to the values given by Stoner,I these are as follows: 


Element 

Co in erg gauss"^^ 
per gm. atom 

Bohr magnetons 
per atom 

P = oJNi. 

Fe 

12,230 

2-22 

Co 

9,500 

! 1-^71 

Ni 

3,370 

0-606 


The non-integral number of Bohr magnetons per atom is to be noted. 
The numbers in the last column give the actual number of spins 
ehl2mc which are responsible for the magnetization. In accordance 
with the considerations of §5.1, we assume that this number is equalf 
to the actual number of positive holes in the d shell. The number of 
electrons in s states will be 


Fe 2-22—2 = 0-22 
Co 1-71-1=: 0-71 
Ni 0-606 = 0-606. 

In the notation of equation (26) we shall have for nickel 

21^212+lAi|2= 0-606. • (75) 

(6) Dependence of the spontaneous magnetization on temperature. 
The ratios ajaQ plotted against TjQ for pure iron, cobalt, or nickel 
lie approximately 11 on the same curve. This curve agrees fairly well 


t Loc cit. 366. t See note on p. 239. 

11 Cf., for eicample, Potter, Proc. Roy. Soc. A, 146 (1934), 379. 
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with the theoretical curve for J but lies slightly above it, as the 
figures of Table IX show. (Cf. Van Vleck, loc. cit. 334, where a 
figure is given showing the curves for j j — 1.) The experi¬ 
mental values of aja^ thus favour j — i.e. uncoupled electrons, if 
the Weiss theory is assumed to be correct. 


(c) Calculation of j {the angular momentum of the elementary 
magnets) from the susceptibility above the Curie point. The suscepti¬ 
bility of nickel above the Curie point is shown in Fig. 81. For nickel 
in the range 500° C. to 1,050° C. it will be seen that 1/^ is a linear 
function of T; if we write for the susceptibility per gm. atom. 


_ C 


(76) 


then C has the value C = 0-325 (nickel). 


For cobalt and iron it is doubtful whether the 1/x, T curve ever 
becomes linear, and the C values seem too uncertain to be worth 
comparing with experiment. 

For nickel the ‘paramagnetic Curie temperature’ 0^ is equal to about 650° K., 
and differs appreciably from the ferromagnetic Curio point 631° K. Between 
the two Curie temperatures l/y is not linear in T, The existence of the two 
Curie temperatures has been discussed by Ludlofft in a paper based on 
quantum mechanics, which is referred to further below. 


The saturation moment gq is given in terms of the Curie constant 
C by formula (72); if we assume that the elementary magnets have 
an angular momentum given by this gives for Gq for nickel 

ctq = Ckjp ~ 4,850 erg gauss per gm. atom. 


which is different from the value 3,370 obtained by direct measure¬ 
ments at low temperatures and corresponds to a number of Bohr 
magnetons per atom, p^^j. = 0-87. On account of this result it is 
usually stated that the paramagnetic and ferromagnetic ‘magneton 
numbers’ are not the same. In view of the considerations of § 5, it 
is improbable that the number of elementary magnets actually 
changes, and we think it more likely that the assumption j = is at 
fault. As we saw in that section, there will be in the crystal some 
ions (3d shells) with two positive holes, some with one, and some with 
none. The ions with no positive holes have, of course, no angular 
momentum {j = 0); those with one positive hole will have = J, 
and, as the energy levels (Fig. 78) of atomic nickel show, those with 


t ZeiU.f. Phya, 91 (1934), 742. 
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two positive holes will have angular momentum jh with ~ 1. In 
other words, the spins in the two ‘holes’ are parallel; the state with 
antiparallel spins is higher by an electron volt than that with parallel 
spins, and an energy of one electron volt is much greater than the 
exchange interaction (~ AKr)) between the ions. 

In § 5 we denoted by (j 0,|, 1) the number of ions with 

0 , 1, and 2 ‘holes’. If 1^2^ appreciable, some of the spins within 
each atom will be coupled and the assumption that j | will be 
wrong. 

We shall now use the ferromagnetic and paramagnetic magneton 
numbers to obtain From (72) we have for the paramagnetic 

magneton number for nickel 



i(i+i) 

3 




kC 

Nfi^ 


0*87; 


for the ferromagnetic magneton number 

0*606 

and finally 2 

It is not actually possible| to solve these equations with positive 
\Ai\^, but if we take 

lA^l^ = 0*303 = 0 |^o|2 = 0*597, 

we obtain for the paramagnetic magneton number 0*81, which is 
near the observed value. We must thus conclude that few if any 
of the ions have only one positive hole; the elementary magnets 
(positive holes) are coupled together, there being either two or none 
in each atom. 

It is not difficult to understand qualitatively the reason for this 
coupling.' We have seen in Chapter IV that electrons tend to keep 
away from each other; the same will be true of the positive holes 
which are the elementary magnets in nickel. Now we know from the 
spectrum of nickel (Fig. 78) that two holes can be in the same atom 
with quite low energy, so long as their spins are parallel; therefore 
the state of lowest energy will be reached when two ‘holes’ or 
none are in each atom, for then each pair of holes will be surrounded 
mainly by neutral ions. 

It follows that any positive ion in nickel can strongly attract the 
conduction electrons outside its own atomic polyhedron, for, although 
of course each polyhedron is neutral on the average, nevertheless 

t See note on p. 239. 
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when a positive hole is in a given polyhedron, the |)olyhedron is 
positive and the surrounding ones negative. This is the probable 
explanation of the fact that the transition metals hav^e higher binding 
energy than the noble metals. 

{(i) Calculation of the molecular field constant A from the Curie 
temperature 0^. The molecular field constant A may bo calculated 
for any assumed value of j from formula (69) and from the experi¬ 
mental values of 0y and given above; the following table gives the 
results (c.g.s. units). 


. 

Curie temperature 0j, 

Molecular fu 

Element 

in degrees K. 

_ 3 : h 

Fe 

1 1,048 i 

1,280 

Co 

i 1,893 

2,200 

Ni 

631 

2,950 


.7 


1 


9«0 

1,650 

2,210 


(e) Calculation of the molecular field constant from, the suscejdibility 
above the Curie point ami the Curie temperature. According to formulae 
(69), (72), we have for the molecular field constant 

A-0/C (77) 

independently of j. The value obtained, however, depends, upon 
whether we take for 0 the ferromagnetic or paramagnetic Ckirie 
points. For nickel we obtain 

A == (dfjC - 1,950, 

A - ejC = 2,000. 

The values obtained agree approximately with that obtained above 
with J — 1, and thus lend support to the conclusion that the electron 
spins are coupled. 

7.4. Internal energy of a ferromagnetic. The energy E at constant 
pressure of a ferromagnetic substance is a function of the temperature 
T and of the magnetic field H, 

E - E(TJI), 

We may divide this up int^ the energy Ej^ of the lattice, given 
approximately by a Debye function, and the energy E^. of the elec¬ 
trons. According to the Weiss theory, that part of which is due 
to the magnetization is ( 7 g) 

We shall see on p. 229 that a further term must be added, giving 
the kinetic energy of translation of the magnetic electrons. 

^ o g 
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(a) Magneto-cMoric effect. If a magnetic substance is placed in a 
field H and the field is suddenly changed by an amount AH, the 
internal energy changes by 

AE == work done 

- ~aAH. (79) 

The temperature therefore changes: for a substance having the 
magnetic energy given by tlie Weiss theory, 

AE = ^AT-\oAa-HAa-aAH, (80) 


and hence in an adiabatic change the change of temperature AT is 
given by 

^'AT = (Ac7+//)Aa. (81) 


For dEjJdT 
heat). Hence 


we may write 3RJ (J r - mechanical 
AT — 

3BJ ■ 


equivalent of 
(82) 


The change in T for given change in H and hence in a can thus be 
used to determine A. 

Measurements can only be made in the neighbourhood of the 
Curie temperature, where o is sensitive to //. In this region H Xa 
and can be neglected. Fig. 91 shows the results of measurements of 
Weiss and Forrerf for nickel; similar results have been obtained by 
PotterJ for iron. Considerably above the Curie point (i.e. some 
60° above 0^), we obtain for A the following values: 

Ni.1,770 

Fe.700 



Fig, 91. Molecular field constant A for nickel, from magneto* 
caloric effect (Weiss and Forrcr). 

t Ann. d. Physique, 12 (1929), 304. 
i Proc. Hoy. Soc. A, 146 (1934), 362, 
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which agree approximately with those obtained above. On the 
other hand, near and below the Curie temperature A appears to fall 
to much lower values. This has been interpreted by Stoner| as 
meaning that the observed change AajAlI in the intensity of magneti¬ 
zation is not equal to the change in the intrinsic magnetization, even 
for fields above 5,000 gauss. 

It is possible that for ferromagnetics we must in any complete 
theory make a distinction between ‘long-distance order’ and ‘order 
of neighbours’ (cf. Chap. I, § 7). The Curie point will then be the 
temperature at which a spontaneous magnetization extending over 
domains comprising millions of atoms disappears; but a small dis¬ 
tance above the Curie point groups of four or five electron spins may 
still be coupled together. If this is the case, one would noc expect 
the Weiss theory to be even approximately valid in this region. 

The molecular field constant A may thus be obtained from three 
independent sets of experimental data; for nickel the summarized 
results are ^ 

Magneto-caloric effect . . . . . . 1,770 

From Curie constant and Curie temperature . . 1,950-2,000 

From Curie temperature and saturation intensity p' ~ | 2 800 

The agreement between the values is best if we assume ~ 1, 
which is in agreement with our deductions from the susceptibility at 
high temperatures. On the other hand, the magnetization-tempera¬ 
ture curve deduced from the Weiss theory for j ^ I is not in such 
good agreement with experiment as that for J 

(6) Specific heat. According to the Weiss theory the atomic heat 
Gy of a ferromagnetic should be given by 




(83) 


The Weiss theory gives (with j = 1) 


= 0 (T = 0+0). 

We should therefore expect a discontinuity in the atomic heat of 

— I ^ ^ ^ =1-8 cal. per gm. atom for nickel. (84) 

Z tivy Z U yi 

t PhU. Trans. Roy. Soc. 235 (1936), 166. 
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Tlie specific lieat of nickel near the (fiirie point has been measured 
by Sucksmitli and Potter,f Lapp4 Klinkhartit,|| Ahrens,H and 
(bew.JJ The form of the curve dependvS markedly on the purity of 
the s])eeimen. Fig. 92 shows some of tlie results obtained. 



-o-o- Ahrens (pure Ni). 


We give below the maximum and minimum values of the atomic 
heat at constant pressure. 


- 

! 1 

j 


Distance in 

1 

rt 

^ inin 

max '■ min 

degrees from 
max. to min. 

Suoksmit h and Potter 

8*9 

7-9 

10 

25 

J..tipp .... 

j 93 

7-4 

1-9 

7 

Klinkhardt . 

8-8 

7-3 

1-5 

55 

Ahrens .... 

; 90 

7-8 

1-2 

30 

Crow .... 

8-5 

7 5 

1-0 

50 

W<‘i8s theory {j - - |) 



1-8 

0 


It will be seen that, except for Lapp’s result, the jump in the 
atomic heat is rather less than the calculated value and is not sharp. 
A further result of the theory is that the entropy in the specific 


t Proc, Roy. Soc. A. 112 (1926), 157. 
:|: Ann. cl. Physique, 12 (1929), 442. 

II Ann. d. Physik, 84 (1927), 167. 
tt Ibid. 21 (1934), 169. 
it Proc. Roy. Soc. A, 145 (1933), 609. 






229 


aiap. VI, § 7 FERROMAGNETISM 

heat ‘bump’ is, with j ~ per gm. atom 

= ™o^log,2, . (85) 

where is the number of magnets per atom and R the gas constant. 

It will be seen that the minimum values of above the Curie 
point exceed the classical value 5-98 considerably. The dilatation 
correction! for nickel sit 650° K. is 

q-c, ^ 0-3. 

Thus above the Curie temperature there is an excess specific heat of 
about 1*5 cal. per gm. atom. This is referred to in the literature as 
the ‘term of unknown origin’. We believe that it is due to the 
kinetic energy of the ‘positive holes in the d band’ to which the 
magnetism is due. J We saw in § 5.2 that the degeneracy temperature 
Tq for these holes is 3,470° for ferromagnetic nickel; for paramagnetic 
nickel, where two holes may be in each state instead of one, we shall 

To = 3,470/25 = 2,180°K. 

At the relevant temperature of 700° the specific heat per particle is 
(cf. Fig. 75) about giving for the atomic heat 

— 1-1 X 0-6jR — 1*3 cal. pergm. atom, 
in fair agreement with the observations. 

When copper is alloyed with nickel, the excess specific heat dis¬ 
appears at about the same composition as the ferromagnetism, cf. 
§5.4. 

7.5. Application of quantum mechanics; the Heisenberg theory. 
Until the discovery of quantum mechanics no satisfactory explana¬ 
tion of the physical nature of the Weiss molecular field could be given, 
the order of magnitude of all purely magnetic forces being much too 
small. Heisenbergll and Frenkel,!! independently, were the first to 
point out that the explanation was provided by quantum mechanics, 
according to which, in a many-electron system, a strong coupling 
exists between the spin directions of the electrons and their orbital 
motion. In the hydrogen molecule Hg, for instance, if the electrons 
are in their ground states the spins must be antiparallel {s — 0), 
and if the spins are to be set parallel to each other the molecule 
must be excited to the first triplet state (s = 1), which requires the 


t Cf. Chap. I, § 2. 

11 Zeits.f. Phys. 49 (1928), 619. 


t Cf. § 6. 

tt Ibid. 49 (1928), 31. 
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expenditure of work equal to about 0 e.v. The authors quoted 
suggested that in ferromagnetic substances this effect is reversed, 
and that in the state of lowest energy the magnetic moment is 
different from zero. (We refer here, of course, to the state of lowest 
energy of the whole crystal, considered as a single giant molecule.) 
The work required to raise a gramme atom of the crystal to the excited 
state with zero moment is of the order of Rid (t) ~ Curie temperature), 
and thus of the order of magnitude of 0*1 e.v. })er atom. Thus the 
effect considered certainly provides forces sufficiently great to 
account for ferromagnetism. 

On the basis of these ideas, a more or less quantitative quantum- 
mechanical theory has btien built up by Heisenberg, Bloch, Slater, 
and others. We may say that the main result of their researches is 
to show that quantum mechanics is capable of yielding results 
qualitatively in agreement with experiment and thus with those 
deduced from the Weiss hypothesis of the molecular field. The* 
actual formulae that have been obtained, for instance, for the 
dependence of the saturation moment on temperature, depend for 
the most part on the drastic simplifying assumptions that have had 
to be made to solve the equations involved. We would therefore 
deprecate any serious attempt to compare these formulae with 
experiment at this stage in the development of the theory. There 
is, however, one important exception, namely the theorem of Bloch 
that, at low temperatures, T 0, the saturation moment cr is given by 

(T-<Xo[l-riT^J, (86) 

where o-q, A are constants. This appears to be a rigorous deduction 
from the theory, and not to depend upon any simplifying assump¬ 
tions. 

An account of the quantum-mechanical theory of ferromagnetism 
has appeared in several text-books;*}* we therefore give here an 
outline only. 

We discuss first a very idealized ferromagnetic consisting of a 
three-dimensional lattice of atoms, each with one valence electron in 
an s state. The atoms are supposed to be so far apart that the inter¬ 
action between them may be considered small. We therefoi^e use, 
instead of, as elsewhere in this book, the Bloch approximation (wave 

t Cf., for instance, the full account by Bloch, ‘Molekulartheorie dos Magnetismus*, 
Handb, d. Radioloffie, 6/2, 2te aufl. (1934). Also Van Vleck, loc. cit., and Sommerfeld 
and Bethe, loo. cit. 585. 
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functions for each electron extending throughout the crystal), the 
‘London-Heitler-Heisenberg approximation’, in which the wave 
function for each electron vanishes except in the neighbourJiood of 
one atom. 

Let V{r) be the potential energy function in the neighbourhood of 
an atom with its centre at the origin, and <^(r) the orbital wave 
function. Let denote any lattice point; then for an atom with its 
centre at that lattice point, we write 

v^it) ^ F(|r-r/|), 

= .A(|r-r,|). 

The wave function of the atom depends also on the Pauli spin 
variable! defined so that is the energy of the electron in a 

magnetic field II] then ^ can take two values only, +1 if the electron 
spin points parallel to the field, and —1 if it points antiparallel. Let 
be the spin wave function; for the two stationary states of the 
spin, u will be equal to defined by 


u^{ + l)=^ 1 up(+l) = 0, 

- 1 )^-- 1 . 

is clearly the wave function of an aton) in which the spin is known 
to i)oint parallel to a given magnetic field, and the wave function 
when the spin is known to point antiparallel. 

The complete wave function of an atom with its centre at the lattice 

IH,int r, i. thus: ^,(r, £) „ #,(r)„({). («7) 

Let us now consider a crystal consisting of N such atoms, which 
are so far apart that the perturbation of one atom by its neighbours 
may be neglected. We denote the spatial coordinates of the electrons 
by Fj,..., r^,..., Fjv; and the spin coordinates similarly by ..., For 
a discussion of ferromagnetism we must investigate the energy of the 
crystal when the spins all point in the same direction; if the energy 
is then a minimum, the crystal will behave as a fcrromagnet.f We 
therefore first calculate the energy of the crystal when the spins are 
all pointing in the direction of some external field H, and then 
investigate the change in the energy when a few of the spins are turned 
in the opposite direction. 

In the former case the spins are all in the same state, namely that 


t /.eits.f. Phys. 43 (1927), 601. 

X Bloch (loc. cit.) has shown that this is not true oxcopt for a throo-dimensionai 
lattice. 



532 HEAT CAPACITY AND MAGNETIC PROPERTIES Chap. VI, § 7 

with wave function The wave function for the system as a 

whole, even neglecting the interaction between the atoms, is therefore 
non-degenerate. By the Pauli exclusion principle in its wave- 
mechanical form, the wave function must be antisymmetrical in the^ 
coordinates of the electrons; in other words, if we exchange any pair 
of coordinates such as r^, and Fg, wave function must change 

sign. 

As is well known, the only antisymmetrical wave function which 
can be formed from the functions (87) is the determinant 




<^2(**l)^a(^l) ^2{**2)^a(^2) 


( 88 ) 


which we therefore take to be the wave function, in the approxima¬ 
tion of zero order. It may also be written 




*^2(^2) 




We calculate the energy Wq of the whole crystal from the formula 

Ifo = 2 I dr dr, (89) 

where the summation is over all spin variables and the integration 
over the spatial coordinates of all the electrons of the lattice. H is 
here the Hamiltonian function, and is equal to 


H 


2m 


VH|:2»;(r.)+22ir. 


In evaluating (89) it is easily seen that ^ 1. In the dis- 

cussions usually given of this problem it is assumed that the <f){r) 
are orthogonal,I i.e, that 

J,^;(r)^/.(r)dT = 0 (/#/'). (90) 

The denominator in (89) is thus equal to N. In the numerator there 
occur N equal terms of the type 

J (^ 1 )^ 2 (^2)*’*^^i(^i)^2(^2)' * dr^ciTg.... 

This term we set equal to JVcq; €q is approximately equal to the energy 
of an unperturbed atom. It is actually equal to the energy of the 
atoms together with their Coulomb interaction. 

f Cf. a recent discussion by Van Vlock, Phys. Pev. 49 (1936), 232. 
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We also obtain 1) ‘cross terms’ of the type 

J dr^...; (91) 

we shall assume these to be zero unless f ~ f for all pairs of wave 
functions occurring except two, these two being wave functions for 
atoms /, /' which are nearest neighbours in the crystal. Then, by 
virtue of (90), (91) reduces to 

/ = i IJ ^;(r,)^;(r,)^,(r,)^,.(r,)x 

X [+T;(r,)+F/(r,)+t^-(ri)+F/.(r,)j dr^dr^. (92) 

This is the famous ‘exchange integral’. 

The energy of the whole crystal is thus 

Wq — ^(^0 (^ 3 ) 

where z is the number of nearest neighbours of each atom. 

We now suppose one electron to be pointing antiparallel to the 
field, so that the total magnetic moment of the crystal is (iV— l)/x. If 
the interaction between the atoms be neglected, we can arrange that 
this electron shall be in any one of the N atoms; thus for the whole 
crystal there are N independent states with given magnetic moment, 
all having the same energy. If the spin in the atom /is pointing anti* 
parallel to the field, the wave function of the system as a whole is 




<^l(*'l)^^a(^l) 

<^l(r2)^a(C2) 




^^(riK(Si) 

0A'(*'2)^a(^2) 


(94) 


Owing to the interaction between the atoms, however, these N 
states represented by the wave functions T) are not stationary states 
of the crystal as a whole. This is because the antiparallel spin will 
not stay localized in one atom, but will travel from atom to atom. 
The N stationary states with moment (iV^—l)/x have wave functions 
of the form Ja(S)Y„ (95) 

where the coefficients a(j) must now be determined. 

For the moment we limit ourselves to the case of a linear lattice, 
so that the atoms form an ordered sequence 

If, then, we substitute (94) into the SchrOdinger equation 

= 0 , 

Hh 


36ft5.17 




234 BEAT CAPACITY AND MACNKTIC PROPERTIES Chap. VI, § 7 

multiply by Wf for each / in turn, integrate over all r, and sum over 
we o})tain, as may easily be seen, the set of ecpiations 

(W - WMf) - /[«(/-!- 1 ) +«(/- 1 ) - 2«(/)]. (96) 

I’hese ar(‘ th(' \secular equations’ of the problem. The energy values 
H'—Hq can only be determined uniquely if we assign appropriate 
boundary conditions to a(f). W(*-assign the usual boundary condition, 
that r/(/), after a large but finite number N of atoms, must repeat 
itself periodically. If we then set 


«(/) «f(/) ' 

(97) 

equations (96) arc solved with 


W-W„ - 2/(1-cos|), 

(98) 


where f may take any of the values 

^ 27rnlN, n integral. 

We obtain thus a hand of energy levels having the same magnetic 
moment. I'he work recpiired to decrease the total magnetic moment 
from Nfx to {N—\)iJi may thus have any value from practically zero 
to 4/. 

The wave function (95), namely 

represents what we may call a ‘spin wav(^’, i.e. a state of affairs in 
which the single reversed s})in is travelling through the (Tystal with 
wave numb(T where a is the interatomic distance. 

This result may easily be generalized to the physically interesting 
case of three dimensions; we obtain for the three cubic structures, 
with $ “ "iTrn^lG, r; ~ 27rW2/f^^ ^ 27rnJG, integral, and 

G a large miinber: 

Simple cubic: G^ N 

W~W^ ~ 2/(3—cos^—cos7^—cos5). (99.1) 

Body-centred cubic: G^ ^ 2N 

W ~W^ “ 8/(l--cos l^cos Jt^cos 1^), (99.2) 

Face-centred cubic: G^ ^ 4:N 

W—Wq - 4/(3—cos Jt^cos cos i^cos cos i^cos Jt;). .^99.3) 
In all three structures, for small rj, 

If /, the exchange integral, is positive, we see therefore that W—Wq 
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is positive, and the energy of the state with the sjiins all in the same 
direction is a minimum.| The crystal is tlierefore ferromagnetic. 

The theory outlined above has been work(ul out for s ek^ctrons, 
whereas we have seen (cf. § 5) that d wave functions are responsible 
for ferromagnetism in real metals. The conclusion reached, that / 
must be positive to give ferromagnetism, will still hold. The exchange 
int(igral has been worked out in several cas(\s for s functions (cf. 
('hap. IV) but not for d functions, for which the algebraical diffi< 
culties are considerable. For the cases investigated it has been found 
to be negative, wliicli agrees with the observed fact that most metals 
are not ferromagnetic. We can, however, see from general (ionsidera- 
tions under what conditions it will })e positive. J 

In the exchange integral (92) the interaction between the nuckii 
and the interaction between the electrons give })ositiv(^ contribu¬ 
tions; on the oth(^r hand, the interaction of the electrons with tlu^ 
nuclei gives a negative contribution. We denote by p{v) the charge 
density defined by ^ 

Now the electron interaction 

j j I dr^dr^ 

is clearly large, and tlie interaction of the electrons with th(i nuclei 
small, if/> is small near the nuclei and concentrated in between the 
atoms. The first condition is fulfilled for high azimuthal (juantum 
number {d and/functions); the second for large interatomic distance, 
so that, in the region where the atoms overlap, (f> is decreasing 
exponentially. 

Our conditions for ferromagnetism are therefore: 

The atoms must have incomplete shells of Jiigh azimuthal quantum 
number rather far apart. If, however, the shells are too far apart, 
as in salts of the rare earths, the interaction is too small to give 
ferromagnetism except perhaps at very low temperatures. || 

To show' how these conditions arc fulfilled best by iron, nickel, 
cobalt, we reproduce a table due to Slater.If 

f T(^ller (Zeits. f. Vhyft, 62 (1930), 102) has Hhown that no minhiiuiii with low(?r 
energy cixiHts. 

} SommorhfUl and Bet he, loe. eit. 595. 

jt Urbain, Weins, and Troinbo have recently sliuwn that metallicj gatlolinium is 
ferromagnetic^ with a Curie tcrnperatuitj of 16 C. {(Jompteft rendm^ 200 (1935), 
2132, and 201 (1935), 652). ft (1930), 57. 
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Ratio of interatomic distance to radius of incomplete shell 


Metal 

Ti 

Cr 

Mn 

Fe 

Co i 

m 

Pd 

Pt 1 

Ce 

Yh 

Ratio 

2-24 

2-36 

2*94 

3*26 

3-64 

3-96 

2-82 

2*46 

3-2 

5-28 


7.6. Dependence of the saturation moment on temperature; the law. 
According to the phenomenological theory of Weiss, the work re¬ 
quired to decrease the saturation moment of a crystal at the absolute 
zero of temperature by two Bohr magnetons is a definite amount 
2A/xor0 (A — molecular field constant), and hence at low temperatures 
the magnetization is given by 

(7 = ( 100 ) 

According to the quantum theory, on the other hand, as formula (99) 
shows, the work required may have any one of a whole set of values 
ranging from practically zero to 12/. This leads to a dependence on 
temperature at low temperatures quite different from (100), as may 
be seen qualitatively as follows: 

So long as only a small number of electrons h^^ve their spins anti¬ 
parallel to the field, we may assume that for each such electron there 
exists a spin wave with wave number (^^, $^) and energy given by 

(99). At low temperatures only the states with low energies will be 
occupied, and for these we may write, from (99), for a simple cubic 
lattice Ip^ (/>« = ^2+^2+^2). 


The number of states with energy less than E is, per unit volume,! 



oc EK 


( 101 ) 


Now the spin waves obey the Einstein-Bose statistics, because an 
exchange of any two of the electrons with spins antiparallel to the 
field does not result in a new state; therefore the probable number of 
spin waves in any state rj, ^ with energy E is given by the Einstein- 
Bose distribution function 


_ 1 

^ElkT_Il^ 


( 102 ) 


a function which tends rapidly to zero for E > kT. Therefore only 
states with energy below hT are likely to be occupied. Thus by (101) 
the number of electrons with antiparallel spins is proportional to T*. 
In the same way it follows that the internal energy is proportional 


t Cf. (99) for G* in terras of N. 
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to TxT^i and hence the specific heat due to demagnetization is 
proportional to 

To obtain exact formulae we proceed as follows: 

For the magnetization we have, from (101) and (102), 

o-Q—O'_ 2 r 4:7Tp^ dp 

Gro~ "" J 

0 

__ 1 

” 27t\ I I 

== 01323(ir//)l (103) 

for the simple cubic structure; for the other cubic structures we have 

= 0-066 l(jfcr//)» b. c. 

^0 

= 00331(A:T//)1 f.c. 

Similarly for the internal energy, we have 

jj _ 0^ r Ip^^kirp^ dp 

(2^1» J ^^TkT- l 

0 

= 00^5O^kT(kTll)i, 

where is given in terms of the number of atoms by (99). Hence 
for the heat capacity due to demagnetization we have 

0*1136?3jfc(fcT//)», 

or, in terms of the magnetization, 

= M8if cal. degree per gm. atom, (104) 

O’ 

the latter formula being valid for all structures at low temperatures. 
The formula (103), viz. 

cTo—o = const. T* (T <^0), 

is the only quantitatively exact result which has been deduced from 
quantum mechanics in the field of ferromagnetism. It is in much 
better agreement with experiment than the Weiss law (100), and for 
iron between 20"^ and 90® K., according to Weiss, Forrer, and Fallot,f 
it fits the observed values better than a law. 

As regards the numerical magnitudes, Weiss and Forrerf find 
at 288® K. 

t Bulletin d. Soc. Frangaiae de Physique (1934), 122. 

I Ann. d. Physique^ 12 (1929), 279. 
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I 

- a 


Element 

1 Stnicture \ 


1 {electron volts) 

Ni 

l.c.c. 

0054 

0*018 

Fe 

b.c.c. 

0018 

i 0*059 


The values of /, the exchange integral, deduced are also shown. 

The term in the specific heat proportional to lias not yet been 
observed, being masked by the term proportional to T discussed in 
§ 5.2. The latter term does not arise with the simple model used here, 
in which there is only one electron ])er atom, in an .s' state. The 
reason for tliis is easy to see if we consider the metal from the point of 
view of the Bloch model; at the absolute zero of temperature, all the 
states in the s zone with one sfiin direction are full, and all the states 
with the other spin are empty. A term in the specific hciat propor¬ 
tional to T only arises when a zone is partly full. 

When we come to extend the theory to the casi^ where the numbers 
of spins pointing in the two directions arc comparable, i.e. to 
phenomena near and above the Curie temfierature, the mathematical 
difficulti(is are very great and have not yet been overcome.| In 
this connexion also it would l>e of interest to investigate the case 
when 1 is negative (paramagnetism) and to see whether the results 
obtained by the Bloch model (c^ oc T, y “ A-{^ remain valid. 

It may be shown that there are Vf« 4 i states with 

given total magnetic moment 2w/x, and these form a band; further 
that the mean energy of the band is 

W-W^ - 

but it has not yet proved possible to determine the lowest state or 
density of states within the bands. 

Heisenberg in his original paperJ assumed for the density a 
(iaussian distribution about the mean value, which gives a behaviour 
very similar to that of the Weiss theory, but does not give the law 
at low temperatures. LudIoff|| has more recently given a treatment 
which ajiproximatc^s to that of Bloch at low temperatures and to 
that of Heisenberg at high tem|:>eratures, and which moreover gives 
a paramagnetic Curie i)oint differing slightly from the ferromagnetic 
as is observed, 

I A solution for a one-diinensional lattice has been given by Bethc, Zeits, /. Phys. 
71 (1931), 205, but it has not been possible to generalixe his solution for three 
dimensions. 

t Ibid. 49 (1928), 619, 


11 Ibid. 91 (1934), 742. 
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Blochf has also investigated the magnetic behaviour of a metal, 
asisuming the wave function of each electron to be a plane wave 
extending throughout the crystal; he finds that under certain circum¬ 
stances such a model gives ferromagnetism. This conclusion has, 
however, been criticized by WignerJ (cf. Chap. IV, § 2.2). 

Mollerll has extended the Heisenberg theory to the case when each 
atom has more than one electron. Wolff| has given a quantum- 
mechanical discussion of the magneton numbers above and below 
the Curie point; this paper has already been referred to. Fayjf 
has discussed a more accurate distribution function than that of 
Heisenberg. 

Bloch and Ccntile|||| have given a theoretical discussion of the 
dependence of magnetization on direction in a single metal crystal; 
they find that the effect can be accounted for by the interaction 
between an electron’s spin and its orbital motion. 

t Zeits. f. Phys. 57 (1929), 545. t Rev. 46 (1934), 1002. 

II ZeAt^s. f. Phy.9. 82 (1933), 559. ft 70 (1931), 519. 

Xt Proc. Nat. Ac. Sc. 21 (1935), 537. ||i| Zeits. f. Phys. 70 (1931), 395. 


Note of recent developments 

Slater (Phys. Rev. 49 (1936), 537) has given a disoussion of ferromagnetism 
on the basis of the Bloeh theory, and has shown that it is most likely to ou(uir 
in the iron group of metals. In a further paper (ibid. 931), he discusses the 
dependence of magnetization on temperature. He finds that, at tlie absolute 
zero of temperature, the saturation moment expressed in Holir magnetons 
per atom (0*6 for nickel), and the number of positive holes in tla^ d band are 
not identical. For nickel, however, the differeneci is small (^ 6%), but may 
be larger for iron (cf. p. 222), 

As we saw on p. 224, the behaviour of nickel above the Curio point suggests 
that the number of st)ins is slightly greater than ()*6. 



VII 

THE ELECTRICAL RESISTANCE OF METALS AND ALLOYS 

A THEORY of metallic conduction has to explain, among others, the 
following experimental results: 

(1) The Wiedemann-Franz law, which states that the ratio of the 
thermal to the electrical conductivity is equal to LT, where T is the 
absolute temperature and L is a constant which is the same for all 
metals* 

(2) The absolute magnitude of the electrical conductivity of a pure 
metal, and its dependence on the place of the metal in the periodic 
table; e.g. the large conductivities of the monovalent metals and the 
small conductivities of the transition metals. 

(3) The relatively large increase in the resistance due to small 
amounts of impurities in solid solution, and the Matthiessen rule, 
which states that the change in the resistance due to a small quantity 
of foreign metal in solid solution is independent of the temperature. 

(4) The dependence of the resistance on temperature and on 
pressure. 

(5) The appearance of supraconductivity. 

With the exception of (5), the theory of conductivity based on 
quantum mechanics has given at least a qualitative understanding 
of all these results. 

1. Former theories 

Shortly after the discovery of the electron Riecke,f Drude,J 
Lorentz,l[and othersff recognized that a current in a metal is carried 
by electrons, and developed a theory of metallic conductivity on this 
basis, an outline of which we shall now give. We consider a metal 
containing N electrons per unit volume, and suppose that each 
electron can move quite freely for a mean time 2t, after which it 
suffers a collision and its momentum is destroyed, r is called the 
‘time of relaxation’. During the time 2t the equation of n^otion in 
an external field F is ^ 

t Ann, d, Phys. u, Chem, 66 (1898), 353 and 545, 

j Ann, d, Phyaik, 7 (1902), 687, where earlier refs, are given. 

II Theory of Electrons, Leipzig (1909). 

tt Cf., for instance, Griineisen, Handh. d, Phys. 13 (1928), 66j or Richardson, 
Electron Theory of Matter^ p. 406, Cambridge (1916). 
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Our hypothesis is that immediately after a collision the mean value 
of the component of the velocity of the electron in the direction of 
the field is zero; after a time 2t it is therefore 2eFrjm, 

Taking a time average, we obtain for the mean velocity of drift in 
the direction of the field eFrjm 

The current j is obtained by multiplying by Ne, and hence for the 
conductivity we have 

o* ~jjF = Ne^rjm. (1) 

The authors quoted assumed further that the electrons in a metal 
behaved like a perfect gas, so that, if is the mean of the square of 
the velocity of an electron, 

~ ^hT. ( 2 ) 

With the value of u so obtained, they defined the mean free path I by 

I = 2ru, 

In terms of the mean free path the conductivity is 

a = NeHj2mu. 

This formula gives the right order of magnitude for the conductivity 
of, say, silver at room temperature, if one assumes that N is of the 
order of magnitude of the number of atoms per unit volume and I 
of the interatomic distance. On the other hand, to account for the 
fact that the conductivity is inversely proportional to the tempera¬ 
ture, whereas the mean square velocity according to (2), is pro¬ 
portional to T, it was necessary to assume that I increased to very 
much larger values at low temperatures, which was difficult to under¬ 
stand from the classical point of view. Moreover, under pressure the 
conductivity of most metals increases, whereas one would expect 
that, as the atoms are pressed closer together, the mean free path 
and hence the conductivity would decrease. 

A further difficulty of the theory was that, according to (2), the 
electrons should contribute an amount iNk to the heat capacity per 
unit volume, or, to the atomic heat, f x number of free electrons per 
atom. The measurements of the specific heat of good conductors 
(cf. Chap. I, § 1) made it certain that, at room temperature, any 
contribution to the atomic heat due to the free electrons was very 
much less than B. It was therefore necessary to assume that only 
a very small proportion of the atoms were ‘ionized’. 

The most important success of the gas-kinetic theory was the 

8596.17 T 1 
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exi)lanation of the law of Wiedemann and Franz. Drude assumed 
that tht^ conduction of heat in good conductors was due to the 
motion of the free electrons and obtained, on the same assumptions, 
the following formula for the thermal conductivity k\ 

K - INluk. (3) 

From (1) and (3) one obtains, by (2), 


/c 1 

gT 



2 


sliowing that the quantity on the left is independent of temperature 
and the same for all metals. This result is in fair agreement with 
exf)eriment for a number of metals.f 

Prior to the introduction of wave mechanics the most important 

advance in the theory was that of Wien. J Wien assumed that the 

mean velocity u of the electrons in a metal was independent of 

temperature, and that the mean free })ath was inversely proportional 

to the mean scpiare of the amplitude, X, of the atomic oscillations, 

sC) tliat 7 I / V2 

/ X J/A^. 

These assum[)ti(jns, later supported by quantum mechanics, enabled 
an account to be given of the change of resistance with temperature 
both above and below the Debye characteristic temperature. On the 
sanu* basis (iriineisen|| was able to explain the change of resistance 
under j)ressure. 

Sommerfeldf f was the first to apply the ideas of quantum mechanics 
to problems of metallic conduction. The advance made by Sornmer- 
f('ld was the application of the Fermi-Dirac statistics to the electrons 
in a metal. x\s we saw in Chap. VI, § 2, he was thus able to explain 
why ihe^Hpecific heat of the conduction electrons is negligibly small. 

In the theory of 8ommerfeld the field acting on an electron due 
to the ions and to the other elenitrons is neglected. JJ Each electron, 
tluTcfore, is accelerated by the applied field, just as in the classical 
th(‘ory, and the formula for the conductivity is given as before by 
e(|uation (1). It should be noticed that if one introduces the concep¬ 
tion of the ‘mean free path’ defined as before by 

I — 2tw, ^ 


then w, the mean velocity, is much greater than in the gas-kinetic 


t Cf. § ir>. J Prews. Akofl. Wisa. Berlin^ Sitz. Ber.^ 1913, p. 184. 

{{ Ter//, d. De.uta, Phtfs. Gea. 15 (1913), 180. 

ft ZeUa.f. Phya. 47 (1928), 1. tt Cf. Chap. II, §§ 2 and 3. 
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theory of Drude, because the mean kinetic energy, according to the 
Fermi-Dirac statistics, is much greater than IkT, 

In Sommerfeld’s papers no theory was given by which r and its 
dependence on temperature could be calculated. 

Blochf made two important advances in the theory. Firstly, he 
introduced the conception of electrons moving in an electrostatic 
field having the periodicity of the lattice. As we have seen in 
(yhap. Ill, § 1, this model makes it clear why some solids are insula¬ 
tors and otliers conductors and how metals can have a non-integral 
effective numVjer of ‘free’ electrons per atom. Secondly, he gave a 
quantum-mechanical justification of Wien’s hypothesis that the 
cause of electrical resistance lies in the heat motion of the metal 
atoms. Bloch’s theory and its extension by other workers will be 
explained in the next sections. 

2. Dependence of resistance on temperature; qualitative 

discussion 

Since the detailed theory discussed in the following sections is 
rather complicated we shall give first an elementary discussion of the 
dependence of resistance on temperature. 

As we have seen in (Chapter III, in a perfectly periodic lattice a 
beam of electrons moving in a given direction will continue to move 
in that direction indefinitely. A perfect lattice has therefore no resis¬ 
tance whatever. If, however, the lattice is not perfectly periodic, the 
electrons will eventually be scattered. It is from this scattering that 
resistance arises. To calculate the resistance, therefore, our problem, 
just as in the classical theory, is to obtain the probability of scattering 
and hence the time between collisions 2t and the mean free path 1. 

The departures from periodicity in the lattice, which give rise to 
the resistance, may be due to 

(1) The displacement of the atoms from their mean positions due 
to their thermal motion. 

(2) The presence of foreign atoms in solid solution. 

(3) The break-down of the lattice in the liquid and amorphous 
states. 

(2) and (3) are dealt with in §§ 12 and 10; we shall deal here only 
with the thermal motion. 

We shall take an Einstein model for the metal crystal, supposing 
t Zeits.J. Phtfa. 52 (1928), 555. 
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each atom to be able to vibrate about its mean position with fre¬ 
quency v; then the Einstein characteristic temperature is defined 
(cf.Chap.I,§l)by hv = k®. (4) 

We denote the restoring force when an atom is disi)laced a distance 
X from its mean position by —bX, so that the equation of motion 
of an atom is 

MX+bX - 0, 

where M is the mass of the atom. Therefore 

bIM == 47tV. (5) 

If X^ denotes the mean square of the displacement in a given 
direction, we have 

IbX^ ~ mean potential energy ~ IkT (6) 

for temperatures above the characteristic temperature; for lower 
temperatimesf _ 


IbX^ - 


^hvlkT__ I • 


(7) 


Now, as we have stated above, an electron may be scattered by a 
displaced atom, and it will be shown below that the probability for 
scattering is proportional to X^, i.e. to the square of the displacement. 
Since the resistance jR of a metal is proportional to the scattering 
probability, we may write 

It oc X^. (8) 

But, from (4), (5), and (6), for r>0 

_ kTjh h^Tl^rr^ke^ (9) 

whence, from (8), B oc TjMQ^, 

We thus gbtain the result that at high temperatures the resistance 
is proportional to the absolute temperature. The dependence of R on 
0 will be used in § 3 to compare the resistivities of different metals 
and in § 8 to obtain the pressure coefficient of the resistance. 

At lower temperatures (T < 0) the mean square displacement 
drops below the value (9). According to (7), we should expect the 
resistance to be proportional to the total energy. This prediction is 
only in rough agreement with experiment; we must remember that 
at low temperatures, according to the Debye theory of specific heats, 


t It is not actually possible to separate potential and kinetic energy; the expression 
on the right is half the total energy. The zero-point energy is omitted as it has no 
influence on the resistance (cf. § 6.4). 
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the atoms are not displaced at random from their mean positions as 
assumed above (cf. Chap. I, § 1). The resistance at very low tempera¬ 
tures is discussed further in § 9. 

Fig. 93 shows, for the two metals copper and lead, pjT and (7^, 
plotted against T, where p is the resistivity. It will be seen that, at 



Fig. 93. pjT and for copper and lead.f 
C'p observed for Cu and Pb. o p/Tx 1,735 observed for Pb. 
-f p/Tx 1,570 observed for Cu. 


temj)eratures 7^ ~ 0, there is in fact a close correspondence between 
the energy and the resistance. It is even possible to deduce the 
characteristic temperature 0 from the resistance curves, as the 
following valuesf show (cf. also p. 14): 



Pb 

Au 

Pt 

^<7 

Cu 

0 j from sjjecific heat 
^ 1 from resistance 

88 

180-90 

230 

215 

315-25 

92 

190-200 

230 

i 

230 

346-75 


3. Dependence of the resistance on the position of the metal in 
the periodic table 

We have seen that the resistance of a pure metal is proportional 
to the mean square of the amplitude of the thermal oscillations of its 
atoms, i.e. to The quantity aTjMQ^, therefore, represents 

the conductivity for given amplitude of thermal oscillation. The 


t From Griineisen, Handb, d. Phys. 13 (1928), 22. 
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other factors which determine the resistance do not depend on the 
elastic properties of the metal, and hence we should compare the 
values of oTjMQ^ rather than the values of the conductivity o itself 
if we wish to discuss the influence on the conductivity of the crystal 
structure, atomic volume, etc. 

Table X shows the values at of for all the metals for 

which the resistance lias been measured and is a normal function of 
temperature. 

Table X 



Conductivity at 

' 




0" C, aX 10-* 




Metal 

ohm cm. 

M 

0 

o/M0»x 10* 

Li 

11-8 

6-940 

363 

12-9 

Bo 

18 

9-02 

1,000 

2-0 

Na 

23 

22-997 

202 

24 

Mg 

25 

24-32 

357 

8-1 

A1 

40 

26-97 

395 

9-5 

K 

15-9 

39-096 

163 

15-3 

CJa 

23-5 

40-08 

230 

11-1 

Ti 

1*2 

47-90 

342 

0-21 

Cr 

6-5 

52-01 

495 

0-51 

Fe 

11-2 

55-84 

420 

M4 

Co 

16 

58-94 

401 

1-7 

Ni 

16 

r)8-69 

375 

1-9 

Cu 

64-5 

63-57 

333 

9-1 

Zn 

181 

65-38 

213 

6-1 

Ga 

2*45 

69-72 

125 

2-25 

A.S 

2*85 

74-91 

291 

0-45 

Rb 

8-6 

85-44 

85 

___ 

Sr 

3-3 

87-63 

171 

1-3 

Zr 

2-4 

91-22 

288 

0-32 

Mo 

23 

96-0 

380 

1*7 

Ru 

8-5 

101-7 

426 

0-46 

Rh ' 

22 

102-91 

370 

1-6 

Pd 

10 

106-7 

270 

1*3 

Ag 

66-7 

107-880 

223 

12-4 

Cd 

15 

112-41 

172 

4-5 

In 

12 

114-76 

198 

2-7 

Sn 

10 

118-70 

260 

1-2 ‘ 

Sb 

2-8 

121-76 

1 140 

1 

1-2 

Cs 

5-6 

132-91 

. 54 

14 

Ba 

1-7 

137-36 

113 

1;0 

La 

1-7 

138-92 

152 

0-53 

Ce 

1*4 

140-13 



Pr 

1-6 

140-92 



Hf 

3-4 

178-6 

213 

0-42 

Ta 

7-2 

180-88 1 

228 1 

0-77 

W 

20 

184-0 1 

333 

1-0 
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Table X (coni.) 



Conductivity at 
0°C'. <7Xl0-‘ 

M 



Metal 

ohm cm. 

0 

o/JWO^xlO* 

Os 

11 

191-5 

256 

0-9 

Ir 

20 

193-1 

316 

1-0 

Pt 

10*2 

195-23 

240 

0-91 

Au 1 

49 

197-2 

175 

8-1 

Hg 

4-4t 

200-61 

80 

3-4 

T1 

71 

204-39 

140 

1-8 

Pb 

5-2 

207-22 

86 

3-4 

Bi 

10 

1 209-00 

100 

0-5 


The experimental values of a are taken from Gnineisen, liandb. (I. Phys. 13 (1928), 
11, and from Borelius, Handb. d. Metallphysifc, 1 (1935), 321. The values of 0 shown 
in bold-faco typo are values deduced from the electrical resistance in the range 
T <—' 0 by Grimoiscn, Anii. d. Phy.sik, 16 (1933), 530 (cf. § 2). The others are taken 
from Table III. 

The periodic change with atomic number of the series of values 
obtained is striking; in particular: 

I. The large values of for the noble medals and alkalis, 

which have one electron outside a closed shell.J crlMS^ drops in 
most cases by a factor between 2 and 4 on passing to the divalent 
metals next to them in the periodic table. We shall see in § 6.3 that 
this is due to the small ‘effective number of free electrons’ in the 
divalent metals. 

IT. The low values of for the transition metals. We shall 

see in § 6.3 that the incomplete d shells in these metals give rise to 
a much larger scattering probability and hence a shorter mean free 
path than for the metals with closed cores. 

4. Detailed theory of conductivity; general outline 

We shall now proceed to a more detailed calculation of the con¬ 
ductivity. 

We have seen (§ 1) that according to the classical theory the con¬ 
ductivity a is given by 

or ™ Ne^rjm, (10) 

where N is the number of electrons per unit volume and 2 t the time 

I Solid morr-ury at 0® C. under a pressure of 7,640 kg./cm.’® (Bridgman, Proc* 
Arner. Acad, Arts Sci. 56 (1921), 99). 

t The elements copper and gold are not always monovalent, but there is strong 
evidence that in the metallic state there is only one electron outside a closed d shell 
(cf. Appendix I). 
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between collisions. In the quantum theory the formula (10) is still 
qualitatively valid, but with the following modifications: 

(1) As was shown in Chapter III, between colHsions the accelera¬ 
tion of an electron in a lattice due to an external field F is in general 
less than for a free electron; we therefore introduced the ‘effective’ 
number of free electrons j^er unit volume, defined so that 
N^fie^Phijm is the current produced by a field F in time SL We must 
therefore replace N in formula (10) by 

(2) T must be calculated by a quantum-mechanical method, on the 
basis of the ideas of § 2. 

To obtain r we shall calculate the probability P per unit time that 
an electron suffers a collision; we shall then have 

T 1/P. 

The calculation of P is thus the main purpose of this chapter. 

Two methods are possible for the calculation of P; we may use 
for the lattice vibrations either an Einstein model or a Debye 
model.| With the former method we treat each atom as vibrating 
independently of all the others, and calculate the scattering by each 
atom separately. With the Debye model we analyse the heat motion 
of the crystal into sound waves, and calculate the probability that 
an electron is deflected through its interaction with each sound wave. 
The Einstein model has the advantage of simplicity, and yields a 
formula which is very convenient for comparison with experiment; 
it will, however, give incorrect results at low temperatures {T <0), 
when the Debye model must be used. 

When an electron moving in a metal is deflected, there is a transfer 
of momtmtum and of energy between the electron and the lattice. 
Since the atoms of the lattice are much heavier than the electron, 
the energy lost or gained by the electron is much less than its total 
energy. We shall see (§ 5.3) that the energy lost or gained is less 
then Md. 

We assume, of course, that the electrons obey the Fermi-Dirac 
statistics. An important consequence of this assumption is that 
only electrons in states with nearly the maximum energy can ackjwdly be 
scattered', the other electrons cannot be scattered at all, because all 
states with nearly equal energy are already occupied. Thus we need 


t The Debye model waa used by Bloch in his original papers on this subject. 
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only calculate the scattering probability for electron.s of nearly the 
maximum energy 

The calculation which follows consists of two parts; we first find 
the probability P(kk') that the electron makes a transition from a 
state k to a state k', and then use these transition probabilities to 
calculate the current. 


5. Calculation of the probability of scattering 

As we have already seen, an electron in the lattice in the state k 
may, under the influence of any irregularity in the crystalline field, 
make a transition to any other state k'. We shall first of all treat the 
irregularity as Malic, so that the electron can only make transitions 
to states of the same energy. This treatment is obviously appro¬ 
priate when the irrcigularity is due to foreign atoms in solid solution. 
When it is due to the thermal vibration of the atoms of a j)ure 
crystalline metal, the field in the crystal is continually changing; 
but since the velocity with which the atoms vibrate is small com¬ 
pared with that of the electrons, we shall obtain the correct transi¬ 
tion probabilities if we treat the atoms as momentarily at rest in their 
displaced positions. This is proved in § 5.3. 

Let then U(x, y, z) denote the difference between the actual ])otential 
in the lattice and the potential V{j\y,z) that would exist in the 
perfectly regular lattice. In this section we shall treat U as small, and 
shall obtain the transition probabilities by the pertur])ation method 
of Dirac. The use of a perturbation will certainly not lead to serious 
error for the thermal part of the resistance, since at ordinary tempera¬ 
tures the displacement of the atoms is small compared with the 
interatomic distance; for foreign atoms in solid solution, however, 
the perturbation method leads in certain cases to incorrect conclu¬ 
sions; for this case an alternative method is given in § 12.2. 

The SchrOdinger equation of an electron is 

= HT-j-UY, (11) 


where H is the Hamiltonian for an electron in the unperturbed lattice. 
Let and be the energies and wave functions for an electron 
in the unperturbed lattice; we shall assume that is normalizejd 

where the integration is over unit volume; if, therefore, we are 

3595.17 ^ 
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considering electrons in a volume Q, we must take for our normalized 
wave function 0“ *0^:- We write for the wave f unction at time t 




( 12 ) 


1^ then denotes the probability that the electron is in the state 
k' at time t. Initially, at time t 0, we shall assume that the electron 
is in the state k, so that 

«A:(0) -- 1, 

M0)-.-0 (kV^k). 

We substitute (12) into (11), multiply by and integrate over 

the volume £2; neglecting terms of the second ordtT (the product 
Uaf,), we obtain ^ j 


(13) 


(it 


LI 




where 


t4.' = / U4't-/>kdr. 


Integrating with respetit to t and using the initial conditions (13), we 
obtain , 


,,, 1 e' 


IX 


-1 U,,. 

il 


where x is written for (A\— Ef^)jh\ the probability that after a time 
i the electron is in the state k' is thus 


I l_ 


,, 2(1—cosa;/) 


The function on the right has for large t a strong maximum at x ~ 0, 
i.e. for transitions in which energy is conserved. 

The energies lie so close together as to form virtually a con¬ 
tinuum. As is usual in quantum-mechanical problems of this type, 

we must integrate the transition proba¬ 
bility over a large number of final states, 
for all of which k' has nearly the same 
value, in order to obtain a result of 
physical significance. 

Fig. 94 shows the 'Avspace’ of the elec¬ 
trons; the points A and B represent 
respectively the initial and final states 

!_ k and k', and the curved line rejiresents 

^ the section made with the plane of the 
paper by the surface for which 
Since our initial state is assumed to be near the surface of the Fermi 
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distribution, the curved line represents this surface. Then the physical 
quantity which we require is the probability per unit time, F(kk') dS, 
that the electron makes a transition to a state lying in an area dS 
of the Fermi distribution. To calculate this probability wo take ii 
small volume dSd^ as shown in the figure. The number of states in 

this volume is ^^dSd^, and the probability that after a time t the 

oTT*^ 

electron is in a state within it is obtained by multiplying this number 
by We then integrate the probability across the surface of the 

Fermi distribution, and obtain 


PdS - 


dS d C 12 ^ 


di. 


For points in the neighbourhood of the surface of the Fermi dis¬ 
tribution we may write 

1 dE . 

* ~ hdkj’ 

We may, moreover, take t to be large compared with h/E. The inte¬ 
grand then has a strong maximum in the neighbourhood of’ f “ 0, 
and we obtain for the integral 


and hence 


P{kk')rfiS’ - 


1 (IS 
LI 


Ih 


kk’ I 


jdE 


(14) 


This is tlu^ required transition probability, giving tlie xirobability 
per unit time that an electron makes a transition from a state k to an 
element dS of the surface in X:-space having the same energy. 

From (14) we note that, apart from the matrix element 
which depends on the nature of the perturbation, the transition 
probability is proportional to 

dE 



and hence (cf. ('hap. IT, § 4.6) to the density of states at the surface 
of the Fermi distribution. 

It is of interest to discuss the result (14) for the case of free 
electrons, i.e. for the case when the influence of the lattice field is 
negligible. In this case we may think of the electron as having a 
velocity v in the same dii’ection as the wave vector k, and ask for 
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the probability per unit time that it is deflected through an angle 
d into a solid angle do). With dS - k'^dco and k — rnvjh, (14) gives 

12 

(15) 




2) rfr 


doj. 


In the ordinary collision theory it is usual to express the collision 
probabilities as are/i8\ since (15) refers to one electron per volume 
moving with Aadocity we see that the effective area that an 
electron must hit if it is to be scattered into a solid angle dco is 


/{O) do 


Pil 


dS 




doj. (16) 


This is, of course, just the formula given by the usual Born collision 
theoiy.l 

5.1. Calculation of wMrix elemeyd for temperature resistance. We 
have now to calculate the term (^‘^)- The resistance due to 

foreign atoms in solid solution will be treated in § 12; we shall discuss 
here the resistance due to the thermal motion of the atoms. 

We shall first calculate using an Einstein model for the heat 
motion; that is to say, we shall consider that a single atom is dis¬ 
placed from its mean position by a vector (X, 7, Z), all the other 
atoms being undivsplaced. We shall then assume that, within the 
atomic polyhedron J of the displaced atom, the potential at a given 
distance from the nucleus is the same as it would be if the atom were 
not displaced.il Outside the polyhedron of the dis])laced atom we 
shall assume the potential to be unchanged. This will certainly he a 
good approximation near the displaced nucleus within the inner 
shells of the atom, where the field is strongest. Near the boundaries 
of the pglyhedron it may not be so satisfactory. The field outside 
the polyhedron of the displaced atom could in principle be calculated 
by a method similar to that of Chap. JI, § 5, and will fall off ex¬ 
ponentially with increasing distance. Its neglect will lead to too 
small values of the resistance (cf. p. 265). 

It follow^s from these assumptions, if V{x, ?/, z) is the original 
potential within the polyhedron, that the change U in the potential 
in the lattice when the atom is displaced is given by % 

U - V(x-~X,y-Y,z~Z)-V(x,y,z) 


t Cf. Mott and Massey, The Theory of Atomic Collisions, pp. 87 and 88, equations 
(1) and (5). t Cf. Chap. II. § 4.5. 

|j This is tlio assumption of ‘Starre lonon’, introduced by Nordheim, Ann. d. 
Physik, 9 (1931), 607. 
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within the polyhedron considered, and zero outside. For small dis¬ 
placements (X, F, Z) this may be written 


-U = X — + Y— + Z—. 

dx dy dz 


(17) 


Since V has a singularity at the nucleus, the expansion is not valid 
at regions near the nucleus, but such regions may easily be seen to 
make a negligible contribution to the integral in (18) below. Using 
(17), therefore, we have 

(18) 


Now for the mean value of we obtained (equation (9)) 


Yi = * ^ i" 

and, further, XY — 0. Hence the mean value of is 


(19) 


( 20 ) 


To obtain the transition probability for the whole metal we sub¬ 
stitute (20) into (14) and multiply by the number of atoms in the 
volume Q. We obtain 


PdS = 


h dS T 

4n^k i2o 


/ 


i/.JgradFi/.*, 


dr 



where — Q/N is the volume per atom. 


The integral J grad dr, (21) 

which is to be taken over one atomic polyhedron, may be transformed 
into a surface integral over the surface of the polyhedron by making 
use of the SchrOdinger equation 

= 0 , 


and remembering that Ej^ = E^.^. We write 

>A*'A*gradF = grad(F^J.^J—FJ-* grad grad i/-*,. 

The right-hand side, by means of the SchrOdinger equation, is easily 
transformed into 

grad[(F-i(,.)^?.^,-£4V*^2.1 + g[^,V>»grad.A?,-VV*grad^t,]- 



254 ELRCTRICAL RESISTANCE OF METALS AND ALLOYS Chap. VII. § 5 


The fir-st term vanishes. Integrating tlie second, we obtain for (21) 


2m 


!K 


grad^* 








( 22 ) 


the integraiioM ])oing over tlic^ surface of the polyhedron and djdn 
denoting difT(‘.rentiation normal to the surface. The scattering proba- 
i)ility d(‘p(‘n(is, therefore, on the wave functions at the surface of 
the atomic jiolyliedron, as one might expect, and not on the field in 
the interior of the atom. 

For monovalent metals, for which we may use the approximation 
of Wigner and Seitz (p. SO), and write 

^ u{r)e^^^\ u(r^;) 1, u\r^) 0, 

(22) may easily be evaluated. Since, if u were a constant, (22) would 
vanish, we obtain for (22) 


grad r]S. 

2m J 

u"{r} may lie taken to be constant and set equal to 
2m[l/(r,)-A;]w,(r„)///“ 

over the surface of the polyhedron; the integral may then be 
evaluated and gives finally for (22) 


47Tr5cos;8[r(ro) 


A’„J 


sm^r .rcos.r 


(23) 


where x - |k —k^jr^ and ^ is the angle between the vectors grad V 
and k -k'. Note that the transition probability is then a function 
of |k—k'l only. It depends also on the kinetic energy, V—Eq, of an 
electron in the lowest state (k “ 0), at the boundary of the atomic 
polyhedron. 

Making the further approximation E ^ h^lc^l2m as for free 
electrons, so that - (97r/4)h we obtain for the transition proba¬ 
bility in terms of the angle 0 between k and k' 

3/97r\J I m T ^.Jm\X-~XQOi?^xY 

r \ir f li COS“p[I — AqJ“( 


PdS 


m T 

cos-p v - 


Imix- 
\ x^ 


1 


day, (24) 


where 


2(97r/4)‘ sin \0. 


5.2. Validity of the perturbation method. The perturbation method 
used here to -calculate P must cex'tainly l>c valid if the displace¬ 
ment X of the atoms is small compared with the radius of the K ring 
of the atom considered. At ordinary temperatures this is not the 
case. On the other hand, the fact that may be transformed into 
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a surface integral makes it probable that the perturbation mcthcKl 
remains correct so long as X is small compared with the interatomic 
distance, which is true up to the melting-})oint. 

5.3. Calculation taking into account the motion of the atoms. In the 
calculation given above it was assumed that, since the vibrating 
atoms move slowly comj)ared with the electrons, they can be treated 
as though they were at rest. One may, however, obtain the same 
result by treating the vibrating atom and electron as a single 
quantum-mechanical system, as follows: 

We assume the atoms to vibrate indey)endent]y of one another 
with frequency v. (Consider an atom vibrating parallel to the .r-axis; 
if its displacement from its mean position is X, the changes in the 
potential energy in its neighbourhood is ~~X dVjdx. If the atom is 
in the nth vibrational state, its energy is {n~\-\)hv, and its wave 
function a Hcrmite polynomial which we denote by Then the 

probability that the electron makes a transition from a state k to 
a state k', and that the vibrating atom at the same time jmnps to 
a state n\ is given by (14) with 

which may be written 

— = J X*^Xn J - ■ (-■'’) 

The second integial is the one obtained before; tlu^ first, 
vanishes unless n' — n “ ^^Bd is then equal to 

J J 'HnHlv 

whichever is the larger. 

In any scattering process, therefore, the electron gains or loses a 
quantum hv of energy. At high temperatures (kT > hv), howevei*, 
this change in the energy can be neglected, and we may assume the 
electron to be scattered to a state of equal energy. 

To obtain the transition probability, we must use formulae (14), 
(18) as before, but must substitute in these formulae instead 

of and must average over all initial states. We obtain, adding 
the squares of the two terms in (26) and averaging over n, 

1_ icT 
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which is the same expression as that which we obtained for in 
equation (19). Our transition probability is thus the same as before. 

We note that none of the collisions between a vibrating atom and 
an electron are elastic; the atom always gains or loses a quantum of 
energy. 

5.4. Debye model; scattering probability for low temperatures. In 
the preceding secjtion we assumed each atom in the crystal to vibrate 
independently of all the others. At low temperatures this will not be 
a good ay)proximation, as emphasized in (Tiap. I, § 1. We therefore 
analyse the vibrations of the solid into sound waves, in the manner 
introduced by Debye. 

We consider a sound wave with frecpiency and wave number 
q, so that tlie dis])lacement of an atom at the lattice point is 


g/(qr«)-27r#Vj/_|_(complex coiijugate. (27) 


The displacement is perpendicular to q for transverse waves, parallel 
for longitudinal waves. represents the amplitude of the wave; at 
temperature T we have 




hVg 


(28) 


Making the same assumptions as in § 5.2, we may take for the 
changef in tiie potential due to the lattice wave (27), in the cell of 
the atom r,„ ^^^g,(qr„)grad V, 


and the change in the crystal as a whole is obtained by summing 
over q. 

We now treat this change in the potential of the crystal as a whole 
as our perturbing potential. It will be seen that an integral of the 

(29) 


vanishes unless k—k'-fq — 27rn/a, (30) 

where n ~ (rq, ?i^) and n^, are integers or zero and a is the 

lattice constant. 

The transitions for which n = 0 may be called normal transitions; 
those for which n 7 ^ 0 have been called by Peierls TJmklappprozesse’. 


t Bloch and Bethc (loc. cit.) take a different form, viz. 6*<<l*‘^grad F, which is 
incorrect in the inner shcdls of tiie displaced atoms (cf. p. 252) and gives much too large 
a value of the resistance. 
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The decision as to which transitions are normal and which TJmklapp- 
prozesse’ depends, of course, on our definition of k, for, as we have 
seen in Chap. II, § 4.1, k is not uniquely defined. 

If n = 0 , the integral (29) reduces to 




(SI) 


If, moreover, we use formula (23) for this integral, we see that it 
vanishes if the vectors q and grad F (i.e. the displacement of the 
atom) are at right angles. Thus only for longitudinal waves does 
(31) have a non-zero value. 

From these remarks and from equation (14) it is clear that the 
probability that an electron is deflected from a state k to a state k' is 


P dS - 




dk 


(32) 


For Icnv temperatures is small unless ;C Hence, by (28), 
the transition j)robability is small for changes in k excei)t those tliat 

|k-k'| ^ kTjhc,, 


where is the velocity of sound waves in the solid, given byf, 

‘ - h \““3 7 ■ 

Thus at low temperatures the electron can only be scattered through small 
angles. 

If we make the assumption that there is one electron per atom, and 
that the energy is the same function of k as for free electrons, so that 
at the surface of the Fermi distribution 


|k| = (IttHo)*, 

then, writing |k—k'| = 2|k|sin|0, 

we see that, for P not to be small, we must have 

e < 2^TIQ. 

At high temperatures (T >0) we may replace the factor 


t Cf. Chap. I, equation (17); we have put Ci “ Cf. The formula is thus only vali<l 
for an isotropic solid in which the velocities of transverse and longitudinal waves aro 
identical. 

a6S5.17 i;^ } 
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by kT. Formula (32) then becomes 


PdS. 


dS! 3 \l 
ilf, \4TrCio/ 


KT 


J ^il-grad VipkdT 


This formula, however, will be valid only for |k 


jdE 

Jk' 


(33) 


“k'l < where 
9nmx fhe wave number of the vibration of maximum frequency, 
given, according to the Uebye theory, by 


(?max ~ 2Tr(^7rLlQ)K 


For larger values of |k—k' | the transitions will be ‘Umklappprozesae’. 

If we assume as before that the energy is the same function of k 
as for free electrons, then we have, if 6 is the angle between k and k', 


P dS — ^ 

Dq 47T^k M(d^ 


^IJ <l>tgradV>p^,dr 
6 < 2sin“^2“^ 


/(l__cos^), (34) 




Transition probabilities for collisions in which the electron is de¬ 
flected througli an angle 0 greater than 79^ (TJmklapj)prozesse/) have 
not yet been calculated; there would be no difficulty in doing so, but 
it would not at present be possible to use the results obtained to 
calculate the conductivity, because the transition probability would 
in general depend on the initial state k, and not merely on |k—k'|. 
As we sliall see in the next section, a theory of conductivity has not 
yet been worked out for such a case. 

It will be realized that the value 79° for the maximum 'normal’ 
deflexion depends on the Debye model for the vibrations of a solid; 
other angles would be obtained with the more exact models discussed 
in Chap. I, § 1. 


6. Calculation of the current 

In the preceding section we have found an expression for the proba¬ 
bility that, owing to any lack of periodicity in the lattice, an electron 
makes a transition from one state to another. We must now calculate 
the time of relaxation and hence the conductivity in terms of this 
transition probability. Unfortunately such a calculation is only 
possible in certain particularly simple cases. In this section we shall 
therefore make the two following assumptions: 

(1) The energy E{k) of an electron in the state k is a function of 
k ^ [k I only, so that the surface of the Fermi distribution is spherical. 

(2) The transition probability P(kk') defined in the last section is 
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a function of |k—k'| only; it is thus a function of the angle of 
scattering 0 but not of the initial state; we may thus write 

P{\L\i^)dS === P{e)k:^dcj, (35) 

Let us denote by /o(k) the Fermi distribution function*!* in the 
absence of any external field, which is given by 

*^0 “ 


so that 


^ dkj. dky dk^ 


/o(k) 


(37) 


is the number of electrons in states having their wave vector in the 
volume element of A:-space dkj. dky dk.. Fig. 95 sliows^ plotted against 
k^. Let us suppose that an external electric field F acts along the 
axis. Then we have seen in Chap. IJI, 

§ 3 that, under the influence of such 
a field, the component k^. of the wave 
vector of any electron increases 
steadily, the rate of increase being 

I'lC. 95. Fornii (iistribution fiinftion 

dkx _ €,F in a inotal cHrrying a cummt; (ho 

dt h * s^howh' /u, t h(‘ iino/. 



The whole Fermi distribution is thus shifted, and has at the time t 
the form , p, v 

as sliown in Fig. 95 by the dotted line. 

If we differentiate this with regard to the time, we obtain, for I > 0, 

^ eF _ _ dl„ dK Av ^ 

\dt)nM dk^ h dK dk k h' 

As shown in Fig. 95, the function dfJdE is large only near the surface 
of the Fermi distribution. Thus we see that the density of el(‘ctrons 
is increasing only in those states which lie near the surface of the 
Fermi distribution; the number of electrons having velocities other 
than the maximum is at first unaltered by the field. J 

In a metal at a finite temperature in the presence of an external 
field F the whole Fermi distribution will be shifted to the right, as 
in Fig. 95, until a steady state is reached in which the .effect of the 
field is just balanced by the collision processes considered in the last 


t Cf, Chap. VI, § 1. 

X This would not be the case for Boltzmann statistics. 
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section. We should expect the Fermi distribution function to be 
given then by (38), witht 

(38.1) 


wliere r is tlie constant which we call the ‘time of relaxation’, 
shall thus have 


with 


/(k) ^/„(k)+^(k) 
,,(k) 

“ dk k h 


We 

(40) 

(41) 


Our ])roblein is to calculate r. The current may then be obtained at 
once (see below). 

We have therefore to find the rate of change of / due to collisions, 
ii’ we take a volume el(‘inent of A*-space f/k, the number of electrons 
jumj)ing out of the corresponding states will be the product of 

(1) the number of electrons initially in states rfk, i.e. 

^ dk^ dL, dk^ 


(2^7 


7(k): 


(2) the sum of the transition ])robabilitics P(kk')rf>S"' to all other 
states k' with tlu^ same energy, multiplied by the probability that 
the state in question is unoccupied, i.e. 

l-/(k')- 

We have, therefore, for the number of transitions per unit time 

f [i-/(k')jP(kk')ds', 

where the integration is over the surface in X;-space having the same 
energy as the initial state k. 

The number of electrons jumping into our volume element depends 
on 

(1) the number of unoccupied states in the volume element, 

(2) the number o{ occujned states having the same energy as k, 

(3) the transition probabilities P(k'k). The number per unit time 


is clearly 


^dkj,dkydk,. 


?[l-/(k)] J/(k')P(k'k) dS'. 


Hence the rate of change of / due to collisions is 

if] = [1 -/(k)] f /{k')P(k'k) dS'-m f [l-/(k')]F(kk') dS'. 

\^^/colliKions •' 

(42) 


t Cf. § 1. 
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Since we are assuming that dE/dk is constant on the surface of the 
Fermi distribution, we may put (cf. equation (14)) 

P(kk') - P(k'k), 

so that (42) may be simplified to give 

I' = J/(k')P(k'k) dS'-f{k) j P(kk') dS'. (43) 

This is the formula which we should obtain without taking into 
account the exclusion principle (i.e. the fact that electrons can only 
jump into unoccupied states), which therefore has no effect on the 
conductivity. 

If for/(k),/(k') we substitute the undisturbed Fermi function/^(k), 
it is clear that (43) vanishes, because/„ depends only on the energy 
of the state, so that/()(k') /o(k). This is, of course, to be expected, 

because is the distribution function of electrons in thermodynamical 
equilibrium in the absence of a field. 

We therefore substitute / — /o+{/ as in formula (40) and obtain 

|'= J[^(k')-<7(k)]P(kk')rf-S'. 


This must be set equal to minus the rate of change due to the field, 
given by equation (39), whence we obtain 

rf/o dK eF 

dJjlk. TT’ 


J [r/(k')-! 7 (k)]P(kk') dS' 


(44) 


This integral equation for [^(k) was first obtained by Bloch (loc. cit.). 
Substituting from (41) for f 7 (k), the left-hand side of (44) becomes 


eP ^ rfp; ^ 
h ■ dE dfc k ’’ 




giving for the time of relaxation r 

_T J ||i-ljp(kk') dS' = 1. (45) 

We have to show that the integral on the left is independent of the 
direction of k; otherwise the assumption of a time of relaxation 
independent of k would not be justified. We denote by a the angle 
between k and the cc-axis (direction of the field), by 6, as before, the 
angle between k, k', and by <f> the angle between the plane kk' and 
the plane containing k and the x-axis, so that 

kj, = k cos (X, k^ = A^(cos a cos 0 + sin a sin 6 cos <f>), 
dS = kHmeded<j>, P(kk') - P(0). 



262 ELECTRICAL RESISTANCE OF METALS AND ALLOYS Chap. VII. § 6 
Carrying out the integration over we obtain 

1 ^ 

- = 217*2 J (1 - cos 0)P(0)sin e de (46) 


or 


0 

i = J (1-cos 0)P(6>) dS. 


(47) 


The reciprocal of the time of relaxation is thus equal to the total 
probability per unit time that an electron is scattered, with the 
factor l~cos(? to give extra weight to large angle collisions.f 
Expressed in terms of formulae (14) and (47) give 

The current may be obtained as follows: tlie current per electron 
is eVj.; hence the current^* per unit volume is, by (37), 


j - j j j 


(49) 


the integration being over all t-space. For we have, from Chap. 

] PE IdEk. 

hdk^~n'dk k’ ^ 

and for/, from (40) and (41), 


f _ f _ ^fo - 

^ h dk k ‘ 


(51) 


The term gives no contribution to the integral (49); we therefore 
obtain, from (49), (50), and (51), 

=-f riJJ/ 4f (=2) 

We take spherical polar coordinates such that 

k^ == icosa, dkj^dkydk^ = 2TTk^dkmioLdQL, (53) 


(52) then gives y „ J g*. (54) 

0 

As Fig. 95 shows, dfjdk is only finite in a small range of A: *at the 
surface of the Fermi distribution. In general^ the other terms in the 


t This is the same integral that occurs in the theory of gaseous diffusion, cf. Mott 
and Massey, loc. cit. 230. 

t For certain exceptions, i.e. transition metals at high temperatures, cf. § 7. 
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integral may be considered constant in this range, and we obtain 
for the conductivity, since — J (dfjdk) dk = I, 


a = j/F = 




(55) 


The conductivity depends, therefore, only on the value of r at the 
surface of the Fermi distribution. 

This formula may be expressed in terms of the effective 
number of free electrons per unit volume, given in our case, accord¬ 
ing to C^hap. Ill, § 4, by 

M I ky m dE 

¥kdk' 


We thus obtain for the conductivity the ‘classical’ formula 



m 


It is of interest to express <j in terms of the area 1(6) introduced 
in §5.1. We obtain easily, assuming as before perfectly free electrons, 

1 m 

A = j (1— cos 6)1 (6) do), 

where Qq volume per atom. A is thus the effective scattering 

area jiresented by each atom. 

We note that, in the derivation of the above formulae, the transfer of energy 
from the electrons to the lattice vibrations has not been mentioned. The pro¬ 
duction of Joule heat is, of course, due to this energy transfer. When an 
electron collides with a vibrating atom, it cari, as we have seen, give up 
energy ; when it collides with a foreign atom in .solid solution a very small 
energy transfer can also take placts since the mass of the foreign atom is not 
infinitely great compared with that of the electrons. It is not, however, 
necessary to consider this energy transfer e^xplicitly. If it did not take place, 
the Joule heat produced by the current would be transferred to the electrons 
alone, whose temperature would therefore rise rapidly, since their heat capacity 
is small. The rate of transfer of energy between the electrons and tlie lattice 
will thus determine only the difference in the temperatures of the electron.s 
and the lattice vibrations. 



6.1. Explicit formula for resistance due to thermal agitation. If we 
use Wigner-Seitz wave functions as in § 5.1, we may apply formula 
(24) for the transition probability P, and thus obtain an explicit 
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formula for t and hence for a. We obtain, assuming E — 

1 0 m m \ T 


a* Ne^ M h 




(57) 


where N is the number of electrons per unit volume and C is a 
numerical factor given, with/(x) — (sirio:—a;cosa:)‘^x~^, 1 ) 3 ^ 

TT 

^277 J (1— 'COS^)/(3 H4sin l^)sin 0 
0 

—- 2 06 (Einstein model), (58.1) 

79 " 

2tt j /(3 S4.siii |^)sin 0 dO 
0 

~ 0-98 (Debye model). (58.2) 

The result obtained using the Debye model, however, neglects the 
‘Umklappprozesse’ (collisions through more than 79^') and might well 
be about the same as (58.1) if these were included. We therefore use 
(58.1) for comparison with experiment. 

We note that cr is proportional to while the free-electron number 
(— Not) is proportional to a. If we call m/a the effective mass of 
an electron, the resistance is proportional to the square of the effec¬ 
tive mass. 



6.2. Comparison with experiment. We give a comparison for the 
metals silver and sodium, for both of which the free-electron energy 
formula should be approximately valid. The values of V{r^~EQ are 
taken from the calculations of Wigner and Seitz for sodium and Fuchs 
for silver (cf. Chap. II, § 4.5). We have put a — 1, as for free electrons. 
For IcBjK we must take a mean value of the vibrational frequency 
of the atoms; we therefore take for © three-quarters of the Debye 
characteristic temperature, as explained on p. 8. The Debye 0 
values used are those shown in Table X, and are thus deduced from 
resistance measurements. 


Theoretical and experimental values of the conductivity a at 273® ii. 



Do X 16®* 

Atomic 

©< = 10/, 
degrees 

y{r^)-E, 

{electron 

volts) 

Resistivity* \ jo 
{microhm-cm.) 

.i 

cm.® 

1 ..... 

weight 

calculated 

observed 

Na 

40-1 

23 

150 

13 

2*9 1 

4-3 

Ag 

16-9 

108 

167 

23 

1 -0-61 

1-4 
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The calculated resistance is too small; we believe this to be due 
to the neglect of the perturbing potential due to a displaced atom 
outside its own polyhedron (cf. p. 252). The estimation of 0 is, 
moreover, uncertain. 

6.3. Divalent and trariMtion metals. The calculation of the current 
given in § 5.1 depends on the assumption that the energy E is a 
function of |k| only; that is to say, that the surfaces of constant 
energy in A>space are spheres. It follows that formula (47) is applic¬ 
able, even approxin^ately, only to the alkalis and noble metals. For 
all other metals which have been investigated from a theoretical 
point of view the surface of the Fermi distribution lies actually in 
two or more Brillouin zones, so that it will have no resemblance to 
the simple spherical form considered up till now. 

We shall consider first the general case when E is an arbitrary 
function of k. In the steady state, when a current is flowing, the 
Fermi distribution function will take the form, analogous to (38), 

. / eF \ 


where the ‘time of relaxation’ r “ T(k) is now a function of the wave 
vector k, instead of, as before, a function of E or |k| only. The 
problem, at present unsolved in the general case, is to determine 
T(k). If T(k) is known, the current along the a:-axis will, as before, 
be determined by equations (49), (50), which give, analogously to 


(52), 

Jx 

If we write 


e^F 




o’x(^) 


(2 


J \pkj Igradfil’ 


(60) 

( 61 ) 


the integration being over the surface in A'-space with energy E, 
(60) may be written 

(62) 


■F r a,{E)%dE. 


'dE 


In general we may take g(E) to be constant in the range of E of 
breadth kT in which dfJdE is finite; we obtain, therefore, 


= (63) 

for the conductivity in the direction of the .x-axis. In certain cases 
(transition metals at high temperatures, alloys of bismuth) this is 

8695.X7 Mm 
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not legitimate; (62) then gives (cf. Chap. VI, § 1) 

+ (63.1) 

(j{E) re])resonts tht^ value that the conductivity would have if the 
energy at the surface of the Fermi distribution wer^^ K\ its variation 
with E is of importance in the discussion of thermoelectric ])henomena 
(§14). 

The case where the Fermi distribution lies in two Hrillouin zones 
has been discussed in detail by Mottf and a solution for T(k) obtained, 
subject to the following sim])lifying conditions: 

1. The surfac^e of the Fermi distribution lies in t wo zoikcs, [a) and 
{b)\ zone (a) is nearly full and zone (/>) nearly empty, the number of 
electrons in (6) being equal to the number of holes in (n). 

2. The state of an electron in either zone being described by wave 
vectors k^^, the energies in the two zones are given by 

a ;, --- E,-~ahHi/27n^ E, - ^h%l27n. 


3. The transition probabilities P(k,,k/,), /^(k/,k/J, 7^(k,,k/J are 
functions only of the angles between the initial and final wave vectors. 

The new feature of the ])roblem is 
that transitions are allowed from one 
zone to another, as shown in Fig. 96. 

With these assumptions it may be 
shown that t is indey)endent of k in 
either zone; we may thus define two 
times of relaxation, one for each 



Fj(j. 9ti, A:-Hpaco of niotal with two 
zones; oei^.upied states are shaded. 


zone. Formula (61) for the conductivity then reduces to 

JVeK 


m 


(aT,,+^Tj, 


(64) 


where N’ is the number of electrons per unit volume actually in the 
zone (/>), and thus the number of holes in zone (a). The first term 
represents the current carried by the j)ositive holes, the second by the 
electrons. 

No detailed application of these results has yet been made to the 
divalent and multivalent metals. For the divalent metals we shall 
have a certain number of electrons overlapping into the second zone 
and an equal number of positive holes in the first zone. If this number 


t Proc, Hoy. iSoc. A, 153 (1936), 099. 
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is small, the conductivity will also be small, as appears to be the case 
from the discussion of § 3. This then is j)robably the reason for the 
small conductivity of the divalent metals. 

For the transition metals we have two zones, the d zone and the 
s zone, to take into consideration. In the d zone the density of states 
is large; in other words, a is small. From this it follows that, if and 
Tfy arc com})arable, the current is nearly all carried by the electrons 
in the « zone. 

On the other hand, as formula (14) shows, the transition ])robability 
from one state to another is j)roportional to the density of states in 
the final state. Therefore transitions in which the electron jumps 
from the s zone to an unoccupied state in the d zone are more 
probable than the ordinary scattering processes, in which an electron 
jumps from one 5 state to another. This appears to be the reason 
for the low conductivity of the transition metals. If we neglect 
altogether the ordinary s~s transitions, the time of relaxation of 
the 6* electrons is found to be (loc. cit., p. 708) 

0 

where xV^(A') is the density of states in the d zone and 0^, 0,^ are the 
wave functions of the states in the s and d bands for which the wave 
vectors k make an angle 6 with each other. 

We thus obtain the following picture of electrical conductivity in 
the transition metals. The current is carried by s electrons, with 
effective mass not very different from that of a free electron, as in 
the noble metals. On the other hand, the resistance is mainly due to 
scattering processes in which the electron makes a transition'from 
the s to the d band; the probability of such a transition is pro¬ 
portional to Nfi(E), the density of states in the d band. Evidence in 
favour of this hypothesis may be drawn from the resistance of alloys 
of these metals with Cu, Ag, and Au (§ 13.2), from their thermoelectric 
properties (§ 15) and from their resistivities at high temperatures (§7). 

N^iE) is proportional to the cube root of the number of particles 
(in this case positive holes) in the d band. Hence the conductivity a 
is proportional to 

number of electrons in s band 
(number of positive holes in d band)* 



268 ELECTRICAL RESISTANCE OF METALS AND ALLOYS Chap. VII, § 6 
Finally we give a table of the mean free paths I and times of 
relaxation r deduced from the experimental conductivities at 0° C. for 
a number of metals. We have chosen only those metals for which 
the number of free electrons per atom can be estimated, i.e. the 
monovalent metals and certain of the transition metals. We use the 
formulae 



Metal 

Electrons 
per atoniy 
asfiumed 

u X 10 “ 
cm.lnec.^ 
calculated 

ox 10 -” 
electro- 
ulatic unititf 
ohften^ed 

T X 10 ^® .sec. 

// 10 « cm. 

Li 

1 

i : io 7 

1*06 

8*6 

225 

Na 

1 

J 067 

2*09 

31 

670 

K 

1 

()-848 

1*47 

44 

745 

Rb 

1 

0*805 

0*78 

27 

440 t 

Ca 

1 

0*747 

0*49 

21 

320 

Cu ! 

1 

1*578 

5*76 , 

1 26*7 i 

842 

Ag I 

! 1 

1*397 j 

6*12 

40*9 1 

1,140 

Au i 

1 

1*400 

4*37 

29*0 

i 812 

Ni 

0-6 1 

1*365 

1*36 

! 9*76 

I 266 

Co 

0-7 

1*421 

1*45 * 

! 9*17 

260 

Fe 

0-2 

0*912 

1*01 

24*2 1 

440 

Pel 

0-55 

1*206 

0*88 1 

9*2 

220 

Pt 

0-6 

1*230 

0*92 

9*0 j 

220 


7. Resistance at high temperatures 

At high temperatures the resistance-temperature curves are not 
quite linear for most metals. For (hi, Ag, Au, W, as is shown in 
Fig. 97, RjT increases with increasing T. For ('u, Ag, and Au this 
is probably due to thermal expansion and the consequent decrease 
in the Debye characteristic temperature 0, which was discussed in 
(Jhap. I, § 4. Assuming that (cf. §2) RjT oc 1/0^, we obtain 



where y —r/(logf))/rf(Iog V) and a is the thermal-expansion coeffi¬ 

cient. Integrating, we have, for values of T not too large, 

RjT = const.(l +2ayT). (66) 

We may use formula (66) to compare the resistance at any two 
temperatures and as in the following table: 

f Recent work by Lovell {Proc. Boy. Soc. A, in press) on the rosistance of thin 
films of rubhlium on glass supports this value. 
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A, 

A, 





T’l 


Metal 

2icy X 10* 

Ti, "A'. 

“A-. 

obacrveA 

calcuUited 

Cu 

1-9 

1,273 

773 

Ml 

MO 

Ag 

2-7 

1,233 

773 

1*07 

M2 

Au 

2*6 

1,273 

773 

Mf) 

M2 

W 

0*41 

1,273 

673 

117 

1025 

Pt 

1-3 

1,273 

773 

0'97 

106.‘> 

Pd 

1-5 

11'^ 

673 

0*97 

1015 

6 

- 





5 

- 







X 




4 

~ 





3 






2 

X 





1 

X 

1 

- J -. 


j 



500 

1000 

1500 ^ 


Fig. 97. Rpnistarure of cort-ain motalK at liigh tpmppratures.| 


For the normal metals the agreement is satisfactory, hut not for 
W, Pd, and Pt; for Pt and Pd, and also for Ta, RjT decreases with 
increasing ternperature. J 

An explanation of this fact has be^en given by Mott;|| for these 
metals the resistance is determined mainly by scattering processes 
in which the electron jumps from the s to the d band. The proba¬ 
bility of such processes is proportional to the density of states N(E) 
in the d band in a range of energies kT' at the surface of the Fermi 
distribution. For the transition metals Pd and Pt the d band is nearly 
full; N(E) therefore decreases very fast with increasing E, and so at 
high temperatures the electrons with high energy have considerably 

t The ©xperiinontal values are taken from Griineisen, Handb. d. Fhya. 13 (1928), 16. 

J The behaviour of this anomaly for a series of Pd-Au alloys has recently been 
investigated by Conybeare {Proc, Phya. Soc,t in press), 

ll Proc. Roy. Soc. A, 153 (1936), 699 and 156 (in press). 
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smaller probability of being scattered than those of low energy (cf. 
the discussion of the thermoelectric power, § 15). It will not, there¬ 
fore, be legitimate to take r{E), the time of relaxation, constant over 
the surface of the range kT in which is finite; the resistance 

must be calculated by formula (03.1). One obtains for the resistance 
a formula of the type 

BIT - con8t.[l + 2.^yy][l+/ir2.,.], (67) 

where A may in gtnieral be positive or negative; if, however, one 
assumes N(E) — const. ^{E—Eq), one obtains 

A - -wm ( 07 . 1 ) 

where is the degeneracy temperature of the d band (cf. (Uiap. VI, 
§ 5). Such an assumption will be legitimate for Pd or Pt, where the 
d band is nearly full, but not for W. 

(^mparison with experiment for the former metals gives for 7],: 

Pd Pt 

3,500^ 4,mr^ 

The resistance of ferromagnetic metals shows an anomalous be¬ 
haviour near the ('urie tem{)erature; the resistance of nickel measured 
by Gerlacht is shown in Fig. 98. The resistance also decreases in a 



Fig. 98. Kesistanco of nickel as a function of teinporature. 

I. Observed. 

IT. Extrapolation of I. 

III. Suggested theoretical curve for ferromagnetic nickel. 

IV. Suggested theoretical curve for paramagnetic nickel. ^ 

t For references to a series of papers by Gerlach and his co-workers, cf. Englert, 
Ann. d. Phymk^ 14 (1932), 589; the change of resistance in a magnetic field has also 
been measured by Potter, Proc. Roy. Soc. A, 132 (1931), 5.54. Cf. also Kriipkowski 
and de Haas, Comm. Leiden^ 194 a (1928) and Svensson, Ann. d. Physik, 25 (1936), 
264, for the corresponding properties of Cu~Ni alloys. 
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magnetic field. A theoretical discussion has been given by Mott;t 
if, as suggested above, the resistance of a metal such as nickel is due 
to transitions in which the electron jumps from the s to the d band, 
it is clear that at low temperatures only half the electrons can make 
such transitions, namely those with spin antiparallel to the spon¬ 
taneous magnetization, because all places in the d band-with spin 
parallel to the spontaneous magnetization are occupied. At high 
temperatures electrons with either spin direction can make transi¬ 
tions of this type. If, then, we regard the resistance as a function 
of two independent variables, temperature and magnetization, the 
resistance curves for saturated magnetization and for zero magnetiza¬ 
tion will be somewhat as Ill and IV in Fig. 98. A quantitative dis¬ 
cussion is given in the original papers. 

A theoretical discussion has also been given of the resistance of 
copper-nickel alloys (constantan).t 

8. Change of resistance under pressure 

The resistance of most metals decreases under pressure, but that 
for certain metals (Li, (Ja, Sr, Bi) increases. The decrease for normal 
metals can be explained qualitatively in the following way. The 
atoms of a metal under high pressure being closer together are held 
in position by stronger forces, and therefore at given temperature 
vibrate with smaller amplitude than at atmosf)heric pressure. Since 
the resistance (for T > 0) is i)roportional to the mean square 
amplitude of the atomic vibrations, it follows that the resistance 
is lowered. Quantitatively the effect of the pressure on the mean 
square amplitude may be calculated as follows: we have seen (§ 2) 
that is proportional to 1/0^, where 0 is the Debye characteristic 
temperature, so that, if V is the volume of the solid, 

d(logX^) ^ _2^g0) ...V 

rf(logF) d(logVy '' ^ 

But we saw (Chap. I, § 4.1) that the quantity on the right can be 
deduced from the thermal-expansion coefficient; or alternatively an 
estimate can be made from the change of compressibility with 
pressure. 

Table XI shows the values obtained for a series of metals; they are 
compared with the experimental values of d(\ogp)/d{logV), i.e. the 


f Mott, loc. cit. 
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measuredt pressure coefficient of resistivity, d{\ogp)jdp, divided 
the measuredf compressibility, d(log V)ldp, The values given are 
thus the relative decrease in resistance lor unit decrease in the 
volume. 

Table XI 


Kletnent 

d(log V) 

^/(iog F) 

Klenient 

" r/(l<>K V) 

d(logp) 
f/(log V) 

Li 

2-84 

-0*8.5 

Mo 

.•M4 

3*7 

Na 

2-50 

2*84 

V\' 

3*24 

4*3 

K 

2-68 

40 

Fe 

3-20 

4*1 

Rb 

2-96 

2*92 

(\> 

3*74 

1*76 

Cs 

2-58 

1-8 

Ni 

.3*76 

3*35 

Cu 

3-92 

2*7 

Pd 1 

4*46 

3*75 

Ag 

4-80 

3*6 

Pt 

.5-08 

5*6 

All 

606 

5*2 

Ca ! 

2*6 

-1*95 

A1 

4-34 

2*9 

Sr 

1*9 

-6*7 

Pb 

.5-46 

60 

Ba 1 

2*2 

-f 0*58 

Ta 

3 50 

2*9 

i 




It will be seen that for many metals there is fair agreement between 
the two columns, showing that for the.se metals the change in 
resistance is mainly due to the change in B, i.e. to the change in the 
amplitude of the atomic vibrations. On the other hand, for most 
metals the agreement is by no means perfect; some of the other 
factors in the formula for the resistance must therefore be sensitive 
to pressure. These factors are difficult to estimate. J The abnormal 
behaviour of Ca and Sr has been discussed by Mott,|| who has shown 
that such an effect can occur for a divalent metal, but no explana¬ 
tion has been given of why it should occur for these metals only. 
The abnormal behaviour of lithium has been discussed by N. H. 
Frank.Frank’s explanation is that the breadth of the first Brillouin 
zone contracts as the metal is compressed, as is shown in Fig. 36 on 
page 83 of this book. The ‘effective’ number of free electrons would 
thus decrease. According to Frank the anomalous behaviour of Cs, 
whose resistance first decreases and then increases, may be explained 
in the same way. 

The pressure coefficients of certain metals at low temperatures 

t Bridgman, The Physics of High Pressure, Chaps. VI and IX, London (1931). 

J Kroll {Zeits.f. Phys. 85 (1933), 398) has calculated the change in the scattering 
power of the ion, but he appears to have taken this proportional to | instead 
of |(grad Lenssen and Michels {Physica, 2 (1935), 1091), who use 

a formula due to Nordheim. jj Proc, Phys, iSoc. 46 (1934), 680. 

tt Phys. Rev. 47 (1935), 282. 

Alternatively, we may say that the effective mass increases. 
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down to —182*9'^ C. have been measured by Bridgman a theoretical 
discussion appropriate to low temperatures (7^ < 0) has been given 
by Mott.J 

9. Resistance at low temperatures {T <0) 

As we have seen in § 5.1, if TjQ is small, an electron is unlikely 
to be scattered through an angle greater than Tj(d. This is because 
only lattice waves of long wave-length (small wave-number q) are 
excited, and these can transfer only a small amount of momentum 
to the electron. 

For deflexions through an angle 0 less than formula (32) shows 
that the probability P of scattering is proportional to TjMQ^, i.e. to 
the amplitude of the corresponding lattice wave. We also see from 
the same formula that the scattering probability is roughly inde¬ 
pendent of 6 for small 6, since both and, by (23), the integral in 
(32) are proportional to 0, 

We may thus estimate the dependence on temperature of the 
resistance R from formula (47), namely 

E cc j {l—cof^0)Pmi0 d0. 

In our case this becomes 

1 0)81110 dO 

0 

or i? X (69) 

Thus at low temperatures the resistance is proportional to the fifth 
power of the temperature. 

Unfortunately, however, formula (47) cannot be used to obtain a 
quantitative expression for the resistance, because it was derived 
under the assumption that the change in the energy of an electron 
when it is scattered is small compared with k7\ At temperatures 
comparable with or less than 0, the change in the energy is com¬ 
parable with kT, 

In the investigation of Bloch,|| in which this fact was taken into 
account, the following formula for the resistance at low temperatures 

t Proc. Amer. Acad. Arts Set. 67 (1932), 305. 

t Loc. cit. 

II Zeits.f. Phys. 52 (1928), 555. Cf. also Handb. d, Phys. 24/2 (1933), 499-560. 

3595.17 



N n 
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was obtained, subject to the usual assumption, that i? is a function 
of |k| only (cf. § 6): if and are two temperatures such that 


and JBi and are the resistances at these temperatures, 

- 497-6^*^ T. 


M, 


(§)■ 


n 


(70) 


The derivation of the numerical factor is not, however, valid unless 
the energy is a function of |k| alone, which is rougKty the case 
only for the noble metals and alkalis. We have, moreover, seen 
(p. 264) that with the Debye model used by Bloch the theoretical 
formula for the resistance at high temperatures is too small, because 
it neglects 'Umklappprozesse’ (collisions through more than 79°). 
Such collisions cannot occur for low temperatures. The numerical 
factor in (70) is therefore probably too large by a factor 2 or more. 

For intermediate values of the temperature Griineisenf has sug¬ 
gested the formula 

RjT - const. G(Q/T), \ 


where 


ew = 4x-.5j 


dz 



(71) 


The formula may be derived from quantum mechanics only by mak¬ 
ing certain further approximations. J This formula includes formula 
(70), and the criticisms made above apply to it also. The function 
0(x) has been tabulated by Griineisen and has the following values: 


* =■■ 0/r 

0{x) 

X = 0/r 

0(x) 

0 

1-0000 

10 

0-0465 

1 

0-9465 

12 

0-0235 

2 

0-8074 

14 

0-01280 

3 

0-6309 

16 

0-00758 

4 

0-4607 

20 

0-00311 

6 

0-3208 

30 

O-OjOUS 

6 

0-2196 

40 

0-081944 

7 

0-1471 

50 

0-047964 

8 

0-0991 

60 

0-04384 


It is of interest that G(QIT) plotted against T/0 is very similar to 
the Debye curve, I'ig- shows. 

Formula (71) is in good agreement with experiment for most metals 


t Ann. d. Physik, 16 (1933), 530; Leipziger Vortr. (1930), 46, 
t Cf. Sommerfeld and Bathe, loc. cit. 670. 
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over a considerable temperature range, if 0 is suitably chosen.t For 
instance, for copper, according to measurements quoted by Meissner, J 
the following are the values: 


ahs. 

(^/«o)red C =- 0‘003 

(«/«o)o.io 0 = 3.13 

1-32 

0*00000 

0*00000 

4*20 

0*00000 

0*00000 

20*42 

0*00051 

0*000553 

81*2 

0*141 

0*1413 

90*2 

0*1804 

0*1804 

273*2 

1*0 

1*0 



Fig. 99. Comparison of theoretical curves for JRjT and 6\,. 

(1) cy(o,)„. (2) oiB/n 

Here (i?/i?o)red denotes the ‘reduced^ values, obtained by subtracting 
from the observed resistance the estimated residual resistance 
The very good agreement between theory and experiment is surpris¬ 
ing in view of the criticism made above. It must, however, be 
remembered that 0, a high power of which occurs in the formula, is 
in effect an arbitrary parameter. 

Deviations for low temperatures (below 20“ K.) occur for lithium 
and sodium, probably owing to the drop in 0 at low temperatures 
(Fig. 4). Also the formula does not agree with experiment for many 
of the transition metals; this will be discussed below. 

A further criticism of formula (71) has been made by Peierls.|| If 
the electrons in a metal behave like free electrons (i.e. if the energy is 
proportional to |k|2), then, when a current is flowing, the momentum 
is in the opposite direction to the conventional direction of the 
current. If, on the other hand, the current is carried by positive 


t Cf. the full report by Meissner, Handb. d. Exp. Phys. 11/2 (1935), 60. 
t Loc. cit. 11 Ann. d. Physik, 12 (1932), 154. 
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holes in a nearly full zone, the momentum and current will be in the 
same direction. In a metal, therefore, which contains only electrons 
or only positive holes, the momentum transferred to the lattice by 
the electrons when a current flows will be all in the same direction. 
At low temperatures, according to Peierls, the lattice requires a com¬ 
paratively long time to get rid of this momentum and to return to 
equilibrium, so that, after the current has been flowing for a short 
time, there will be a large excess of momentum in the direction in 
which the electrons or positive holes are moving. Now lattice waves 
moving in this direction cannot decrease the current except by 
‘Umklappprozesse’,! which involve a large change of q and are 
therefore very improbable at low temperatures. The current should 
therefore rise to much greater values than formula (71) for the con¬ 
ductivity suggests. Peierls shows that the resistance should follow 
the law ^ ^ ( 72 ) 

where E is the energy interval from the surface of the Fermi distribu¬ 
tion to the first plane of energy discontinuity in A:-space. 

These considerations are not, of course, applicable to metals 
where the current is carried by electrons and by positive holes (c.g. 
the divalent metals). For the monovalent metals, where the electrons 
lie in one Brillouin zone, Peierls has shown that it is not applicable 
if the surface of the Fermi distribution touches the planes of energy- 
discontinuity, as illustrated in Fig. 26(a). This represents an inter¬ 
mediate case between ‘free electrons’ and ‘positive holes’. 

If the electrons behaved as though they were free, E and Ejk 
would have the following values for the alkalis and noble metals: 


1 

Na 

^ ! 

Rb 1 

Cu 

Au 

A' (volts) 

E/k (degrees K.) . 

0*67 

7,800 

0-45 

5,300 

0-39 

4,650 

1-62 

17,700 

M9 

14,000 


If, therefore, formula (72) were valid, the resistance would become 
exceedingly small in the region T < 0^ where these considerations 
are applicable. The observed resistances, both of the alkali and 
noble metals,^ are, however, given as regards their orders of^agni- 
tude by Griineisen’s formula (71) We must conclude that the sur¬ 
face of the Fermi distribution touches the first plane of energj’' 
discontinuity. In view of the other evidence that the electrons 


t Cf. § 6.4. 


X Cf. the summary by Meissner quoted above. 
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behave as if they were free in these metals,| this conclusion is sur¬ 
prising. 

We see, therefore, that the law is likely to be valid only if 
the Fermi surface is far from spherical. In this case, however, it is 
necessary to consider collisions of one election with another. If the 
electrons behave as though they were free, it is clear that collisions 
between them cannot affect the current, since the total momentum 
is conserved. When, liowever, as in the divalent metals, ])ositive 
holes and electrons are jiresent, it is clear that collisions between 
them will change the current. The effect on the current is, however, 
small compared with the scattering by lattice waves at ordinary 
temperatures, the reason lieing that both electrons must Ix^ in states 
lying witliin an energy range kT at the surface of the Fermi distribu¬ 
tion, both before and after the collision. Detailed analysis,J liowever, 
shows that the term in the resistance due to this causti is jirojiortional 
to T^; it will therefore be the dominant term at low temperatures. 
Moreover, it may be shown that the term will be the greater the 
smaller is the ‘degeneracy temperature’ ofthe Fermi distribution. 

Actually the resistance of the metals Ni, Pd, and Pt can be 
represented at low temperatures by a formula of the tvpe|| 

li - aTM-ie,;, 

where is a ‘normal’ resistance curves given by the Criineisen 
formula (71). For platinum the term exT^ is the dominating one 
below 10° K. The occurrence of such a term for these metals only 
is in agreement with the fact, deduced in other ways,ft that for 
the positive holes in these metals is exceptionally small. 

10. Resistance of liquid metals 

Table XII gives the change of resistance of certain metals on 
melting.JJ 

For the monovalent metals it is unlikely tliat the number (or 
effective number) of free electrons in the metal changes on melting. 
The increase in the resistance on melting must therefore be due to 
the increased disorder of the liquid phase. A measure of the increase 
in the disorder is given by the increase in the entropy on melting. 

t Cf. Appendix I. 

t Baber, Proc, Roy. Soc. A, (in press). 

II Cf. de Haas and de Boer, Physica, 1 (1934), 609. 

tt Cf. Appendix I. 

The experimental values are taken from the article by Grtineisen, Handb. d. 
Phys, 13 (1928), 28; cf. also Perlitz, PhiL Mag. 2 (1926), 1148. 
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Table XII 



Melting-point 

Kosistancre of liquid 

Metal 

{degrees K.) 

Hosistant-e of solid 

Li 

459 

1-68 

Na 

:nor) 

1-45 

K 

33.'>-3 

1-55 

Rb 

311-5 

1-61 

(^H 

299 

1-66 

Cu 

1.356 

2-1 

Ag 

1233-5 

1-9 

Au 

1337 

2-3 

Al 

933 

1-64 

Zn 

692-4 

2-1 

Cd 

593-9 

2-0 

Sn 

.504-8 

2-1 

Pb 

600-5 1 

2-1 

T1 

580-5 : 

2-0 

Hg~ 

234 ! 

3-2 4-9t 

Ga 

;i02-7 1 

0-58 

Sb i 

903-5 ! 

0-67 

Bi 

544 1 

0-43 


Attempts to relate the change in the entropy to the change in the 
resistance have been made by Simon,^ Schubin,|| and Mott.ft We 
note liere that the change AS of the entropy per gin, atom on melting, 
like the change of resistance shown in Table XII, is less for the alkalis 
than for the close-packed elements, as the following table shows: 


Latent heat L (eal. 

gm. atom) . 
Meltiivg-poiix|, T 
(degrees K.) 
Change of entropy 
AS L17^ . 


Li Na I K I Rb \ Ca 

i" 1 ; ! ' 

Cu 

Ag 

Au 

Pb 

! 1 ! ! 

860 1 030 * 570' 52(»! ,600 

! 1 i 

2,750 

2,650 

3,200 

1.200 

4.69 1 370 ! 33.6 311 299 

! j 1 ' 

1,356 

1,233 

i,:m 

600 

1-85 1-7 1-7 1-7 1-7 

2-0 1 

2-1 

2-4 

2-0 


Zn 

1,700 

692 

2*5 


The fact that, for the close-packed metals with more than one 
valence electron per atom (Al, Cd, Pb, Zn), the increase in the resis¬ 
tance is about the same as for Cu, Ag, and Au suggests that the 
effective number of free electrons in these metals is about the 
same in the liquid as in the solid phase, and therefore (cf. § 6.3) 


t The resistance of solid mercury is strongly anisotropic, cf. Griineisen and 
Sclcell, ,4nn. d. Physik, 19 (1934), 387. 

t ZeitH.f. Phys. 27 (1024), 167. || Phya. Zeita. d. Howjelunion, 5 (1934), 83. 

tt Proc. Hoy. Soc. A, 146 (1934), 4«5. 
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considerably less than unity. This fact is of interest in connexion with 
the optical properties of liquid metals (Chap. Ill, § 8.5). On the other 
hand, the fact that the resistance of Zn decreases as the temperature 
is raised above the melting-point suggests that further distortion of 
the lattice may increase the effective number of free electrons.*}* For 
the typically monovalent metals Li, Na, K, where must remain 
equal to unity, BridgmanJ finds that 


1 dp 1 
pdT^ f 


(73) 


for the liquid as for the solid phase. 

The change in the resistance of mercury is exceptionally large. 
This fact is probably connected with the change in the crystal 
structure, the mean interatomic distance in liquid mercury corre¬ 
sponding to a close-packed structure. || We may assume that for 
close-packed mercury the number of electrons overlapping the first 
Brillouin zone is very small, but that for the less symmetrical zone 
of the actual rhombohedral structure (Chap. V, § 2,4) the overlap is 
greater. 

Liquid mercury is also anomalous in that the solution of most 
other metals in it decreases the resistance.ft This may perhaps be 
explained in the same way; any distortion of the first Brillouin zone 
will tend to increase the number of electrons which overlap it. 

Ga, Sb, and Bi have a higher conductivity in the liquid than the 
solid phase. We know (Chap. VI, § 6) that the high diamagnetism of 
Sb and Bi disappears on melting, and it is highly probable that these 
two metals are close-packed in the liquid phase (cf. p. 314). It follows 
that the particular Brillouin zone characteristic of the bismuth 
structure,II containing just five electronic states per atom, disappears 
in the liquid phase. We should therefore expect liquid bismuth to have 
a ‘normal’ resistance comparable with that of lead. This is in fact 
observed, as the following values show:|||| 



Solid 

Liquid 

Resistance of lead at 325° C. . . . 

Resistance of bismuth at 250° C. . 

1 50 

! 220 1 

1 

100 microhm-cm. 

120 


t Cf. Mott, loc. cit. 

i Proc. Amer. Acad, Arts Sci, 56 (1921), 59; 60 (1925), 395. 

t| Cf., for instance, the discussion by Kratky, Phys. Zeita, 34 (1933), 482. 

tt Cf. Handb. d, Metallphysik, 1 (1935), 344. 

Jt Chap. V, § 2.4. nil Pietenpol and Miley, Phys, Rev. 34 (1929), 1588. 
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Finally we give the mean free path I for some liquid metals at the 
melting-point, calculated from the formula 

I a = \mv^ --= (74) 

p m 2v 


with one electron per atom except in the case of Ni. The metals 
chosen are those for which N^,ff c:::^ N, which is not the case for Zn, 
Hg, Pb, etc. 


Resistivity J (microJini-cm.) 

I (A. U.) * . 


K 

lib 

Cu 

\ 

Au 

12 

25 

20 

18 

30 

300 

200 j 

70 

90 

54 


Ntt 

no 

10 


11. Effect of a magnetic field 

The two most important effects which we have to consider are the 
Hall effect and the change of resistance in a magnetic field. To find 
the magnitude of both these effects, we must investigate the form of 
the Fermi function when both an electric and a magnetic field act 
on the electron. We take a magnetic field H parallel to the 2 :-axis and 
an electric field with components Fy, F^. Then the rate of change 
of the wave number k of an electron will be given initially by the 
equations, analogous to (14.1) of Chapter III, 

hicy =,—HevJc-\-eFy, 
fik^ ™ eil. 

For free electrons these reduce, of course, to the classical equations 
of motion. 

If T is the time of relaxation at any point of the surface of the 
Fermi distribution, then we may write 


r 


Sky ^ dk^ 


(75) 


where / is the Fermi distribution function and /q the function in the 
absence of the field. We shall write 


f-fo 


«/o. 

dis' 


t 0*6 electrons per atom. 
t Handb, d. Metallphysik, 1 (1935), 329. 
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Substituting for k, and introducing the operator Q defined by 


(75) then becomes 



d 

dk; 


^ + e(vF)+~ax-=0, 

T C 


(76) 


since the term in Hf^ vanishes by symmetry. We have neglected 
here the product which is legitimate since all effects considered 
are linear in F. The equation is otherwise exact. Equation (76) was 
first obtained by Peierls.f 

To make further progress we must make some assumption about 
the way in which t and E depend on the wave number k. If one 
assumes that r is a function of E only and that E is the same function 
of k as for free electrons, then for the Hall coefficient A^ Sommer- 
feld has found 

where e is the electronic charge (in e.s.u.) and hence a negative 
quantity, and N the number of electrons per unit volume. This 
formula is valid only if kT/^ is small; at high temperatures it must 
tend to the classical valuej 

('^//)cla«8 ~ STTCjSNc, 

It may further be shown that, with this model, the change of 
resistance Ap vanishes as T -> 0. At finite temperatures there is a 
very small effect given by 

^p|p = 

where B = \7T\emlkT)^l(ti\k\)^, 

C = {ellh\Vi\)\ 

and where I is the mean free path. This formula, however, gives a 
change in resistance smaller by a factor 10® than that observed for 
normal metals, and also gives a wrong dependence on temperature. 
As Peierls was the first to point out, the vanishing of Ap/p as T -> 0 
depends on the assumption that E is the same function of k as for 
free electrons, and when this assumption is abandoned one obtains 
values for Ap/p of a higher order of magnitude. 

A general solution of equation (76) can be obtained|| for any form 


t Ann. d. Physik, 10 (1931), 97; Ergebn. d. exdkt. Naturw. 11 (1932), 264. Cf. also 
Jones and Zener, Proc. Roy. Soc. A, 145 (1934), 269, equation (4). 
t Cf. Sornmerfeld and Frank, Rev. Afod. Phys. 3 (1931), 1. 

j| Blochinzev and Nordheim, Zeits. f, Phys. 84 (1933), 168; Jones and Zener, 
loc, cit. 
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of the function Ej^ subject to the assumption that r is constant 
over the surface of the Fermi distribution and that H is small. The 
results will thus be valid for the region where is independent of 
H and Ap/p proportional to The solution is 

To obtain the Hall coefficient we set ~ 0, and equate the current 
in the y direction to zero; this gives usf 




dE dE d^E | 
dkj Biel '(^kybk^'dk^'Bky 

r the s 

/ 


dS 


] |grad£;|’ 


(77.1) 


where the integration is over the surface of the Fermi distribution 
and 

2 


?\2 dS 
J IgradA’l’ 


with a similar expression for 

For the change of resistance we get a complicated expression, 

Ap/p = Bm, 


R^/AV_Lf f 

[eepj iVJLj dEdky dk/ J dEdk^ 
J BE \dkj ] 


dk„ 


dk- 


BE Bk^ 


Bk^ 


(77.2) 


Both these formulae are coiTCct only to the first order in /bT/£; they 
are derived on the assumption that r is constant and H small. They 
apply, moreover, only to temperatures above the Debye charac¬ 
teristic temperature. 

The expression for the Hall coefficient may be simplified in certain 
cases. We shall consider four special cases: 


(a) The energy is given by 


E 


2m 


(xk^. 


The Hall coefficient is then given by 

Aff = cjNe, (78) 

which is the same expression as for free electrons. In other words, 
the constant a does not affect the Hall coefficient. 


t Cf. Jones and Zener, loc. cit. 
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(6) The surfaces of constant energy form a family of similar 
ellipsoids ^2 

Again (77.1) reduces to Sommerfeld’s formula cjNe, so that devia¬ 
tions from splierical symmetry of the energy surfaces in A^space do 
not necessarily imply that this formula is inapplicable. 

(c) A zone is nearly full; the surface of the Fermi distribution 
consists of a sphere or ellipsoid enclosing positive holes. We obtain 

—cjNe, 

where N is the number of positive holes per unit volume. The 
'anomalous’ sign of the Hall coefficient of certain metals (Zn and 
Cd) is thereby explained qualitatively. 

(d) The surface of the Fermi distribution consists of two spherical 
surfaces, one enclosing electrons, the other positive holes. Such a 
case arises in connexion with the transition elements. Over one 
spherical surface let the energy be given by 

E ^ ^ 

2 m 

and over the other by 

E ~ const.— a 2 lk—ko|2. 

2 m 


Let the number of electrons per atom be rq and the number of 
holes 7^2• The Hall coefficient according to (77.1) is then 

. ^ C Wiaf —Mgai 

where is the number of atoms per cm.^ 


For the transition metals we have two zones to consider, the s 
zone and the d zone; if refers to the latter, cxghence 
Ajj reduces approximately to cjN^erii. For such metals the Hall 
coefficient is thus given almost entirely by electrons in the s 
zone, the holes in the d band making no essential contribution. 
This is in rough agreement with experiment; for example, at room 
temperature the Hall coefficient for Ag is — 8 0xl0~^ e.m.u. and 
for Pd —6*8x10^^ e.m.u., corresponding to 1’3 and 1-35 electrons 
per atom. 

The alkali metals agree very well with Sommerfeld’s formula (78), 
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assuming one electron per atom, as the following table shows.t Both 
the experimental and calculated values are given in e.m. units. 

Li Na K Rb Ca 

-10*AjEfexp. . . 17-5 2,5-5 42 1 .. 78-1 

"10*A^calc. . . 13-7 24-5 47-6 58 73 

We give below the measured Hall coefficients for some further 
metals, together with the value of Uq (number of electrons per atom) 
deduced from (78). It must be remembered that, in metals where 
electrons and positive holes are responsible for the conductivity, the 
value of Uq deduced will be considerably greater than the actual 
number of electrons or holes, because, as formula (79) shows, the 
effects of the positive holes and electrons tend to cancel out. 



Cu 

Ag 1 

Au 

Pd 

Pt 

Sh 

Bi 

AaxW 

-4-95 

-8*01 

-7-27 

-6-75 

-200 

+ 12,000 

-64,400 

«0 

ISO 

1-33 1 

1-46 

1-35 

4-68 

1-5X lO-aj 

3-4 X 10"* 


The very small number for polycrystalline bismuth will be noted. 

For the change of resistance in a magnetic field few detailed com¬ 
parisons with experiment have been made. For free electrons (energy 
surfaces spherical) formula (77.2) gives zero, as already stated, and to 
obtain a finite change of resistance one must evaluate the formulae 
to the next power to kTj^Q. Blochinzev and Nordheim|| have con¬ 
sidered a divalent metal with the form of energy surface shown in 
Fig. 39 (6). They assume that the energy of an electron is given as a 
function of k by the approximation of nearly free electrons (Chap. II, 
§ 4.2). With this assumption the number of overlapping electrons 
and the Qurvature of the energy surfaces are functions of a single 
parameter Ai?, giving the energy-gap separating the first and second 
zones. Blochinzev and Nordheim find that to obtain agreement with 
experiment the energy-gap must be taken to be about 0 03 e.v., 
while the true value must be considerably larger. On the other hand, 
it is possible that the assumption of nearly free electrons is at fault. 
Jones and Zenerff have considered the deviations from the spherical 
form of the energy surfaces for the metal lithium, and hav^ shown 
that with plausible assumptions the observed change of resistance 
can be obtained. 

t Zener, Phya, Rev, 47 (1935), 636. 

t Since is positive, is here the number of positive holes. 

II Loo. cit. tt cit. 
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Strong fields. Kapitzaf has found that for strong fields Ap/p is not 
proportional to but that for most metals it is approximately 
proportional to //. When the change of resistance deviates from the 
square law, the Hall coefficient is in general no longer independent 
of//. 

It is not possible in general to obtain a solution of equation (76) in 
a closed form valid for all fields, but, if the energy depends upon k 
in a simple manner corresponding to some particular model of the 
metal, it is possible in certain cases to obtain solutions applicable to 
all field strengths. Blochinzev and Nordheim (loc. cit.) have obtained 
such a solution for a model intended to apply to divalent metals. In 
this model the energy surfaces for the electrons are three sets of 
ellipses (cf. Fig. 39) and for the positive holes a set of spheres. 
These authors show that for high fields the Aplp,H curve is of 
roughly the same form as the experimental curves of Kapitza. 

Jones J has found an exact expression for the change of resistance 
and Hall coefficient of bismuth, assuming that the electrons have 
energy surfaces bounded by a series of similar ellipses in /;-space, and 
that the energy surface for the positive holes is also bounded by an 
ellipse (cf. Chap. VI, § 6.3). He also assumes that the times of relaxa¬ 
tion T 4 . and T_ are independent of k on either surface. For ideally 
pure bismuth the results are as follows: For the Hall coefficient 
with H parallel to the principal axis it is found that 

where x denotes the ratio of the conductivity perpendicular to the 
axis due to electrons alone to the total conductivity due to both 
electrons and positive holes. is the number of electrons or positive 
holes per cm.® For the change of resistance when the current is per¬ 
pendicular and H parallel to the principal axis, the coefficient B (cf. 
equation (77.2)) is given by 

is the conductivity perpendicular to the axis. 

Both these formulae are valid for all field strengths. THejr contain 
only two unknowns, x and N^. Using for the value 4-7 given 

t Proo. Roy. Soc. A, 123 (1929), 292 and 342. 
i Ibid. 155 (1936), 663. 
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by Heapsf and for B Kapitza’s value 7*6 x we find for about 
10 “'*xthe number of atoms per cm.**, a result already obtained in 
Chapter VI from the diamagnetic properties. 

The formulae obtained above for B and A are valid only if the 
number of electrons and positive holes are equal; they will, however, 
be unequal if minute traces of, say, lead, are present. Jones has 
shown that in this case Aji is no longer independent of H and that 
Apip is not proportional to IP. Kapitza has in fact shown that, 
for bismuth, the field strength at which Apjp becomes linear in H 
depends on the purity of the specimen. 

12. Resistance of alloys; dilute solutions 

12 .1. Matthiessens rule. The resistance of a meta] which contains 
foreign atoms in solid solution is nearly always greater than that of 
the pur('. metal, the increase being in many oases considerable ; if one 
atomic per cent, of tin is added to copper (specific resistance at room 
tem[)erature T55 microhm-cm.), the increase in its resistance is 2*6 
microhm-cm. 

As was first shown by Matthiessen,J the increase in the resistance 
of a metal due to a small conceutration of another metal in solid 
solution is in general independent of the temperature. This is shown 
in Fig. 100, where the resistance of copper both in the pure state and 
with various small concentrations of other metals in solid solution is 
plotted against temperature. Since the lines are parallel, the increase 
Pq is independent of temperature.|| 

An alternative statement of Matthiessen’s rule is that, if p is the 
resistivity of the alloy, dpfdT is independent of concentration. Fig. 
101 shows dpjdT plotted against the concentration for various metals 
in solid solution in gold. It will be seen that (b and Cr form excep* 
tions to the rule. 

The high resistance of alloys and Matthiessen’s rule find a particu¬ 
larly simple explanation in the quantum theory of conductivity. As 
explained above in § 2, an electron can move quite freely through 
a perfect lattice, which would consequently have no resistance; the 
resistance of a pure metal is due to the thermal agitation of the atoms, 
which destroys the periodicity of the lattice. When, moreover, a 

t Phys. Mev. 30 (1928), 401. 

X Matthiessen and Vogt, Ann. d. Phys. u. Chem. 122 (1864), 19. 

ii Mn is an exception. 
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foreign atom is present in solid solution, the periodicity of the field 
within the lattice is broken at that j)oint. Thus electrons may be 



Fig. 100. Rosistance-temperature curves of copper alloys; the figures 
show the atomic percentages of the metal named. (From Linde, Ann. d. 
Physik, 15 (1932), 219.) 


deflected by that atom and a resistance will arise, even in the absence 
of any temperature agitation. 

The resistivity of a metal may be written (cf. equation (1)) 


_ m 1 
Ne^r’ 


( 80 ) 


where N is the (effective) number of electrons per unit volume, and 
l/r the number of times per second that an electron is deflected. Let 
I/tq be the number of times per second that an electron is deflected 
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by a foreign atom, and l/xy the number of times that it is deflected 
owing to the thermal oscillation of the atoms ;t then 


1 

T 



To 


^ohm/cm. decree 



Fig. 101. Change in dpjdT with composition for some gold alloys. (From 
Borelius, Metallunrtschaft, 12 (1933), 173.) 


Thus we may write for the resistivity 

P — Po+Pr> 

, ml ml 

where Ne‘7,- = Ne-r, 

pQ is equal to the resistance of the alloy at the absolute zero of tem¬ 
perature, and is independent of temperature; />y will be approximately 
proportional to the temperature, as for a pure metal, 

Matthiessen’s rule is satisfied if 


(1) The effective number of free electrons is unaltered by the 
addition of foreign atoms. 

(2) The thermal vibrations of the foreign atoms give the same 
scattering as those of the atoms of the solvent metal. Neither of 
these conditions will be fulfilled exactly, but we should expect the 
change of due to the admixture of, say, 1 per cent, of the foreign 
metal to be of the order 1 per cent., while the change in pq may be 
very much greater. 


t The assumption that the effects of foreign atoms and of thermal agitation are 
additive is justiffed in § 12.4. 
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As we have seen, the resistance of an alloy at the absolute zero 
is due to the break-down in the periodicity of the field in the lattice. 
This may be due to two causes: the lattice may be distorted by the 
foreign atom, the neighbouring atoms being pushed out of position; 
or, even if this does not occur, the field within the foreign atom 
will be different from what it would be at that lattice point in the 
pure metal. The latter effect is in general the more important and 
is the only one which will be considered here.f It is then important 
to remember that the extra resistance is due to the difference between 
the fields in the two atoms. 


12 .2. Theoretical calculation of the increme p^ in the resistance of 
a noble metal due to foreign atoms in solid solution. In formula (56) 
we gave an expression for the resistivity of a metal or alloy in terms 
of the probability that an electron makes a transition from a state 
k to a state k'. Let us consider a metal at the absolute zero of tem¬ 
perature containing a small proportion x of foreign atoms in solid 
solution. The whole resistance p^ is then due to scattering by the 
foreign atoms, and formula (56) may conveniently be written 


A 

“ Ne^Llo^’ 

where A is the effective area presented by each foreign atom, 
this we obtained, subject to certain assumptions, 


(81) 

For 


A = 


/ 


(1 —COS0) 



2 

277 sin 0 dO, 


(S2) 


where U is the difference between the potential in the dissolved and 
solvent atoms. In the perturbation method used in obtaining this 
formula, U was assumed to be small. The method is the same as 
Born’s approximation in ordinary collision theory, which is known 
to give incorrect results for slow electrons and heavy atoms for 
such problems the exact method, due to Faxen and Holt8mark,|| must 
be used. In our problem, therefore, the perturbation method should 
give fair results for pairs of atoms, such as copper and zinc, with 
nearly the same atomic numbers, but not for pairs such as copper 
(29) and gold (79). 

f An estimate of the increase in the resistance due to distortion has not at present 
been made. 

t Mott and Massey, The Theory of Atomic Collisions^ p. 126. 

11 Ibid,, Chap. II; Zeiis.f. Phys, 45 (1927), 307. 

8596.17 p p 
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A method analogous to that of Pax6n and Holtsmark, and applic¬ 
able when both dissolved and solvent metals are monovalent, has 
been given by Mott.t Let u(r) be the wave function for an electron 
in the lowest state in the solvent metal (i.e. the wave function satisfy¬ 
ing the boundary condition du/dn 0 at the boundary of the 
atomic polyhedron (cf. Chap. II, § 4.5)). Let be the corresponding 
energy. As is shown in Chap. II, § 4.5, the wave function of any 
other state k may be written, to a fair approximation, in the form 

"Afc = (83) 

with energy Ef^ = fi^k^l2m-{-EQ. 

Now consider one of the dissolved atoms: an atomic polyhedron may 
be drawn surrounding this atom, and a solution u'(r) of Schr5dinger’s 
equation obtained such that du'jdn vanishes over the surface of the 
polyhedron. Let Eq be the corresponding energy. The wave function 
within the atomic polyhedron of the dissolved atom for energy Ej^ is 
then, to the same approximation, 

(84) 

where {E^-E',) = K)- 

We consider now the wave function of an electron of energy Ej^ 
moving in the field of the lattice as a whole. The wave function must 
consist of terms of the type (83) outside and of the type (84) inside 
the atomic polyhedron of the dissolved atom. In other words, the 
wave-length 27 t/A; will be different inside and outside the dissolved 
atom. ^ 

Both the wave function itself and its gradient must be continuous 
over the boundary of the polyhedron. These boundary conditions 
are already satisfied by the functions u[r), u\r). We have therefore 
only to consider the exponential terms in the wave functions, 
and 

We wish to know the probability that an electron is deflected by 
the dissolved atom. We therefore require a wave function, which, 
at large distances from the dissolved atom, takes the form of an 
incident wave and a scattered wave. The problem is therefore the 
same as that which arises in investigating the scattering of a beam 


t Proc. Camb, Phil Soc. 32 (1936), 281. 
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of free electrons by a field with potential 

V = within 1 , . it, 

— 0 outside! Q-fcRUc polyhedron. 

The solution of this problem is well known; in the cases considered 
here \Eq-~Eq \ < so that the problem may be treated by Born’s 
approximation. We obtaint for the effective scattering area presented 
by each foreign atom to the beam of oncoming electrons 

A = (85) 

Here is the ‘atomic radius’ (p. 77) and the energy 

of the electrons with the maximum energy in the Fermi distribution. 
The increase in the resistance of a metal due to the admixture of 
lOOx per cent, of another metal in solid solution is thus given by 
(81) and (85). 

The following table gives the observedJ increase in the resistance 
of copper, silver, and gold due to the admixture of 1 per cent, of 
these metals. We show also the atomic volumes. Ag and Au have 
the same atomic volume, and hence the same values of r^. 

Formula (85) therefore predicts that p^ will be the same for 1 per cent, 
of silver in gold as for 1 per cent, of gold in silver. The table shows that 
this is in agreement with experiment. 


Increase of resistance in microhm-cm. 


Due to 

In Cu 

In Ag 

In Au 

1 per cent, of Cu . 


0068 

0*485 

„ of Ag . 

014 


0*38 

,, of Au .... 

0-55 

0-38 


Atomic volume, cm.® per gm. atom . 

71 

10-3 

10*3 


We show below the areas A and the values of \Eq~Eq\ for the 
pairs of metals considered, deduced from the experimental values 
of po- The latter must be compared with the calculated values of E^ 
obtained by the method of Wigner and Seitz (Chap. II, § 4.5). Fig. 58 
on p. 145 shows Eq for Cu and Ag plotted against r^. The calculated 
values are shown in the last column of the following table* For gold 
no theoretical curve has been obtained; but since the ionization 
potential of gold is 1-8 volts greater than that of silver and the 


t Mott, loc. cit. 


t Linde, Ann. d. Physikt 15 (1932), 239. 
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binding energy of the metal 0-8 volts greater, we should expect that 
for this pair of metals \Eq~-Eq\ would be 1-8+6-8 == 2-6 volts. For 
copper dissolved in silver it should be 2*6—O-25 2*4. These values 
are shown bracketed. The agreement is fair. 





%\ (e.v.) 


A X 10“ cm.* 

from (85), using 
observed resistance 

calculated in 

Chap. IV; cf. Fig. 58 

1 per cent, of Cu in Ag 

014 

0*8 

0*25 

„ of Ag in Cu 

0*25 

1*6 

1*3 

„ of Au in Ag \ 

„ of Ag in Au j 

0*76 

19 

(2-6) 

„ of Cu in Au 

0*76 

2*1 

(2*4) 

„ of Au in Cu 

0*98 

3*0 

•• 


12.3. Dependence of resistance on the properties of the solvent and 
dissolved metals {dilute solutions). Norbury,! in a paper published in 
1921, has summarized the experimental material available at that 
date. Of the work carried out since then, we shall frequently refer 
to that of LindeJ on the resistance of dilute solid solutions in Cu, 
Ag, and Au. 

Norburyll was the first to point out the connexion between the 
increase in resistance and the valencies, or horizontal position in 
the periodic table, of the solvent and dissolved metals. If the metals 
have the same valency, the resistance due to one atomic per cent, of 
oi^e metal dissolved in the other will be small; if the valencies are 
different, it will be large. Figures illustrating this are given in Nor- 
bury’s paper. Linde (loc. cit.) has found a numerical relationship 
between the increase of resistance of a noble metal due to the 
admixture of 1 per cent, of a foreign metal and the valency of the 
latter. This is illustrated in Fig. 102. If z+1 is the number of 
electrons outside a closed d shell in the dissolved atom, and one the 
number in the solvent, Linde finds that p^ is proportional to z^. 

The results of Linde have a simple theoretical explanation.ff The 
core of a solvent atom carries a positive charge +e. The core of the 
dissolved atom carries a positive charge + (2^+1 which is greater by 
ze than ft)r an atom of the solvent metal. It is the field of this extra 
charge that must be regarded as causing the scattering' of the 

t Trans. Faraday Soc. 16 (1921), 570. ^ 

t Ann.d.Phyaik, 10(1931), 52; 14 (1932), 353; 15 (1932), 219. 

II Loc. cit.; cf. also Humo-Rothery, The Metallic State, Chap. II, Oxford (1931). 
tt Mott, Proc. Camb. Phil. Soc. 32 (1936), 281. 
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electrons, and hence the resistance p^. But, by the Rutherford 
scattering law, the intensity of the scattering is proportional to the 
square of the scattering charge, and hence to z^. It follows that p^ 
is proportional to z^. 



1*10. 102. Increase in the resistance of copper due to one atomic per cent, of various 
metals in solid solution. N denotes the number of electrons outside an inert gas 
shell; 2 denotes (N~ 11). (From Linde, Ann. d. Physik, 15 (1932), 219.) 


To obtain a numerical estimate of the resistance we must know the 
field round the charge. It will not be correct to take the field of a 
bare positive charge ze, because, as explained in Chap. II, § 5, the 
charge is screened by the surrounding electrons. An unscreened 
charge would actually give an infinite resistance.! If we take for the 
potential 


T7/ \ 

V(r) = — 


t This may be seen by putting s' = 0 in formula (86) below. 
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and assume that the electrons behave as if they were free, then the 
scattering probability may be calculated using Born’s approximation, 
i.e. formula (82), and we obtain for the resistance due to 1 per cent, 
of the foreign metal in solid solution 

_ 1 27rz^e^L /, 1\ 1 ) 

'’•-loolR? H ■^5)“T+5)’ 

where y ~ 

V is here the velocity of the electrons. Agreement with experiment 
may be obtained by calculating v from the Sommerfeld formula 
(Chap. II, § 3), and taking l/g~0-3A.U. This is somewhat less 
than the value obtained by the Thomas-Fermi method in Chap. II, 
§ 5, which may perhaps be due to the errors inherent in that 
method. 

Increase of resistance of pairs of metals. With two metals A and B 
which are mutually soluble in one another, it is interesting to com¬ 
pare the increase in the resistance of A, due to one atomic per 
cent, of B in solid solution, with the increase pj^, due to one atomic 
per cent, of A dissolved in B. If the two metals A and B have the 
same atomic volume, the same crystal structure, and the same 
effective number of free electrons, we should expect p ^ and p^ to be 
equal, as already stated in the discussion of Cu, Ag, and Au. The 
following table shows the extent to which this prediction of the 
theory is fulfilled: 


Change in specific resistance (microhm-cm,) due to one atomic 
per cent, of the first-named, metal dissolved in the second 

Ratio of atomic 
volume of first- 
named metal to 


second I Po 


0*54 

Na 

inKf 

1-3 

K 

in 

Nat 

0-95-M 

0-70 

Cu 

in AuJ 

0-485 

Au 

in 

Cut 

0-55 

0-70 

Cu 

in Agt 

0068 

Ag 

in 

Cut 

0*14 

1-01 

Ag 

in Aut 

0-38 

Au 

in 

Agt 

0-38 

M7 

Mg 

in Cdll 

0*40-0-46 

Cd 

in 

Mgll 

0*5~0-6 

0-97 

Pd 

in Ptjl 

0-65-^0-60 

Pt 

in 

Pdll 

o-I 


The case of Mg and Cd is interesting, the metals having quite 

t Molten alloys at 100'^ C.; cf. the summary by Norbury, loc. cit. 
j Linde, Ann, d, Physik, 15 (1932), 239. 
j| Norbury, loc. cit. 
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different corrected conductivities The dataf for the two 

elements are as follows: 



1 Mg 

Cd 

<7/Af0».1 

1-25 

0-47 

Atomic volume cm.* X 10“ 

23-2 

19-8 


The fact that is the same for both seems to us good evidence that 
the higher resistance of pure cadmium is not due to the effective 
number of free electrons, but to some other cause, e.g. the size and 
scarttering power of the ions. 

If we compare a monovalent with a divalent metal, we find, using 
the scanty data available, that the increase is greater in the divalent 
metal, as the following table shows: 



Microhm-cm, 


Mi^rohm-cm. 

Mg in Agt 

0-8-1-3 

Ag in Mgt 

3(>-3-6 

Cd in AuJ 

0*64 

Au in Cdt 

1-7-1-9 


It has been sugge8ted|| that this is due to the same cause as the 
drop in the conductivity in passing from a monovalent to a divalent 
metal,tt namely the smaller ‘effective number of free electrons’ in 
a divalent metal. 

Finally we consider alloys of the transition metals with copper or 
silver or gold. The following are some of the values: 


Pd in Cut 

0-89 

Cu in Pdtt 

1-27 

Pd in Agt 

0-436 

Ag in Pdtt 

1-4 

Pd in Aut 

0-407 

Au in Pdtt 

1-0 

Ni in Cut 

1-25 

Cu in Nitt 

1-0 

Pt in Agt 

1-59 

Ag in Ptllll 

(2-3) 

Pt in Aut 

1-02 

Au in Ptttt 

1-55 


In considering these values we must remember that, for dilute 
solid solutions of Cu, Ag, or Au in Pd or Ni, transitions from the s to 
the d band will not be possible for the following reason: the transi¬ 
tion probability (cf. § 6,3) is proportional to 

( 87 ) 

t Norbury, loc. cit. J Linde, loc. cit, 

!1 Mott, Proc. Phya, 8oc, 46 (1934), 680. tt Cf. §§ 3, 6,3, 

t j Svensson, Ann, d. Physik, 14 (1932), 699. 

(Ill Johansson and Linde, ibid. 6 (1930), 458. 


ttt Ibid. 5 (1930), 762. 
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where U is the perturbing potential. Now this perturbing potential 
is only finite within a foreign atom, i.e. one of Cu, Ag, or Au. But 
certainly in a silver atom, and almost certainly in one of Cu and 
Au, the d shell is full; the wave function of any empty d state will have 
very small amplitude within any of the dissolved atoms. Thus the 
quantity (87) will be small. 

It follows that, so far as the resistance of dilute solid solutions is 
concerned, only the s electrons need be taken into account in calcu¬ 
lating the resistance, and we should not expect any striking difference 
between the values given in the two halves of the table above. 

One might perhaps explain the rather larger values of for a 
noble metal in Pd than for Pd in a noble metal by the small number 
{r^ 0*55) of s electrons per atom in Pd compared with one in the noble 
metal. The similarity of the orders of magnitude of the numbers in 
the two columns of the above table shows, in any case, that the low 
conductivities of these transition metals are not due to an abnor¬ 
mally small effective number of free electrons.! 

13. Resistance of alloys; concentration of both components 
comparable 

In this section we shall assume that the alloy under consideration 
consists of a single phase, i.e. that all the small crystals of which it is 
built up have the same composition and crystal structure. 

This is not the case for any range of composition for Sn-Pb, Sn-Zn, 
Sn-Cd, Cd~Zn, which are insoluble in each other. Also in the brasses 
Cu-Zn, and in many other alloys, there are ranges of composition for 
which the alloy consists of a mixture of two phases. For the resis¬ 
tance in^these cases cf. Handb. d, Metallphysik, 1 (1935), 333. 

As explained in § 12, we may, from the theoretical point of view, 
divide up the resistance of an alloy into two parts 

P == Po+Pt- (88) 

Pj, is due to the thermal vibration of the atoms, as for a pure 
metal; pq is due to the fact that, in an alloy, the lattice field is 
not periodic.! 

In alloys such as Ag-Au, which do not form any superlattice, pQ is 

t Iron may be an exception, since we saw (Chap. VI, § 5.1) that there appear to 
be only 0*2 conduction or « electrons per atom. We should therefore expect the 
increase in the resistance of iron due to foreign atoms in solid solution to be 
abnormally high, 

t A theoretical justification of this separation is given below (p. 300), 
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independent of temperature.f We may therefore equate to the 
resistance at the absolute zero of temperature. In alloys such as 
Cu~Au, however, the degree of order in the lattice depends on 
temperature, and hence pQ depends on temperature. This is discussed 
in Chap. I, § 7. 

A theory of the resistance of a completely disordered alloy is given 
in the next section. For a completely ordered alloy p^ should, in 
theory, vanish. Actually, the residual resistance found by extra¬ 
polation to the absolute zero is found to be much smaller than for the 
disordered alloy, f 

For a partially ordered alloy no theory has yet been given; the 
assumption made by Bragg and Williams|| is purely for simplicity. 

The term resistance is in general linear in T. Hence we 

may write, assuming that no superlattice is in process of formation. 


Pt 




rp 

dT' 


13.1. Resistance of a totally disordered alloy.'f'\ We shall suppose 
that the structure remains unchanged through the whole range of 
composition, and that no superlattice is formed (exam])les Ag-Au, 
Pd-Pt). Let the alloy consist of two kinds of atom, A and i>*, 
present in the ratio x : (1—x), and suppose that in the crystal the 
potential energy of an electron in the neighbourhood of an atom of 
A is yjj') and in the neighbourhood of B is li(r). As we have seen, 
an electron can move quite freely tlirough a ])eriodic field, and will 
only be scattered when deviations from the periodicity occur; the 
greater the deviations from periodicity the greater will be the proba¬ 
bility of scattering. For dilute solid solutions {x small), we supposed 
each A atom to represent a break in the periodicity of the 2)erfect 
lattice of B atoms; but in the present case, where x and \—x are 
comparable, it is clearly necessary to take for our perfect lattice 
the periodic field which resembles most closely the actual field, and 
to regard deviations from periodicity as arising both in A and B 
atoms. 

We therefore take for our periodic field the field of which the 


t Certain alloys, such os CuNi (constantan), are exceptions ; cf. Mott, Proc. Hoy. Soc. 
A, 153 (1936), 699. 

t Borelius, Johansson, and Linde, Ann. d. Physiky 86 (1928), 291. 

II Proc. Roy. Soc. A, 145 (1934), 699; cf. Chap. I, § 7. 
tt Nordheim, Ann. d. Phyaik, 9 (1931), 641. 
m^A7 a „ 
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potential in each atom is 

V = xv^+(^~x)v„. m 

In each A atom the divergence from this potential is 

(90.1) 

and in each jB atom (90.2) 

The probability per unit time that an atom will be scattered by any 
one A atom will thereforef be proportional to 

and by any B atom x^\U\^, 

Since there are x of the A atoms and (1—a:) of the B atoms, the total 
probability of scattering is proportional to 

(1—a:)a;2]|?7|2 — 

It follows that, if the atomic volume, crystal structure, and number 
of free electrons remain constant throughout the range, the resistance 
p^^ of the alloys at the absolute zero depends on the composition 
according to the formula 

pQ = const. (91) 

Fig. 103 (a) shows measurements of the resistance of Ag~Au and of 
Pd-Pt. In both cases the curves lie very close to the theoretical form 
(91). Fig. 103 (6) shows a similar curve obtained when the resistances 
of the two pure metals (In and Pb) differ considerably. 

The form of the curve of pQ (resistance extrapolated to the absolute 
zero) plotted against atomic composition for alloys of the ferro¬ 
magnetic and strongly paramagnetic metalsf Ni, Pd, Pt with Cu, Ag, 
and Au is strikingly different from that of the curves illustrated in 

t Cf. equation (14). The perturbation method is used, but the same result would 
follow from the analysis of § 12.2. 

t Au~Pt has been investigated by Johansson and Linde, Ann. d. Physik^ 6 (1930)', 
458, and Ag-Pt by the same authors and by Kumakow and Nemilow, Zeiia,. /. an. 
Chem. 168 (1928), 339. In the latter there is a ‘solubility gap’, and also in the former 
case imlesB the alloy is quenched from above 1,160” C. Cu~Pd has been investigated 
by the same authors, Ann. d. Phyaik^ 82 (1927), 449, and by Svensson (ref. below), 
with more points on the curve near 50 per cent.; the alloy may be obtained in the 
disordered, and, for certain compositions, in the ordered state. The resistance and 
temperature coefficients of Ag-Pd and Au~Pd have been determined by Geibel, 
Zeita.J. an. Chem. 69 (1911), 38; 70 (1911), 246, and by Svensson, Ann. d. Phyaik, 
14 (1932), 699. Cu-Ni has been investigated by Chevenard, Comptea rendtta^ 182 
(1926), 1388, Krupkowski and de Haas, Comm. Leiden, 194 a (1930), and Svensson, 
Handb. d: Metallphyaik, 1 (1936), 341. 
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Figs. 103(a) and(6). A typical example is shown in Fig. 103(c). The 
type of curve, reminiscent of the silhouette of the Matterhorn, may 
be explained as follows rf 



Fig. 103. Resistance of alloys where a continuous range of solid solutions 

is formed. 


(a) X Ag-Au, at 0°C. (Beckman, Thesis^ Upsala (1911). Cf. International 
Critical Tables). 

• Pt-Pd, at 0° C. (Geibel, ZeUs.J. an. Chem. 70 (1911), 240). 

{h) In-Pb at 25° C. and 100° C. (Kumakow and Zemczuzny, Zeits. f. an. 

Chem. 64 (1909), 149). 

(c) Alloys of Cu, Ag, and Aii in Pd, at 0° C. 

Cu-Pd, Ag-Pd (Svensson, Ann. d. Physik, 14 (1932), 699). 

Au-Pd (Geibel, loc. cit.). 

In these alloys the d band in the transition metals is incomplete 
for all percentages of the noble metal up to about 60 per cent. We 


t Mott, Proc. Phys, Soo. 47 (1935), 571, 
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have already explained that the resistance of a transition metal is 
mainly due to transitions in which the electron jumps from the s to 
the d band, but that isolated atoms of Cu, Ag, or Au dissolved in the 
metal cannot cause such transitions, because within the dissolved 
atom the d states are full. But for nearly equal compositions both 
kinds of atom act as scattering centres. Taking, for instance, the 
case of Ag-Pd, and denoting by l~~x the atomic proportion of Pd 
in the alloy, we see from (90) that the perturbation in the mean 
periodic field (89) represented by any Pd atom is proportional to 
X, and thus the scattering probability to x^. The transition proba¬ 
bility from an s state to a state due to the l—x Pd atoms will 
therefore be 

UVa-Vb)4>s dr^, 

where N{E)is the density of states in the d band. 

We may take the variation of N{E) to be the same as the variation 
of the paramagnetic susceptibility witli concentration x. This is 
given approximately byf 

const.(p~-ir)2, p 0*6. 

Hence, finally, the probability that an 5 -> ci transition takes place, 
considered as a function of x, is proportional to 

(p—x)\\—x)x'^. 

The probability of an s-s transition will be proportional to x{l~x) 

as before, so that the total resistance 
will be proportional to 

A{p—xY{l—x)x^-\-B(\—x)x, (92) 
where A and B are constants. 

Fig. 104 shows the form of this curve 
with arbitrary values of A and B, which 
should be compared with the experi¬ 
mental curves of Fig. 103(c). 

We give finally a justification of the 
assumption made throughout this work, 
that the resistances due to disorder and 
to thermal agitation are additive. If 
an atom ^4 in a disordered alloy is dis¬ 
placed a distance X from its mean position, the probability that an 

t Cf. Chftp. VI. § 6.4 (c). 



Fig. 104. Theoretical curve for 
the resistance, at 0° K., of Ag-Pd 
alloys. I, duo to 8-s transitions; 
II, due to 8-<i transitions; III 
total, viz, I plus an arbitrary 
multiple of II. 
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electron will be caused by that atom to make a transition from a 
state k to a state k' will be proportional to a term of the type 






we have assumed that this may be replaced by 







Since U is approximately spherically symmetrical and dVjjdx is of 
the form /(r)cos 0, this is justified if we may assume for ipfc(T) the form 
gi(kr)^(^) spherically symmetrical; for then it may easily 

be shown that the matrix element of U is real and that of dV^/dx 
imaginary. 

We shall therefore assume the two terms in the resistance to be 
additive in our subsequent discussion; but it must be remembered 
that the theorem is not exact. 


13.2. Temperature coefficient of resistance of alloys. As we have 


stated, the quantity 


Pt 


dT 


is approximately equal to that part of the resistance of an alloy which 
is due to the thermal agitation of the atoms, i.e. to the same cause as 
the resistance of a pure metal. 

For pairs of metals with similar electronic structure, such as Ag-Au, 
Pd~Pt, we should expect pj, plotted against atomic composition to 
give approximately a straight line. Fig. 105 shows this to be the case 
for Ag-Au. The deviations for Pd-Pt maybe compared with those for 
the paramagnetic susceptibility of the same series of alloys, illustrated 
in Fig. 84, According to the theories of Chap. VI, §§ 4 and 5, and 
Chap. VII, § 6.3, both pj, and the susceptibility are proportional to 
fhe density of states in the d band. 

Fig. 105 (6) shows also p^^ for the Au-Pd series of alloys; it will be 
seen that it falls sharply to a value comparable with that of pure 
gold at an atomic composition of about 60 per cent. Au. Again the 
pjT curve should be compared with the curve in Fig. 84 showing the 
paramagnetic susceptibility of these alloys. As we have seen, at a 
composition of 55 per cent. Au the incomplete d shells in the Pd 
atoms become full. The form of the curve is thus direct evidence 
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that the high resistance of a transition metal is due to the presence 
of incomplete shells, and hence lends support to the hypothesis of 



(а) Ag-*Au (Beckman, loc. cit.). 

Pd-Pt (Geibel, Zeits,/. an. Ghem. 70 (1911), 240). 

(б) Au-Pd (Geibel, loc. cit.). 

§6.3 that the resistance is due to electrons making transitions from 
the 8 band to the d band.f 

14. Resistance of bismuth and its alloys 

As we have seen (Chap. V, § 2.4), in bismuth there exists a Bril- 
louin zone which can just contain five electrons per atom. The five 
valence eleatrons, however, overlap slightly into the next zone; so 
in the zone considered there are a certain number of 'positive holes’, 
and an equal number of overlapping electrons in the nexjfc zone. We 
have estimated this number to be ~ 10-“* per atom. 

The negative Hall coefficient of polycrystalline bismuth (§11), 
and also the negative thermoelectric power (§15) both parallel and 
perpendicular to the principal axis, suggest that the ‘electrons’ rather 
than the positive holes are mainly responsible for the electrical con¬ 
ductivity. We shall therefore work out the effective number of free 
electrons per atom for these overlapping electrons. 

f Rosenhall (Ann» d. Physikt 24 (1935), 297) haa found that the addition of hydrogen 
tp Pd~Ag alloys, which we know (p. 200) fills up the positive holes in th4 d band, 
also decreases the total resistanoe. 



Chap. VII, § 14 RESISTANCE OF BISMUTH AND ITS ALLOYS 303 

In Chap. VI, § 6.3 we found that the energy surfaces were of the 
form >2 

where ag ^ 1 refers to the direction of the principal axis, and 
0^1 ^ (Xg ^ 10^. The effective number of free electrons, ano, will 
thus be of the order lO"^ perpendicular and 10~'* parallel to the prin¬ 
cipal axis. 

The resistance of bismuth at room temperature is actually 0 02 
of the resistance of gold; so the time of relaxation, r, needed to obtain 
the observed electrical resistance is not abnormally large, if one takes 
for the value 10“^ deduced for motion perpendicular to the 
principal axis. 

For motion parallel to the principal axis, however, one must 
assume either that r for this direction is a hundred times larger than 
for gold or that the current is carried by positive holes. As we have 
seen, the negative thermoelectric power seems to rule out the latter 
hypothesis; but it is difficult to understand why r should depend so 
strongly on the direction of the current. 

The velocities of the overlapping electrons parallel and per})endicu- 
lar to the principal axes have already been estimated, and are 

Vii ^ ^ Vf. 

Here is the velocity of ‘free’ electrons, given by 

= (3/77i2o)^A/2m. 

Since the mean free path is given by Z 2 vt , we do not in any case 
need to assume an abnormally large mean free path for bismuth. We 
believe, therefore, that experiments such as those of Eucken and 
FOrstert fhe anomalous resistance of bismuth wires of about 10'^ 
cm. cross-section must have another explanation. 

Resistance of alloys of bismuth. Fig. 106 shows the resistance of 
alloys of hismuth containing small percentages of other metals in 
solid solution. The measurements are due to N. Thompsonearlier 
measurements on Bi-Sn and Bi-Pb have been made by UfIord|| and 
by Thomas and Evans.ft It will be noticed that Sn and Pb, which 
have fewer electrons in the outermost shell, increase the resistance 

t 06ttinger NachridUen, Math.-Phys. Klassn, Fachgnippe 2, 1 (1934), 43. 

t Proc. Soy. Soe. A, 155 (1936), 111. 

II Ptoc. Amer. Acad. Arte Sci. 63 (1928), 309. 

. tt Mag. 16 (1933), 329. 
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and produce an anomalous temperature coefficient;* tellurium, on 
the other hand, decreases the resistance, except at low temperatures. 
As we saw in Chap, yi, § 6.3, Sn and Pb on the one hand, and Te 
on the other, have opposite effects on the magnetic anisotropy. 

We saw in Chapter VI that measured from the bottom of the 
second zone for pure bismuth, was about 0*3 e.v., corresponding to 
a degeneracy temperature of about 4,000'\ In the alloys with Sn 



Fia. 106. Resistivity of bismuth alloys parallel to the principal axis, 
according to N. Thompson. 

and Pb, on the other hand, the number of overlapping electrons will 
be less, so that may be considerably smaller. For a certain con¬ 
centration the number of overlapping electrons will vanish at the 
absolute zero of temperature; but with increasing temperature it 
will increase, as in a semi-conductor. If, then, one assumes that the 
electric current is carried mainly by the ‘electrons’, and not by the 
positive holes, it is possible that in a certain temperature range«the 
resistance will decrease with temperature. The addition of Te would 
increase the number of overlapping electrons, and would not thus 
produce any anomaly, but would decrease the resistance, as is 
observed. A quantitative explanation, however, does nbt seem pos¬ 
sible at present. 
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15. Thermal conductivity and thermoelectricity 

Up to this point we have considered the conduction in metals at 
uniform temperatures. We now consider a metal in which there is 
a temperature gradient dTjdx as well as an electric field F. If 
/(k) is the Fermi distribution function when a steady state is reached, 
then the electric current j and the rate of flow of heat Q are given by 



where E is the energy of an electron in the state k. 

Now the rate of change of the distribution function / due to the 
field and to the temperature gradient is 


dt dkj, dx dt' 


where dxjdt = h-^^dEjdk^ is the velocity along the or-axis of an 
electron in the state k. The second term arises from the temperature 
gradient. We obtain easily from the definition (36) of^’o 

dx dE\dT^ T I dx^ 

Hence, from (94), the rate of change of /is 


ldf,dE\ tdl E~lC\dT^ 
hdEdkX \dT^ T )dx/ 


(95) 


This must now be equated to the rate of change of / due to collisions, 
and hence the time of relaxation T(k) determined, giving the displace¬ 
ment of the Fermi-distribution function. The problem is exactly the 
same as that treated in § 6.3, where the current in the absence of a 
temperature gradient was determined. The only difference is that, 
instead of eF, the constant in the square brackets in (95) occurs. 
This constant is independent of k, and depends only on the energy. 
Therefore, we may write, analogously to (59), for the displaced 
Fermi-distribution function 


/ = /o- 


h dKdE 



1 

1 

\dT^ 

T 1 


dx 


> 


(96) 


where T(k) is just the same function of k as it would be in the absence 
of a temperature gradient. 
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We proceed to calculate the current j and flow of heat Q from 
equation (93), using (96) for /. The term in will not make any 
contribution; therefore we have 



II 

I- 1 

1 

ay/ dx_ 

K ^ K 

(97) 


Q = 

1 

anay 
ay/ dx_ 

K ^ 

(98) 

where 


2 1 



(99) 


may be evaluated as follows: let us denote by the integral 

the integration being over the surface ^(k) = E' in i-space. Then 


= ^4.{E)E'>^^dE. ( 100 ) 

0 

Since dfJdE vanishes except in a small range about the point 
E = (100) may be expanded in ascending powers of T\ we obtain 

(cf. Chap. VI, § 1) 

K. = • ( 101 ) 


15.1. Thermal conductivity. When no electrical current is flowing, 
we must put J = 0 in equations (97) and (98). Hence we have, 
multiplying (97) by KJKq and subtracting the product from (98), 



Substituting from (101) for and we obtain, after a short 

calculation, to the first order in T, for the thermal conductivity k-, 

x = -Ql^^ = jk^Tm ( 102 ) 

For the electrical conductivity, a, we must put dT/dx = 0 in (97), 
and obtain, as in § 6.3, 

<T = = eW)> 1(103) 

again to the first order in T. Dividing (102) by (103) we obtain the 
Wiedemann-Franz law, 

_ f!^7» 
a“ 3 e* ’ 


( 104 ) 
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and hence for the ‘Lorenz number’ 

' aT~ 3\ej 


2A5xlO~‘lP^]‘ 

\degree/ 


307 


The derivation of (104) given here does not depend on any assump¬ 
tion about the form of the energy surfaces, and is therefore valid for 
all metals and not merely the monovalent metals. It is valid whether 
the resistance is mainly due to impurities, or to disorder in alloys, or 
to the thermal agitation of the atoms. In the latter case, however, it 
is only valid if T > It is, moreover, only correct to the first 
order in and therefore, for metals for which ^ is small,f devia¬ 

tions may be expected at high temperatures. It neglects, further, 
the contribution made by the lattice vibrations to the thermal con¬ 
ductivity, and will therefore give in general too low a value for the 
thermal conductivity, especially for poor conductors (e.g. bismuth 
or alloys with high resistance).| 

The following are the Lorenz numbers for some metals :|| 


Metal 

Lorenz number 

1/ X 10* volt degree 

Metal 

Lorenz number 
j Lx twit degree 

o 

100^ 

1 O'" 

j 100° 

Mg 

! 

2*31 

Pt 

2*51 

2-60 

A1 


2-23 

Cu 

I 2*23 

1 2*33 

Mo 

2-61 

2-79 

Ag 

! 2-31 

1 2*37 

W 

304 

3*20 

Au j 

2*36 

1 2-40 

Fe 

2-47 


Zn ! 

1 2-31 

1 233 

Rh 1 

2*57 

1 2-54 

Cd ! 

2-42 

2-43 

Ir 1 

2-49 

j 2*49 

Sn 1 

2-52 

! 2*49 

Ni 1 


I 2*28 

Pb 

2-47 

2*56 

Pd 1 

2-59 

2*74 

Bi 

3-31 

1 2*89 


Theoretical value for electronic conduction only, 2-45 x 10"“**. 


Low temperatures, T < 0. We shall give only the results of the 
theory ;tt the Wiedemann-Franz law is not satisfied, the dependence 
of K on temperature being given by 

1 /k = const. 

t Transition metals, or bismuth. 

t C. S. Smith and E. W. Palmer, American Inst, of Mining and Metallurgical 
Engineers, Technical Publication, 648, New York (1936), have examined the electrical 
and thermal conductivities of a number of copper alloys, and have found a relation 
of the form k = LoT + k. 

to exist between them, where is roughly the same for all the alloys; for the alloys of 
high resistance, may be as big as LaT. 

j| From Handb. d. MetaUphysik, I (1936), 379. 

tt Of. the report by Sommerfeld and Bethe, Handb. d. Phya. 24/2 (1933), 635. 
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for pure metals. This law is in agreement with the results of Gruneisen 
and Goen8,t who measured k at 21 -2° K. and 83*2° K. for certain 
metals. According to the theory the conductivities should be in the 
ratio (83*2/21*2)2 = 15*4; the experimental results were 


1 Ratio 

0 

Cu . . . . 

! 15-8 

320 

w . . . . 

14'8 

310 

Au . . . . ! 

’ 4*7 i 

170 


Probably 83*2 is not sufficiently low in comparison with the charac¬ 
teristic temperature 0 of gold for the T-^ law to be valid. 

For that part of the resistance which is due to impurities the Wiede- 
mann-Franz law is, however, valid at all temperatures. Thus, if 
Pq is the ‘Restwiderstand’, we shall have for the 'residual thermal 
resistance’ 1 _ 3/eWo 

Ko~n^\ki r 

A metal with small pq will have, therefore, for temperatures below 
0, a heat conductivity given by 




(105) 


15.2. Thermoelectricity. When a current flows in a metal, the pro¬ 
duction of Joule heat is, of course, irreversible. If, however, a current 
flows through a metal in which a temperature gradient exists, it is 
observed that a certain amount of heat is developed in a reversible 
manner. For instance, if for a certain metal this additional heat is 
given up when the current flows from points of high to points of low 
temperature^ then, if the direction of the current is reversed, the same 
additional heat will be absorbed. 

We consider a rod of unit cross-section, and take the a:-axis parallel 
to the rod. Let there be a field F, a temperature gradient dTjdx, and 
a current j along the ar-axis. The reversible heat which is given up 
by the current per unit volume in unit time is proportional to j and 
to dTjdx; we shall write it 

.dT 


The coefficient /x defined in this way is known as the Thomson 
coefficient. 


t ZeUs.J. Phya. 44 (1927), 616; 46 (1927), 151. 
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We shall now consider a circuit composed of two metals a and 
fe, as shown in Fig. 107, the temperatures of 
the joints being Tq and T\ under these con¬ 
ditions there exists an electromotive force 
acting round the circuit. This is due partly 
to the contact potential difference which 
always exists at a junction of dissimilar 
metals, and which varies with the tempera¬ 
ture. We shall denote this contact potential 
difference by IT. If we take unit charge 
round the circuit and equate, according to 
the first law of thermodynamics, the work 
done to the heat developed, we obtain the equation 

T 

<!> = (106) 
To 

The rate of change of (f) with T is known as the thermoelectric power, 
and will be written 



€ = dii>ldT 
We obtain therefore from (106) 

dn 


dT 




(107) 


(108) 


€ and n are both quantities which are associated with a pair of 
metals. 

Since the process of carrying unit charge round the circuit is 
reversible, we may equate the total change in the entropy to zero as 
follows: T 


T, 


T 


dT = 0, 


(109) 


and, since this equation holds for all T and IJ,, we obtain with the 
help of (108) n — «7’. (119) 

Finally, combining (108) and (110), we have the result 

T T 

e = (Ill) 


It is convenient to define a quantity known as the absolute thermo- 
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electric power, which we shall denote by S, by the equation 

T 

8==jtdT. ( 112 ) 

0 

S is a quantity defined for a single metal. If S is known for any 
standard metal, its value for any other metal may be obtained by 
a measurement of the thermoelectric power £ of a circuit composed 
of these two metals. From the theoretical standpoint it is clear that 
S is the primary quantity which we must consider, since all thermo¬ 
electric effects can be derived from it. We shall obtain it by finding 
fi from the expression for the flow of energy when both a heat current 
and an electric current pass through a conductor. 

We consider, as in the preceding section, a rod of unit cross-section 
in which there is an electric current j, a heat current Q, a temperature 
gradient dTjdx, and an electric field F. The energy developed per 
unit time per unit volume, which we denote by ? 7 , is 

U = Fj — dQjdx. 

We evaluate U by using formulae (97) and (98); eliminating F from 
the expression for Q, we have 

__ K,j KoK.^Kl 1 dT 
^ K^e Ko T dx' 

and hence, neglecting d'^Tjdx^ and (dTjdxY, 


dx edxxKn 


Hence we obtain easily 


The term in gives the heat emitted irreversibly; we thus have for /a 
_T 8 illK, ,\] 


and for S 


e 8T\T 


;|r\/ro 


Substituting for JT,, Kq from (101) we have, to the first order in 

, (iiei 
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a(E) 


- r i—Y 

~ j \dkj ’ 


T(k) 


dS 
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(117) 


If we write in the neighbourhood of E 
becomes 

77^ k^T 

3 ^ 

2*45x10~2Tx 


IgradjEf 
= (y{E) ^ const. this 


S 


(118) 


i (e.v.) 


microvolts per degree. 


Formula (116) for the thermoelectric power S is valid whatever 
the relation between E and k, and may thus be applied to all metals 
and not merely to the monovalent metals. It is valid both for pure 
metals and for alloys at temperatures above the characteristic 
temperature 0, and at lower temperatures provided the ‘Restwider- 
stand’ is large compared with the resistance due to the thermal 
motion of the atoms. It is not, however, valid for pure metals if 
T < 0. The formula is correct only to the first order in kTjl, and 
thus deviations may be expected at very high temperatures 
(^ 1,000°) for the transition metals, for which ^ is small. 

The quantity g{E) has already been defined;! it represents the 
electrical conductivity of the metal when the maximum energy I of 
the Fermi distribution is equal to E. a(C) is the actual conductivity 
of the metal. The thermoelectric power depends, therefore, on the 
way in which the mean free path and effective mass of the electrons, 
which determine o’(JS'), vary with the energy. If the electrons with 
higher energy have greater mean free path, smaller effective mass, 
etc., than those with less energy, the thermoelectric power will be 
negative; if the converse is the case, S will In? positive. We shall 
discuss a number of special cases. 

(a) The energy surfaces in fc-space are spheres 

E=^~^-ol\\!L\K 

2m 

This is the case discussed in § 6.1. We found (equation (55)) 

cT{E)oc'\k\^r, (119) 

but the variation of r with E is not easy to obtain. We should expect 
that faster electrons (i.e. those with larger k) would be less easily 
sc^ittered than slower ones, so we shall put t oc |k|®, with s positive. 
Since E oc |k|2, formula (118) applies with 2a: = 3+5. 

t Cf. § 6.3. 
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We give below a table of the thermoelectric powers observed for two 
alkali metals, and the values of s and x that must be assumed to give 
agreement with experiment:! 


1 

^0 {theoretical) 
in volts 

S (observed) 
microvolts per degree 

s 

X 

Na . 

316 

- 5-0 

1-8 

2-2 

K . , . 

2-06 

-12-5 

4*7 

3-8 


(6) An energy band is almost completely filled with electrons, so 
that the energy near the surface of the Fermi distribution is given by 


where Eq represents the highest energy level of the band. In such 
cases we may speak of conduction by ‘positive holes’. <j{E) is given 
by formula (119), and we obtain 

S = 3+5 

3e(J?Q X) 2 

We should expect s to be positive as before, so that S will be positive, 

(c) Noble meUils, copper, silver, and gold. These have positive 
thermoelectric power, and must represent an intermediate case 
between (a) and (6). Expressing o{E) in the form const. E^ the 
following are the values of x required to give agreement with experi¬ 
ment: 


1 

Cu 

Ag 

Au 

Siq 0 ~-Sq (microvolts obs.). 

4*0-5 

4-0-7 

4 - 0-6 

^0 (volts calculated) . 

7-1 

6-52 

5-66 

X , 

-1*4 

- 1-6 

- 1-1 


{d) Bismnth group. In bismuth, as we have seen,! a Brillouin 
zone is nearly full, there being about 10“^ electrons per atom over¬ 
lapping into the second zone. Since the thermoelectric power is 
negative, we must assume that the ‘overlapping’ electrons in the 
second zone are more important for the conductivity than the 
‘positive holes’ (this agrees with the fact that the Hall coefficient of 
polycrystalline bismuth is negative, cf. § 11). With the form of the 
energy surfaces given in § 14, we find that the energy interval 

I 0 ? == 3 is sometimes quoted as the ‘theoreticar value for free electrons, but this 
can only be derived by making certain special assumptions about the scattering field. 

% Chap. V, § 2.4. 
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between the top of the Fermi distribution and the lowest energy in 
the second zone is 0*3 e.v.; equating this to ^ in formula (118), and 
putting s = 3, we obtain S = —10 microvolts per degree at 0"^C., 
which compares favourably with the experimental values —110 and 
— 54 microvolts per degree parallel and perpendicular respectively 
to the principal axis. 

Antimony has a large positive thermoelectric power as well as a 
positive Hall coefficient. The positive holes appear, therefore, to 
carry most of the electric current in this metal. 

(e) Transition metals, Ni, Pd, Pt.^ These metals have large negative 
thermoelectric powers, at 100''C., —21-6, —9-5, —7-3 microvolts per 
degree, as compared with silver (4-2 0). This is easily to be explained 
in terms of the theory of conduction in these metals given in § 0.3. 
The scattering processes mainly responsible for the resistance are 
those in which an electron makes a transition from the s to the 
d band. The probability l/r of such transitions is proportional to the 
density of states N^{E) in the d band. Now Nfi(E) decreases rapidly 
with increasing energy as Fig. 80 shows; therefore r increases rapidly, 
so that, by (116), S is large and negative. 

If we assume that the variation wdth energy of all factors in a{E) 
other than N^(E) is negligible, we have, setting 

N^(E) = const, yJiE^—E) and l/r cc N^f(E), 


7r2 k^T _ 1-22x10 

6 eiE.-C)'^ (E,~0e.y. 


microvolts per degree. 


The following values of Eq—I, in electron volts, liave to be assumed 
to give agreement with experiment: 



Nl 

Fit 

<Sioo-~*^o (microvolts obs.) .... 

-.3-8 

-2-8 

— i (deduced) . 

0-32 

0-44 

(t*^m sp. heat) . 

0-2 

0-17 

C (from resistance at high temperatures) 


1 0-30 


Ft 

2-9 
0-42 
O'27 
0-42 


We show also the values deduced from specific heat measurements at 
low' temperatures (Chap. VI, § 5.2) and from resistance measurements 
at high temperatures (§7). 

If copper, silver, or goldf be added to a transition metal, the positive 
holes in the d band are partially filled up, so that ^ w ill decrease. 
We should therefore expect 8 to increase with increasing composition 


t Cf. note on p. 314. J Or hydrogen, of. Heimburg. Phys. Zeitn. 24 (1923), 149. 
JBW.17 S s 
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of the noble metal, until about the 55 per cent, composition is 
reached, when the positive holes are all full. We should then expect 
S to drop rapidly to a value comparable with that for silver or gold. 
Fig. 108 shows the results obtained by Geibelf for Pd-Ag and Pd-Au. 
The drop when the concentration of Ag or Au passes the critical value 
is not as sharp as the theory leads one to expect. 



Fjg. 108. Thcrniooleotric power N, in millivolts, of Pd-Ag and Pd-Au 
alloys, at 900' C., against Pt. 

O Pd-Ag, • Pd-Au. 

(/) Loiv temperatures, T 0^,. According to Bethe,^ in this 
*■^8*0*^ S oc THTjdx. 

The factor giving the sign and numerical value has not, however, 
been evaluated. 

t Z^Hs, /. aa. Cheni. 69 (1910), 38; 70 (1911), 240. See also Sedstrom, Disa, 
Lund (1924). 

J Sornmerfeld and Bethe, loc. cit. 579. 


Notes of recent developments 

p. 279. Mr. J. T. Randall has informed us by letter that he has obtchned 
X-ray diffraction bands from liquid bismuth, and that they are similar to 
those from lead, which is close-packed in the solid state. 

p. 313. The thermoelectric behaviour of these metals and also of nickel 
near the Curie temperature is discussed in greater detail ‘by Mott (Proc. Moy* 
Noe. A, l$6 (1936), 368). 


APPENDIX I 


THE EFFECTIVE NUIVIBER OF FREE ELECTRONS IN 
CERTAIN METALS 

Alkali metals. There is a good deal of evidence that the electrons 
in these metals may be treated as free, in the sense that the energy is 
given in terms of the wave number by the formula E = 0 Lh’^k^l 2 m 
with 1, The evidence is deduced from the optical constants 
(Chap. Ill, §§ 7, 8), the Hall coefficient (Chap. VII, § 11), soft X-ray 
emission (Chap. Ill, § 9.1), the magnetic susceptibility (Chap. VI, 
§ 4), and from theoretical calculations of Wigner and Seitz (Chaj). II, 
§ 4.5). The evidence from the optical properties is not entirely con¬ 
clusive, because optical measurements always give equal to N 
for frequency large compared with that for which photoelectric absorj)- 
tion takes place, which is probably in the infra-red for the alkalis; 
the Hall coefficient, moreover, does not depend on a. However, 
the calculations for sodium of Wigner and Seitz suggest that oc is 
about unity, while those of Seitz for lithium give a rather smaller 
value. The X-ray emission shows that the breadth of the Fermi 
distribution for Li and Na is in accordance with the assumption 
a ^ 1. On the other hand, according to Peierls (Chap. VII, § 9), the 
electrical conductivity at low temperatures suggests that the surface 
of the Fermi distribution touches the first planes of energy dis¬ 
continuity. 

Noble metals, copper, silver, and gold. It is certain that these 
are monovalent in the metallic state, because otherwise the d shells 
would be ionized and the metals would be ferromagnetic or strongl}’^ 
paramagnetic (Chap. VI, § 5), and have the other properties, such as 
low conductivity (Chap. VII, § 6.3), characteristic of transition metals. 
Further, in alloy structures determined by the Hume-Rothery rule 
(Chap. V, § 3.1) these metals always contribute just one electron. 

Optical measurements give for ngg (the effective number of free 
electrons per atom) 0-37, 0-89, 0-73 for Cu, Ag, and Au respectively. 
Evidence from the resistance of Ag-Au alloys (Chap. VII, § 12.3) 
shows, however, that niust be almost exactly the same for silver 
as for gold. Comparison of the resistances of copper and silver con¬ 
taining small amounts of foreign atoms in solid solution suggests also 
that nett is not much smaller for copper than for silver (Chap. VII, 
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§ 12.3) and the value obtained by optical measurements is probably 
too low, possibly owing to oxidization. For copper, theoretical 
calculations by the method of Wigner and Seitz give 1, The 

electronic specific heat of silver at low temperatures also agrees with 
the assumption that the electrons behave as if free (Chap. VI, § 2). 

The absorption bands, and hence the colours of these metals, may 
be due to ejection of a d electron or to absorption by the conduction 
electrons (Chap. Ill, §H.2). 

According to the considerations of Peierls (Chap. VII, § 9) the 
behaviour at low temperatures of the resistance of these metals 
shows that the surface of the Fermi distribution must touch the 
])lanes in i-space across which the energy is discontinuous. If this 
is the case, the energy-gap AJS must give the low-frequency limit 
of internal photoelectric absorption, which is 4 0 e.v. for Ag, unless 
the absorption is due to ejection of electrons from the d band, in 
which case iiE will be greater. 

Transition metals. In these metals the band of levels which 
corresponds to an inner d state of the free atom is not fully occupied. 
To the 'positive holes’ in the d band ar<5 due: 

(1) The ferromagnetism or high paramagnetism shown by these 
metals (Chap. VI, § 5). 

(2) The low electrical conductivity and liigh thermoelectric power 
and anomalous behaviour of the resistance both at high and low 
temperatures (Chap. VII). 

(3) The low reflection coefficient for long wave-lengths (Chap, III, 

§ 8 ). 

(4) The high electronic specific heat (Chap. VI, § o.2). 

For direct evidence of the existence of these ‘holes’ cf. the dis¬ 
cussion on p. 131 of the X-ray absorption sj)ectrum. 

The triad Ni, Pd, Pt are discussed most fully in this book. These 
metals have from U on-O-fi positive holes per atom, and an equal 
number of electrons in the s band, which are responsible for the 
electrical conductivity and the cohesion. 

The evidence for the number of positive holes is drawn from:^ 

(1) The saturation magnetic moment of nickel and of alloys of 
nickel with copper and other elements (Chap. VI, § 5.1). 

(2) The paramagnetic susceptibility of alloys of palladium and 
platinum with noble metals and with hydrogen (Chap. VI, § 5.4). 
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(3) The electrical conductivities and thermoelectric powers of 
these alloys (Chap. VII, §§ 6.3 and 15.2). 

The behaviour of the .specific heat (p. 198), optical constants 
(p. 125), and thermal expansion (p. 200) of these alloys is also 
relevant. 

Evidence that the effective jiumbers of s electrons (V^.^) are not 
very different for these metals and for the noble metals is deduced 
in Chap. VII, § 13.2 from the resistance of alloys, and from the Hall 
effect in § 12. 

The ‘degeneracy temperature’ T^^ for the positive holes may be 
deduced from: 

(1) The specific heat in the liquid helium range and also at higl) 
temperatures (Chap. VI, § 5.2). 

(2) The electrical resistance at high temperatures (Chap. VIF, § 7). 

(3) The thermoelectric power (Chap. VII, § 15.2). 

The results obtained lie between 2.000^ and 4,000\ compared witli 
a theoretical value of about 50.000 for the conduction electrons. 

Bismuth. In bismuth the electrons almost fill a Brillouin zone, 
there being a .small number of electrons overlapping into the next 
zone and an equal number of positive holes. This number we 
estimate to be about 10~^ per atom; this is deduced from: 

(1) The large effect on the magnetic susceptibility (Chap. VI, 
§ 6.3) and on the electrical conductivity (Chap. VII, § 14) obtained 
by adding small amounts of Sn, Pb, Te, etc. 

(2) The de Haas-van Alphen effect in pure bismuth, considered in 
relation to the absolute magnitude of the diamagnetic suscey)tibility 
(Chap. VI, § 6.4), 

(3) The high value.s of the Hall coefficient and the change of re.sis- 
tance in a magnetic field (Chap. VII, § 11). 

In spite of the small number of ’overlapj)ing electrons’ no*, the 
effective number of free electrons is much larger, and is about 
0*03-0 04 (Chap. VII. § 14). We do not believe the mean free path 
in bismuth to be abnormally great. 

The degeneracy temperature To of the ‘overlapping electrons’ is 
about 2,700^ K., corresponding to an energy of 0-23 e.v. (cf. p. 213), 
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SOME CONSTANTS OF METALS 







Vompregni- 






Atotuir 


hint a at 

Thermal- 





cola me T. 

Atomic 

20 r., X. 

expansion 


Metal 

Atmnir 


rw.® tter 

mthm /•», 

dyaescm.^ 

coefficient, a, 

ti ftmfjer 

Htrueture 

(//«. atmn 

cm. / 10* 

^ 10'-• 

deg}ee~' x 10* 


Li 

3 

b.c. 0. 

13-0 

1-72 

8-9 

180 

117 

Be 

4 

Hex. 

4-90 

1-24 




Xa 

11 

b.c. C. 

23-7 

2-10 

15-8 

216 

1-25 

Mg 

12 

Hex. 

14-0 

1-76 

3-0 

75 

1-51 

A1 

13 

f.c. 0. 

10-03 

1-58 

137 

67-8 

2-17 

K 

19 

b.c. C. 

45-5 

2-61 

33 

250 

1-34 

Ca 

20 

1 f.c. C. 

25-8.1 

2-16 

-yl 





1 Hex. 




Ti 

22 

Hex. 

10-7 

1-62 





23 

b.c. C. 

8-92 

1-52 




Cr 

24 

b.e. V. 

7-32 

1-42 

0-8 



Mn 

25 

1 Cubic 
( Tetmg. 

7-52 

1-43 

0-84 

63 

2*42 

Fe 

26 

1 b.<'. c. 

\ {.<■. c. 

7-10 

1-40 

0-60 

33-6 

1-60 

Co 

27 

1 f-'-- 

\ Hex. 

6-70 

1-.38 

0-5.) 

37-2 

1-87 

Xi 

28 

f.c. C. 

6*67 

1-38 

0-54 

38*1 

1-88 

(’ll 

29 

f.e. C. 

7-10 

1-41 

0-75 

49-2 

1-96 

Zn 

30 

Hex. 

1M() 

1-53 

1-72 

90 

2*01 

(ia 

31 


1 11-82 

1-67 

2-1 



(ie 

i 32 

diamond 

13-44 

1-74 

1-4 



As 

33 

Trig. 

13-11 

1-73 

4-5 

16 

0-19 

Rb 

37 

b.e. C. 

56-2 

2-81 

40 

270 

1-48 

Sr 

38 

f.c. C. 

33-7 

2-36 

8-2 



V 

39 


19-45 

1*97 




Zr 

40 

1 Hex. 

13-97 

1-71 

1 

i 





( b.e. C. 






Xb 

41 

b.e. C. 

11-0 

1-63 




Mo 

42 

b.e. C. 

9-42 

1-55 

0-36 

15*0 

1-57 

Ru 

44 ' 

Hex. 

8-28 

1-48 




Rh 

45 

f.e. C, 

8-37 

1-49 

0-37 



P(1 

46 

f.c. C. 

9-28 

1-54 

0-54. 

34*5 

2*23 

Ag 

47 

f.e. C. 

10-27 

1-59 

1-01 

57 

2*40 

Oil 

48 

Hex. 

1301 

1-73 

2-25 

93 

2-19 

III ’ 

49 

Tetrag. 

15-83 

1-84 

2-7 



Sa 

50 

(Tetrag. 

\ diamond 

16-30 

1-86 

1-91 

64 

2:14 

Sb 

51 

Trig. 

18-20 

1-93 

2-7 

33 

0*92 

Os 

55 

b.c. C. 

71-0 

3-04 

61 

290 

1-29 

Ba 

56 ■ 

b.c. C. 

38-2 

2-47 

10-3 


<» 

La 

57 


22-59 

2-07 

3-5 



Hf 

72 

Hex. 

13-98 

1-76 

0*9 

. . 

.. 

Ta 

73 

b.c. C. 

11-2 

1-64 

0-49 

19-2 

1-75 

W 

74 

b.c. C. 

9-63 

1-56 

0-30 

13-0 

1*62 

Re 

75 

Hex. 

8*78 

1-51 




o» 

76 

Hex. 

8-49 

1-49 



.. . 
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SOME CONSTANTS OF METALS {contd) 


MeUt} 

Atumir 

ntuiifter 

Cry fit id 
strttriifre 

AtoniU' 
rolunif r, 
m.* y>rr 
{fin. at tun 

At tunic 
rwtitts r,„ . 
rm.x 10‘ 

Cttinfiref^i- 
fiifity tit 

20 r., X. 

tiyites f//!.* 

X 10»2 

Thermal' 
expansion 
etteffirienf, (x, 
detjree-'^ 10« 

y .. av; 

. ' M? 

Ir 

77 

f.c. C. 

8-62 

1-50 

0-27 



Pt 

78 

f.c. C. 

9-12 

1-53 

0-38 

26-7 

2-54 

Au 1 

79 

f.c. C. 

10-22 

1-59 

0-.74 

43-2 

3-03 

Hg 

80 

Trig. 

14-26 

1-76 

3-8 



T1 

81 

Tetrag. 

17-25 

1-89 

2-3 

90 

2-73 

Pb 

82 

f.c. C. 

18-27 

1-93 

2-30 

86-4 

2-73 

Bi 

83 

Trig. 

21-33 

2-03 

2.!.7 

40 

M4 


Velocity of liglit 
Electronic elmrgo 
Planck’s constant 

Electronic mass 
Mass of hydrogen atom 
Atomic unit of length 
Atomic unit of energy 
(ionization potential 
of hydrogen) 

Bolir magneton 

Loschmidt’s iiumb<T (mol(‘- 
cules per gram-molecule) 
Boltzmann’s constant 

Mechanical equivalent of 
heat 

Gas constant {Lk J) R 


1-6617 X 10-2* 
0-5284 y 10-« cm. 


13'53 electron \'olts. 

9-174X 10~2i org. ga\iss“h 

5- 766 y 10~® electron volt gaus.s“h 

6- 064 X 1023. 

1-3708X 10~*® erg. degree~h 
0-8615 X 10"* electron \-olt degree”*- 

4-1852 X W erg. cal.- * 

1 -9864 cal. degree”* mol,"* 


PHYSICAL CONSTANTS AND CON\'ERSION FACTORS 

c 2-99796 V 10*o cm. s(*c ”* 

r 4-770 y 10*« e.s.u. 

h 6-547 X 10"27 

h — hjjlTT 1-0420X 10”27 f.j.g 
m 9-035 X 10"28 gm. 

M 


nte*l2h- 

ehl2mc 

L 

k 

J 


One electron volt 
One erg 

One electron volt per atom 
One absolute electrostatic 
unit of resistance 
Wave-length of light with 
quantum energy one 
electron volt 

Velocity of electron with 
energy one electron volt 
Wave number k (-- mvjh) 
of electron with en<^rgy 
one electron volt 


1-5911 A 10-*2 erg. 

0-6285 >: 10*2 electron volt. 
23-05 kilo-cal. per gin. atom, 

8-98776 y 10** ohm. 

1-2336X 10-* cm. 

0-5935 X 108 cm. sec."* 

0-5146 X 108 ejn.-* 
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